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Preface

The theoretical foundations of differential equations have been significantly devel-
oped, especially during the 20th century. This growth can be attributed to fast and
successful development of supporting mathematical disciplines (such as functional
analysis, measure theory, and function spaces) as well as to an ever-growing call
for applications especially in engineering, science, and medicine, and ever better
possibility to solve more and more complicated problems on computers due to
constantly growing hardware efficiency as well as development of more efficient
numerical algorithms.

A great number of applications involve distributed-parameter systems (which
can be, in particular, described by partial differential equations') often involving
various nonlinearities. This book focuses on the theory of such equations with the
aim of bringing it as fast as possible to a stage applicable to real-world tasks. This
competition between rigor and applicability naturally needs many compromises to
keep the scope reasonable. As a result (or, conversely, the reason for it) the book is
primarily meant for graduate or PhD students in programs such as mathematical
modelling or applied mathematics. Although some preliminary knowledge of mod-
ern methods in linear partial differential equations is useful, the book is basically
self-contained if the reader consults Chapter 1 where auxiliary material is briefly
presented without proofs.

The prototype tasks addressed in this book are boundary-value problems for
semilinear® equations of the type

—Au+c(u) =g, ormore general — div(k(u)Vu) +c(u) =g, (0.1)
or, still more general, for quasilinear® equations of the type

—div(a(u, Vu)) + c(u, Vu) = g, (0.2)

1The adjective “partial” refers to occurrence of partial derivatives.

2In this book the adjective “semilinear” will refer to equations where the highest derivatives
stand linearly and the induced mappings on function spaces are weakly continuous.

3The adjective “quasilinear” refers to equations where the highest derivatives occur lin-
early but multiplied by functions containing lower-order derivatives, which means here the form
=2t = aij(z,u, Vu)d?u/8z;0z; + c(z,u, Vu) = g. After applying the chain rule, one can see
that (0.2) is only a special case, namely an equation in the so-called divergence form.

xi



xii Preface

and various generalizations of those equations, in particular variational inequali-
ties. Furthermore, systems of such equations are treated with emphasis on various
real-world applications in (thermo)mechanics of solids and fluids, in electrical de-
vices, engineering, chemistry, biology, etc. These applications are contained in
Part L.

Part II addresses evolution variants of previously treated boundary-value
problems like, in case of (0.2),*

83_1; —div(a(u, Vu)) + c(u, Vu) = g, (0.3)
completed naturally by boundary conditions and initial or periodic conditions.

Let us emphasize that our restriction on the quasilinear equations (or in-
equalities) in the divergence form is not severe from the viewpoint of applica-
tions. However, in addition to fully nonlinear equations of the type a(Au) = g or
%u—i—a(Au) = g, topics like problems on unbounded domains, homogenization, de-
tailed qualitative aspects (asymptotic behaviour, attractors, blow-up, multiplicity
of solutions, bifurcations, etc.) and, except for a few remarks, hyperbolic equations
are omitted.

In particular cases, we aim primarily at formulation of a suitable definition
of a solution and methods to prove existence, uniqueness, stability or regularity of
the solution.’? Hence, the book balances the presentation of general methods and
concrete problems. This dichotomy results in two levels of discourse interacting
with each other throughout the book:

e abstract approach — can be explained systematically and lucidly, has its own
interest and beauty, but has only an auxiliary (and not always optimal)
character from the viewpoint of partial differential equations themselves,

e targeted concrete partial differential equations — usually requires many tech-
nicalities, finely fitted with particular situations and often not lucid.

The addressed methods of general purpose can be sorted as follows:

o indirect in a broader sense: construction of auxiliary approximate problems
easier to solve (e.g. Rothe method, Galerkin method, penalization, regular-
ization), then a-priori estimates and a limit passage;

o direct in a broader sense: reformulation of the differential equation or inequal-
ity into a problem solvable directly by usage of abstract theoretical results,
e.g. potential problems, minimization by compactness arguments;

o iterational: fixed points, e.g. Banach or Schauder’s theorems;

4In fact, a nonlinear term of the type c(u) %u can easily be considered in (0.3) instead of %u;
see p. 277 for a transformation to (0.3) or Sect. 11.2 for a direct treatment. Besides, nonlinearity
like C(%u) will be considered, too; cf. Sect. 11.1.1 or 11.1.2.

5To complete the usual mathematical-modelling procedure, this scheme should be preceded
by a formulation of the model, and followed by numerical approximations, numerical analysis,
with computer implementation and graphic visualization. Such, much broader ambitions are not

addressed in this book, however.



Preface xiii

We make the general observation that simple problems usually allow several ap-
proaches while more difficult problems require sophisticated combination of many
methods, and some problems remain even unsolved.

The material in this book is organized in such a way that some material can
be skipped without losing consistency. At this point, Table 1 can give a hint:

steady-state evolution
L . Chapter 7,
basic minimal scenario Chapters 2,4 Sect. 81-88
variational inequalities Chapter 5 Chapter 10
accretive setting Chapter 3 Chapter 9
. Chapter 12,
systems of equations Chapters 6 Sect. 95
. . _ Sect. 8.9-8.10,
some special topics Chapter 11
auxiliary summary
of general tools Chapter 1

Table 1. General organization of this book.

Except for the basic minimal scenario, the rest can be combined (or omitted)
quite arbitrarily, assuming that the evolution topics will be accompanied by the
corresponding steady-state part. Most chapters are equipped with exercises whose
solution is mostly sketched in footnotes. Suggestions for further reading as well as
some historical comments are in biographical notes at the ends of the chapters.

The book reflects both my experience with graduate classes I taught in the
program “Mathematical modelling” at Charles University in Prague during 1996—
2005°% and my own research” and computational activity in this area during the
past (nearly three) decades, as well as my electrical-engineering background and
research contacts with physicists and material scientists. My thanks and deep

6In the usual European 2-term organization of an academic year, a natural schedule was Part I
(steady-state problems) for one term and Part II (evolution problems) for the other term. Yet,
only a selection of about 60% of the material was possible to expose (and partly accompanied
by exercises) during a 3-hour load per week for graduate- or PhD-level students. Occasionally, I
also organized one-term special “accretive-method” course based on Chapters 3 and 9 only.

"It concerns in particular a research under the grants 201/03/0934 (GA CR), TAA 1075402
(GA AV CR), and MSM 21620839 (MSMT CR) whose support is acknowledged.
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gratitude are to a lot of my colleagues, collaborators, or tutors, in particular
M. Arndt, M. Benes, M. Buli¢ek, M. Feistauer, J. Francu, J. Haslinger, K.-H. Hoff-
mann, J. Jarusek, J. Ka¢ur, M. Kruzik, J. Mélek, J. Maly, A. Mielke, J. Necas,
M. Pokorny, D. Prazdk, A. Swierezewska, and J. Zeman for numerous discussions
or/and reading the manuscript.

Praha, 2005 T.R.



Preface to the 2nd edition

Although the core of the book is identical with the 1st edition, at particular spots
this new edition modifies and expands it quite considerably, reflecting partly the
further research of my own® and my colleagues, as well as a feedback from contin-
uation of classes in the program “Mathematical modelling” at Charles University
in Prague during 2005-2012, partly executed also by my colleague, M. Bulicek.

More specifically, the main changes are as follows: On an abstract level,
Rothe’s method has been improved by using a finer discrete Gronwall inequality
and by refining some estimates to work if the governing potential is only semicon-
vex, as well as various semi-implicit variants have been added. Also the presen-
tation of Galerkin’s method in Sect. 8.4 has been simplified. Morever, needless to
list, some particular assertions have been strengthened or their proofs simplified.

On the level of concrete partial differential equations, boundary conditions
in higher-order equations in Section 2.4.4 are now more elaborated. Interpolation
by using Gagliardo-Nirenberg inequality has been applied more systematically; in
particular the exponent p® has been defined more meticuously and a new “bound-
ary” exponent p® has been introduced and used in a modified presentation of the
parabolic equations in Sect. 8.6. Interpolation has also been exploited in new esti-
mates especially in examples of thermally coupled systems which have been more
elaborated or completely rewritten, cf. Sects. 6.2 and 12.1, and even some newer
ones have been added, cf. Sects. 12.7-12.9. Other issues concern e.g. newly added
singularly-perturbed problems, positivity of solutions (typically temperature in
the heat equation), Navier’s boundary conditions, etc.

Moreover, some rather local augments have been implemented. Various exer-
cises have been expanded or added and some new applications have been involved.
Also the list of references has been expanded accordingly. Of course, various typos
or mistakes have been corrected, too.

Last but not least, it should be emphasized that inspiring discussions with
M. Bulicek, J. Malek, J. Maly, P. Podio-Guidugli, U. Stefanelli, and G. Tomassetti
have thankfully been reflected in this 2nd edition.

Praha, 2012 T.R.

81n particular it concerns the GA CR-projects 201/09/0917, 201/10/0357, and 201/12/0671.

XV






Notational conventions

LP(Q;R™)
(D)

measy, (+)

a mapping (=a nonlinear operator), usually V' — V* or dom(A) — X,
a.a.=almost all, a.e.=almost each, referring to Lebesgue measure,

the space of continuous functions on €, equipped with the norm
Jullcqy = max,cq [u(z)|, sometimes also denoted by C%(9),

the space of the Lipschitz continuous functions on €2,

the space of the continuous R”-valued functions on ,

the space of functions whose all derivatives up to k-th order are con-
tinuous on £2,
the closure,

the rotation of a vector-valued field on R3, see p. 181,

the space of infinitely smooth functions with a compact support in €2,
see p. 10,

the directional derivative of ® at w in the direction v,

the diameter of a set S C R"; i.e. diam(S) := sup, ,cg|r —yl,

the divergence of a vector field; i.e. div(v) = 8%_11;1 +- 4+ %vn for
v=(V1,...,0p),

the surface divergence, divg := Tr(Vs), see p. 57,

the definition domain of the mapping A; in case of a set-valued mapping
A:Vp =V, we put dom(A):= {veVy; A(v) # 0},

the domain of ® : V. — R U {+oo}; dom(®) := {veV; ®(v) < +o0},
the symmetric gradient, cf. 22,

the epigraph of ®; i.e. {(v,a) €V xR; a > ®(v)},

the time interval [0,T7],

the identity mapping,

the unit matrix,

the interior,

the duality mapping,

the Banach space of linear continuous mappings A : V3, — V5 normed
by [|All (i, va) = supju)y, <1 [[Av[vz,

the Lebesgue space of p-integrable functions on €2, equipped with the
norm || Loy = ( iy [u(a)Pdz) "7,

the Lebesgue space of R"-valued p-integrable functions on £2,

the space of regular Borel measures, . (Q) = C(Q)*, cf. p.10,

n-dimensional Lebesgue measure of a set,

Xvii



xviii

V*
Whe(Q)

Wo(Q)
WLr(Q)
WEP(Q)

loc

Notational conventions

the spatial dimension,

the set of all natural numbers,

the Nemytskii mapping induced by an integrand a,
the normal cone, cf. p.6,

the “great O” symbol: f(g) = €(£%) for £\,0 means lim supMQ}o7
eN\0 o

the “small O” symbol: f(e) = o(¢®) for e \,0 means lim.\ o f(g)/e* =0,

the exponent related to the polynomial growth/coercivity of the

highest-order term in a differential operator,

the conjugate exponent to p € [1, 400, cf. (1.20) on p.12,

the exponent in the embedding W1P(Q) C LP(Q), see (1.34)on p.16,
the exponent in the embedding W2P(Q) C LP™" (Q), i.e. p** = (p*)*,
the exponent in the trace operator u — ulp : WHP(Q) — v (T), see
(1.37) on p.17; e.g. p#/ or p*#/ mean (p?)’ or ((p*)#)’, respectively,
the exponent in the continuous embedding

LP(I; WP (Q)) N L=(1; L2(Q) € LF°(Q), see (8.131) on p.253,

the exponent in the trace operator LP(I; W1P(Q)) N L>(I; L*(Q)) —
LP®(2), see (8.136) on p.254,

a space-and-time cylinder, Q = I x ,

the set of all (resp. positive, or negative) reals,

the set of extended reals R U {400, —oc},

the Euclidean space with the norm |s| = |(s1,...,5,)| = (X1 52)1/2

i=1 1 ’
the single-valued “signum”, i.e. the mapping R — [—1, 1], sign(0) = 0,
sign(R"™) = 1, sign(R~) = —1, cf. Figure 10a on p.133,

the set-valued “signum”, i.e. the mapping R = [—1,1], Sign(0) =
[-1,1], Sign(R*) = {1}, Sign(R~) = {—1}, cf. Figure 10b on p.133,
the linear hull of the specified set,

the support of a function wu, i.e. the closure of {z € ; u(x) # 0},

a fixed time horizon, T' > 0,

a separable reflexive Banach space (if not said otherwise), || - ||y (or
briefly || - ||) its norm,

a topological dual space with || - |

v+ (or briefly || - ||«) its norm,

the Sobolev space of functions whose distributional derivatives up to
k'™ order belongs to LP(), cf. (1.30) on p.15.

the Sobolev space of functions from WP (Q) whose traces on I' vanish,
the dual space to W7 (Q),

the set of functions v on € whose restrictions v|o, with any open O
such that O C , belong to W*?(0),



Notational conventions Xix

whpa
W Lp A
W 2:00.p5q

1,p
0,div

=
=

s B b
i~

>
o)

%ﬁ%?@ﬁ QDD

A,.\
~— —

W 1id

the Sobolev space of abstract functions having the time-derivative,
see (7.1) on p. 201,

the Sobolev space of abstract functions whose derivatives are measures,
see (7.40) on p. 211,

the Sobolev space of abstract functions having the second time-
derivative, see (7.4) on p. 202,

the set of divergence-free functions v € W, *(€; R™), see (6.29) on p. 178,
the boundary of a domain €2,

the indicator function of a set K; i.e. dx(-) =0 on K and dx(-) = +o0
on the complement of K,
the Dirac distribution (measure) supported at a point z,

the Laplace operator: Au = div(Vu) = aa—giu + 4 %u,
1 n

the p-Laplace operator: A,u = div(|Vul[P~2Vu) with p > 1,
the unit outward normal to " at z € T, v = v(x),
the side surface of the cylinder @, i.e. I xI', or a o-algebra of sets,

the characteristic function of a set S; i.e. xs(-) =1 on S and ys(-) =0
on the complement of S,
a bounded, connected, Lipschitz domain, 2 C R,

the closure of 2,

a subset, or a continuous embedding,

a compact embedding,

integration according to the n-dimensional Lebesgue measure,
integration according to the (n—1)-dimensional surface measure on T,
the subdifferential of the convex functional ® : V' — R,

the inverse mapping,

the dual space, see p.3, or the adjoint operator, see p.5, or the Legendre-
Fenchel conjugate functional, see p.294,

the positive and the negative parts, respectively, i.e. u™ = max(u,0)
and v~ = min(u,0),

the Gateaux derivative, cf. p.5, or a partial derivative, or the conjugate
exponent, see p.12,

the restriction of a mapping or a function on a set S,

the transposition of a matrix,

a convergence (in a locally convex space) or a mapping between sets,
a mapping of elements into other ones, e.g. A : u — f where f = A(u),
convergence on R from the right; similarly  means from the left,

a set-valued mapping (e.g. A : X = Y abbreviates A : X — 2¥ = the
set of all subsets of Y),



XX

Vs

—~ e ®

= L~
%)

Notational conventions

the spatial gradient: Vu = (6—21%
the surface gradient, see p. 57,

a position of an unspecified variable, or the scalar product of vectors;
Le. wv:=>1" uv; for u,v € R™,

the scalar product of matrices; i.e. A:B:= " | Z] 1 A” Bi;,

the product of 3rd-order tensors A:B := ZZ 1 ZJ 1 Zk 1 AijkBijk,
the definition of a left-hand side by a right-hand-side expression,

the tensorial product of vectors: [u ® v];; = u;vj,

the bilinear pairing of spaces in duality, cf. p.3,

the semi-inner product in a Banach space, cf. (3.7) on p.97,

the inner (i.e. scalar) product in a Hilbert space, cf. (1.4) on p.2,

a norm on a Banach space, see p.1,

a seminorm on a Banach space, or an Euclidean norm in R".



Chapter 2

Pseudomonotone or weakly
continuous mappings

The basic modern approach to boundary-value problems in differential equations
of the type (0.1)-(0.2) is the so-called energy-method technique which took the
name after a-priori estimates having sometimes physical analogies as bounds of an
energy.! This technique originated from modern theory of linear partial differential
equations where, however, other approaches are efficient, too. On the abstract
level, this method relies on relative weak compactness of bounded sets in reflexive
Banach spaces, and either pseudomonotonicity or weak continuity of differential
operators which are understood as bounded from one Banach space to another
(necessarily different) Banach space. On the concrete-problem level, the main tool
is a weak formulation of boundary-value problems in question, Poincaré and Holder
inequalities, and fine issues from the theory of Sobolev spaces.

2.1 Abstract theory, basic definitions, Galerkin method

Throughout this chapter (and most of the others), V' will be a separable reflexive
Banach space and V* its dual space, with || - || and || - ||« denoting briefly their
norms instead of || - ||y and || - ||+, respectively.

Definition 2.1 (Monotonicity modes). Let A be a mapping V — V*.
(i) A:V = V*is monotone iff Yu,v € V: (A(u) — A(v),u —v) > 0.

(ii) If A is monotone and u # v implies (A(u) — A(v),u—v) > 0, then A is strictly
monotone.

LCf. Example 6.7 or e.g. also (11.120) or (12.11).

T. Roub(8ek, Nonlinear Partial Differential Equations with Applications, 31
International Series of Numerical Mathematics 153,
DOI 10.1007/978-3-0348-0513-1_2, © Springer Basel 2013
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(iii) Considering an increasing function d : Rt — R, we say that A : V — V* is
d-monotone with respect to a seminorm | - |,

(A(w) = Av),u = v) > (d(lul) = d(lol) ) (ju]  Jo])- (2.1)

If | - | is the norm || - || on V', we say simply that A is d-monotone. Moreover,
A is called uniformly monotone if

(A(u) = A(v),u —v) > ((|lu—vl) lu— ]| (2.2)

for some increasing continuous function ¢ : RT — R¥. If {(r) = dr for some
6 > 0, then A is called strongly monotone.
(iv) The mapping A : V — V* is called pseudomonotone iff

A is bounded, and (2.3a)

Up — U YveV :

lim sup <A(uk),uk—u> <0 } = <A(U)aU*’U> < likrgg.}f <A(Uk)auk*11>- (2.3b)
k—oc0
Remark 2.2. Let us emphasize that the monotonicity due to Definition 2.1(i) has
no direct relation with monotonicity of mappings with respect to an ordering. E.g.,
if V* =V, the composition of monotone operators has a good sense but need not
be monotone. Definition 2.1(iv) represents a suitable extent? of generalization of
the monotonicity concept from the viewpoint of quasilinear differential equations

of the type (0.2).

Definition 2.3 (Continuity modes).

(i) A:V—=V*is hemicontinuous iff Yu,v, weV the function ¢t — (A(u+tv), w) is
continuous, i.e. A is directionally weakly continuous.

(ii) If it holds only for v = w, i.e. Yu,v€V : t — (A(u+tv),v) is continuous, then
A is called radially continuous.

(iil) A : V=V™* is demicontinuous iff VweV the functional u — (A(u),w) is con-
tinuous; i.e. A is continuous as a mapping (V,norm) — (V* weak).

(iv) A : V=V* is weakly continuous iff YweV the functional u — (A(u),w) is
weakly continuous; i.e. A is continuous as a mapping (V, weak) — (V*, weak).

(v) A:V—=V*is totally continuous if it is continuous as a mapping (V, weak) —
(V*,norm).

Lemma 2.4. Any pseudomonotone mapping A is demicontinuous.

Proof. Suppose ur, — u. By (2.3a), the sequence {A(ux)}ren is bounded in a
reflexive space V*. Then, as V is assumed separable, by the Banach Theorem 1.7
after taking a subsequence (denoted, for simplicity, by the same indices) we have

2In the sense that the premise of (2.3Db) still can be proved under reasonable assumptions and
the conclusion of (2.3b) still suffices to prove convergence of various approximate solutions.
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A(ug) — f for some f € V*. Then limy_, oo (A(ug), ur — u) = (f,u —u) = 0 and
therefore, by (2.3b),

(A(u),u —v) <liminf (A(ug), ux —v) = (f,u —v) (2.4)

k—oco

for any v € V. From this we get A(u) = f. In particular, f is determined uniquely,
and thus even the whole sequence (not only the selected subsequence) must con-
verge. O
Definition 2.5 (Coercivity). A : V. — V* is coercive iff 3¢ : RT — R*:
limg_, 400 C(8) = +00 and (A(u),u) > ¢(||ul|)||n]]. In other words, A coercive means

<A(u)7 u>

m
o0 [ul|

= +o00. (2-5)

Theorem 2.6 (BrREzIs [64]). Any A pseudomonotone and coercive is surjective;
this means, for any f € V*, there is at least one solution to the equation

A(u) = §. (2.6)

Proof. Let us divide the proof into four particular steps.

STEP 1: (Abstract Galerkin approzimation.) As V is supposed separable, we can
take a sequence of finite-dimensional subspaces

VkeN: V,CVe1 CV  and U Vi is dense in V. (2.7)
keN

Then we define a Galerkin approximation ux € Vi by the identity:
Yo e Vg (A(ug),v) = (f,v). (2.8)

STEP 2: (Ezistence of approzimate solutions uy.) In other words, we seek uy € Vj,
solving I} (A(ux) — f) = 0 where Ij, : Vi — V is the canonical inclusion so that
the adjoint operator I} : V* — V}* represents the restriction I} f = fly, . Besides,
as Vj is finite-dimensional, we will identify Vi =2 V;* by a linear homeomorphism
Ji + Vi = Vi such that (Jyu,u) = [[ull},, [[Jeullve = [lullv,, and (Jxu, T =
(f,u)?

As A is coercive, for p sufficiently large we have

lullvi =0 = (A(w) = f,u) = (A(w),w) = [ flllluf > 0. (2.9)

31f necessary, we can re-norm the finite-dimensional V}, to impose a Hilbert structure (i.e. V3
is then homeomorphic with a Euclidean space). Then Jj can be taken as in (3.1) below; note
that, by Lemma 3.2, Ji is a homeomorphism. Also note that (2.5) restricted on Vj holds in
the new, equivalent norm, as well; possibly, the function ¢ in Definition 2.5 is changed by this
renormalization.
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Suppose, for a moment, that I} A(u) # I} f for any u € V3, with ||u|v, < . Then
the mapping

J ' (f — Au))
[ T5(f = A(w)|

maps the convex compact set {u € Vi; |lu|| < o} into itself because ||J, | = 1;
note that ||J, ' fllv, = || f| v Also, by Lemma 2.4, the mapping u — (A(u),v) :
Vi, = R is continuous for any v so that also u — I} A(u) : V; — V¥ is continuous.
By the Brouwer fixed-point Theorem 1.10, the mapping (2.10) has a fixed point
u, this means

U o (2.10)

7

u=o0 Jk_lll:(f_A(u)) ) (211)

1507 =40,

As ||Jk_1fHVk = || fllvy, (2.11) implies [[ully, = o. Testing (2.11) by Jru|l;(f —
A(u))||vz, one gets

|| I (f — A(w)))|

vy = <Jku7u>HI;:(f - A(u))’ vy
= o(Jxu, Ji ' IE(f = Aw)) = o(Ii (f — A(u)),u)
= Q<f — A(u)7lku> = Q<f — A(u)7u> (2.12)

which yields (A(u) — f,u) = —o|| L (A(u) — f)]

v+ < 0, a contradiction with (2.9).
k

STEP 3: (An a-priori estimate.) Moreover, putting v := wuy into (2.8), we can
estimate?

el el < (Alur), ) = (f ) < 1 f[lllull (2.13)

with a suitable increasing function ¢ : RT™ — R* such that lim¢_,o0 ((€) = +o00, cf.
the coercivity (2.5) of A. Then [Jug|| < ¢71(||f]l+) < +00, so that uy is bounded
in V independently of k. This holds even for any solution to (2.8).

STEP 4: (Limit passage.) Since {uy}ren is bounded and V is reflexive and sepa-
rable, by the Banach Theorem 1.7 together with Proposition 1.3, there is a sub-
sequence and u € V such that uy — u. From (2.8), we have also

(Alur),vm — uk) = (f, vm — ur) (2.14)

for any kK > m and v, € V,, C Vi. By density of UkeN Vi in V, we can take
v — u. Then, by (2.14), one gets

lim sup (A(ug), ux — u) = limsup ((A(uk)7uk —vg) + (A(ug), v — u))

k—o0 k—o0

tim ({f,w, = ve) + [ AQw) o = ull) = 0. (2.15)

k—oco

IN

4Here we forget possible renormalization of the finite-dimensional subspaces V;, and come
back to the original norm on V.
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Note that the sequence {uy}reny has been proved bounded so {||A(uk)||«}ren 18
bounded by (2.3a) and that, in fact, even an equality holds in (2.15) and “limsup”
is a limit. By pseudomonotonicity (2.3b) of A, we get

voeV :  liminf (A(ug),up —v) > (A(u),u—v). (2.16)
k— o0
On the other hand, from (2.14) we also have

Yve U Vin likrggf<l4(uk),uk—v> = (fyup —v) = (f,u—wv). (2.17)

meN

lim
k— o0

Combining (2.16) and (2.17), one gets (A(u),u —v) < (f,u—v) for any v ranging

over a dense subset of V', namely (J,,cy Vin, which shows that A(u) = f. O

Remark 2.7 (Nonconstructivity). Let us emphasize three aspects of high noncon-
structivity of the above proof:

v usage of Brouwer’s fixed-point theorem,

v a contradiction argument, and

v’ a selection of a convergent subsequence by a compactness argument.

Remark 2.8 (Necessity of approximation). The approximation (Step 1) is necessary
in the above proof, otherwise one would have to think about usage of Schauder’s
type fixed point Theorem 1.9 instead of the Brouwer one. This would need ad-
ditional assumptions about weak continuity of A and the Hilbert structure of V,
cf. Exercise 2.56, which is not fitted with general quasilinear differential equations,
cf. Sect. 2.5 where omitting the approximation would also hurt for not allowing
for a weaker concept of A as V' — Z* with Z g V.

2.2 Some facts about pseudomonotone mappings

Brézis’ Theorem 2.6 showed the importance of the class of pseudomonotone map-
pings. It is therefore worth knowing some more specific cases leading to such
mappings.

Lemma 2.9 (BREzIS [64]). Radially continuous monotone mappings satisfy (2.3b).
In particular, bounded radially continuous monotone mappings are pseudomono-
tone.

Proof. Take ur — w and assume limsup_, . (A(ug),ur —u) < 0. Since A is
monotone, (A(ug),ur —u) > (A(u), ur —u) — 0 so that liminfy_,oo (A(ug), up —
u) > 0 and therefore altogether

lim (A(ug),ur —u) = 0. (2.18)

k—oco

We take u. = (1—€)u + ev, € > 0, and write the monotonicity condition of A
between uy and ue:

0 < (A(ug) — A(ue),ur — ue) = (A(uk) — A(ue),e(u — v) + up — u) (2.19)
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and, by a simple algebraic manipulation, we obtain
e(Aug),u —v) > (A(ue), up — u) — (Aur), ur, — u) + e(A(ue),u —v).  (2.20)
Therefore, fixing € > 0 and passing with & to infinity, by (2.18) we get

€ likrn inf(A(ug),u —v) > e(A(ue),u — v). (2.21)
—00
Then divide it by e, which gives iminfy_, oo (A(ur),u — v) > (A(ue),u — v) =
(A(u + e(v—u)),u—v). Passing with ¢ — 0 and using the radial continuity of A,
we eventually get

likn_l)irgf(A(uk), u—v) > Eh{(r(l)(A(u +e(v—u)),u—v) = (A(u), u—v). (2.22)

The pseudomonotonicity of A then follows by using (2.22) with (2.18):

liminf(A(ug), ug—v) = klim (A(ug), ug—u) + likminf<A(uk),u7v> > (A(u), u—v).
—00 —00

k—o0

O

Lemma 2.10. Any bounded demicontinuous mapping A : V. — V* satisfying

(uk —u & limsup (A(ur)—A(u), up—u) < 0) = up—u (2.23)

k—o0
s pseudomonotone.

Proof. The premise of (2.3b), i.e. uy—u and limsup(A(ug), up—u) <0, yields

k—o0

lim sup (A(ug)—A(u), ug—u) = limsup (A(ug), up—u) — lim (A(u), up—u) <0,
k—o00 k—o00 k—o00

so that by (2.23) we have u, — u, and by demicontinuity of A also A(uy) — A(u),
and eventually limy_, oo (A(ur ), ur, — v) = (A(u),u —v) for any v € V. O

Lemma 2.11.

(i) The sum of any pseudomonotone mappings remains pseudomonotone, i.e. Ay
and Az pseudomonotone implies u — A1 (u) + Az(u) pseudomonotone.

(ii) A shift of a pseudomonotone mapping remains pseudomonotone, i.e. A pseu-
domonotone implies u — A(u + w) pseudomonotone for any w € V.

Proof. The boundedness (2.3a) of A; + Az and A(- + w) is obvious hence we need
to show only (2.3b).

To prove (i), let Ay, A2 be pseudomonotone, u; — w and limsup,,_, . ([A1 +
As)(uk), ur, — uy < 0. Let us verify that

lim sup <A1 (ug), ug — u> <0 and lim sup <A2(uk), Up — u> <0.  (2.24)

k—oc0 k—oc0
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Suppose, for a moment, that limsup,_,. (As(uk),ur — u) = € > 0. Taking a

subsequence, we can suppose that limg_,oo (A2 (uk), ur —u) = > 0 and therefore
limsup (Az (ug), ur, — u) < —e < 0. (2.25)

k—o0

As A, is pseudomonotone, we get lim infy_, o0 (A1 (ug), up — v) > (A1(u), u — v) for

any v € V. In particular, for v = u we get iminfj_, o (A1 (ug), up — u) > 0, which

contradicts (2.25). Thus (2.24) holds. By the pseudomonotonicity both for A; and

for Ay, we get

likrgiréf ([A1+Ag)(ur), up—v) Zlikﬂ_l)gf (Ar(ug), ug—v) + likrrigéf (A (ug), ug—v)
> (A1 (u), u—v) + (Az(u), u—v) > ([A1+A43](u), u—v).
As to (ii), let up — wu and limsup,_,o(A(upt+w),up—u) < 0. Then
obviously up+w — utw and limsup,_,(A(urtw), (up+w) — (ut+w)) < 0. If
A is pseudomonotone, then lim infy_,o(A(ur+w), up—v) = liminfy_,o(A(ur+w),

(uptw) — (vw)) > (A(utw), (u+w) — (v+w)) = (A(utw), u—v), hence A(-+w)
is pseudomonotone. O

Corollary 2.12. A perturbation of a pseudomonotone mapping by a totally contin-
uwous mapping s pseudomonotone.

Proof. Realize that any totally continuous mapping is pseudomonotone; indeed,
it is bounded (which can be easily proved by contradiction) and, if u; — wu, then
A(ug) = A(u) and thus limg_ o0 (A(ug), up — vy = (A(u),u — v) so that (2.3b) is
trivial. i

2.3 Equations with monotone mappings

Monotone mappings (with boundedness and radial continuity properties) are a
special class of pseudomonotone mappings, cf. Lemma 2.9, and, as such, they
allow special treatment with a bit stronger results than a general “pseudomonotone
theory” can yield, cf. Theorem 2.14 vs. Proposition 2.17.

Lemma 2.13 (MINTY’S TRICK [286]). Let A:V — V* be radially continuous and
let (f—A(v),u—v) >0 for any veV. Then f = A(u).

Proof. Replace v with u + ew with w € V arbitrary. This gives
(f — A(utew), —ew) > 0. (2.26)
Divide it by € > 0 and pass to the limit with & by using radial continuity of A:
0> (f — Alutew),w) = (f — A(u), w). (2.27)

As w is arbitrary, one gets A(u) = f. O
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Theorem 2.14. Let A be bounded,® radially continuous, monotone, coercive. Then:

(i) A is surjective; this means, for any f € V*, there is u solving (2.6). Moreover,
the set of solutions to (2.6) is closed and conver.

(ii) If, in addition, A is strictly monotone, then A=' : V* — V does emist, is
strictly monotone, bounded, and demicontinuous. If A is also d-monotone and
V' uniformly convez, then A=! : V* — V is continuous.

(iii) If, in addition, A is uniformly (resp. strongly) monotone, then A=t : V* =V
is uniformly (resp. Lipschitz) continuous.

Proof. By Lemma 2.9, A is pseudomonotone. As A is supposed also coercive, the
surjectivity of A follows from Theorem 2.6. By Lemma 2.4, A is demicontinuous,
hence the set of solutions to (2.6) is closed in the norm topology of V. Hence, to
prove convexity of this set, it suffices to show that u = fu; + fuy solves (2.6)
provided uy and us do so, cf. Proposition 1.6. Thus we have

(f — A(v),u1 —v) + %(f — A(v),us —v)

(A(u1)—A(v), u1—v) + %<A(U2)*A(U),U2*’U> >0 (2.28)

<f—A(v)7 u—v> =

N =N =

because of A(u;) = f = A(uz) and of monotonicity of A. Then, by Lemma 2.13,
one gets A(u) = f.

Let us go on to (ii). If A is strictly monotone, we have (A(uy) — A(usz), u; —
uz) = (f — f,u1 — u2) = 0 which is possible only if u; = uy. In other words, the
equation (2.6) has a unique solution so that the inverse A=! does exist.

The mapping A~! is strictly monotone: For fi, fo € V*, f1 # f2, put u; =
A7L(f:). Then also u; # ug. As A is strictly monotone, one has

(fi— fo2, AN (f1) — A7 (f2)) = (A(u1) — A(uz), w1 —uz) > 0. (2.29)

The mapping A~! is bounded: by the coercivity of A, there is ¢ : Rt — R
such that lime_,o ((§) = 400 and (A(u), u) > ||u|[¢(||u]). Therefore

Cllul el < (A(w), w) = (f,u) < If ]+ [lull (2.30)

so that C(||[AY()]) = ¢(flull) < ||f]l«- Thus A~ maps bounded sets in V* into
bounded sets in V.

The mapping A~! is demicontinuous, i.e. (norm,weak)-continuous: take fi —
fin V*. As A~! was shown to be bounded, { A=!(fx) }xen is bounded and (possibly
up to a subsequence) uy = A~(fx) — win V by Banach’s Theorem 1.7. It remains
to show A(u) = f. By the monotonicity of A, for any v € V:

0 < (A(uk) — A(v),ur, —v) = (fr — A(v),up, — v). (2.31)

51f proved directly, i.e. without passing through pseudomonotone mappings, the boundedness
assumption can be omitted; cf. Theorem 2.18 below.
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Therefore, by (norm xweak)-continuity of the duality pairing, passing to the limit
with k£ — oo yields

ngli_g)lo (fr — A),ur —v) = (f — A(v),u — v). (2.32)

Then we apply again the Minty-trick Lemma 2.13, which gives A(u) = f. Thus
even the whole sequence {uy }ren converges weakly.
If A is d-monotone, we can refine (2.31) used for v := u as follows:

(d(llurll) = d(l[ul)) (Jurll = llull) < (Alur) = Alu), ugp - u)
:<fk—A(u),uk7u>%<ffA(u),u7u>:O, (2.33)

which gives ||ug|| — ||u| because d : R — R is increasing. Hence up — u by
Theorem 1.2. In other words, A~! is continuous.

The point (iii): By (2.2) one has for any A(u1) = f1 and A(uz) = fa the
estimate

C(llur = wal) [l — s < (A(ur) — A(uz), ur — uz)
= (fi — fo,u1 —u2) < || fr — foll«llur —ual|  (2.34)
so that ¢(|lur — uz2l]) < ||f1 — fz||«. By the assumed properties of (, the inverse

mapping A~ is uniformly continuous. The case of strong monotonicity is obvious.
O

Lemma 2.15. Any monotone mapping A : V. — V* is locally bounded in the sense:
VueV e >03IMeRT YoeV : |v—ul|<e = |A®W)|« < M. (2.35)

Proof. Suppose the contrary, i.e. (2.35) does not hold at some u € V. Without
loss of generality, assume u = 0. This means that there is a sequence {vy}, vy — 0,
such that [|A(vg)|l« — oo. Putting ¢ := 1 4 || A(vg)]||«||vk ||, we can estimate by
monotonicity of A that

<A(vk)’v> (A(vi), v ) + (A(v), v — )
Ck Ck
L+ [A@)], (ol + lowll) = 1+ [|A@)[] [[o]l. (2.36)

IN

Replacing v by —v, we can conclude that limsup,_, [(c; 'A(vg),v)| < +oo
for any v € V. By Banach-Steinhaus’ Theorem 1.1, ¢; '||A(vg)|[« < M. This
means ||A(vg)|l« < Mcpy = M1+||A(vr)|«]lvel]), and then also ||A(vi)|. <
M/(1—=M]jvi||) = M, which contradicts the fact that || A(vg )|« — 0. O

Lemma 2.16. Radially continuous monotone mappings are also demicontinuous.
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Proof. Take a sequence {uy}ren convergent to some u € V. By Lemma 2.15,
{A(ug)}ren is bounded in V* and, by Banach Theorem 1.7, we can select a subse-
quence {A(ug, ) hien converging weakly to some f € V*. Then, by the monotonicity
of A, 0 <limy_,oo(A(ug,) — A(v), ux, —v) = (f — A(v),u—v). As v is arbitrary and
we assume radial continuity of A, the Minty-trick Lemma 2.13 yields f = A(u). As
f is thus determined uniquely, even the whole sequence { A(uy)}ren must converge
to it weakly. d

Proposition 2.17. Let A = A1 + As : V. — V* be coercive, and Ay be radially
continuous and monotone and As be totally continuous. Then A is surjective.

Proof. As in the proof of Brézis’ Theorem 2.6, consider uy € Vj, the Galerkin
approximations (2.8), i.e. here

(Aq(ug) + Az (ur),v) = {f,v) Yve Vg, (2.37)

and the a-priori estimate (2.13), and choose a weakly convergent subsequence
{ug, bien with a limit « € V. Use monotonicity of A; to write

0 < (Ar(v)—Ax(ug,), vi—ug, ) = (Ar(vr), vi—uk, ) + (Az(ur,)— f,vi—ur, ) (2.38)
for any v; € V; with [ < k. Passing to the limit with i — oo, it gives
0 < (Ar(w), v —u) + (Aaz(u) — f,o — u). (2.39)

Then, by density of |,y Vi in V, consider v; — v for v €V arbitrary, use demi-
continuity of A; (cf. Lemma 2.16), and pass to the limit with | — oo to get:

0 < (A1(v),v —u) + {As(u) — f,v —u). (2.40)

Finally, replace v by u + cw with w € V arbitrary and use Minty’s trick as in
(2.26)—(2.27) to show that A;(u) + Ag(u) = f. O

In principle, if A; is also bounded, one could use Lemma 2.9 and Corol-
lary 2.12 to see that A from Proposition 2.17 is surjective; realize that As, being
totally continuous, is certainly bounded. The above direct proof allowed us to avoid
the boundedness assumption of A;. In particular, for As = 0, one thus obtains the
celebrated assertion:

Theorem 2.18 (BROWDER [73] and MINTY [286]). Any monotone, radially con-
tinuous, and coercive A : V. — V* is surjective.

As a very special case, one gets another celebrated result:

Theorem 2.19 (LAX and MILGRAM [253]%). Let V' be a Hilbert space, A:V — V*
be a linear continuous operator which is positive definite in the sense (Av,v) >
el[v||* for some € > 0. Then A has a bounded inverse.

6 A usual formulation uses a bounded, positive definite, bilinear form a : V x V — R. This
form then determines A : V' — V* through the identity (Au,v) = a(u,v).
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Sometimes, the following modification of Proposition 2.17 can be advanta-
geously applied, obtaining also the strong convergence of Galerkin’s approximate
solutions.

Proposition 2.20. Let A = Ay + Ay : V. — V* be coercive, and Ay be monotone
radially continuous and satisfy (2.23), and Ay be demicontinuous and compact.”
Then A is surjective.

Proof. We have the Galerkin identity (2.37) and a subsequence uy — u, and write

<A1 (ug)—Aq (u),uk—u>:<A1(uk)—A1(u),vk—u>+<A1(uk)fA1(u),ukka>
= <A1(uk)—A1(u), vk—u> + <f—A2(uk)—A1(u)7uk—vk> =: I]gl) + IIgZ). (2.41)

As A; is monotone, for any € > 0, then

Ay @, = = sup (Av(u).v) <+ sup ({As(us) )

€ Jlvll<e € lvli<e

+ <A1(Uk)—A1(v),uk—v>) = é ”shlg <<A1(uk),uk> + <A1(v)7v—uk>). (2.42)

Now we use that {(A1(uk), ur) }ren is bounded because (A; (ug), ur) = {f — Az (ug),
ug) and the compact mapping As is certainly bounded, and also {{A;(v),v —
ug); ||v]| < e} is bounded if € > 0 is small enough because A; is locally bounded
around the origin due to Lemma 2.15. Thus (2.42) shows that || Ay (ur) — A1 (u)||«
is bounded, and, choosing vy — u in V', we obtain limy_, . I]gl) =01in (2.41).

Taking a subsequence such that also As(ug) converges to some x € V* (as
we can because As is compact), we get IIS) = (f — Ao(ur) — A1(u),up, — vg) —
(f —x — A1(u),u —u) = 0. As this limit is determined uniquely, even the whole
sequence {I,?)}keN converges to 0.

Using (2.41), by (2.23) we get up—u. By Lemma 2.16, A;(uy)—A;(u). By
demicontinuity of As, also Ag(up)—Az(u). It allows us to pass to the limit in
(2.37), obtaining (A;(u)+As(u)—f,v)=0 for any veJ,cy Vi, hence A(u)=f. O

Remark 2.21 (d-monotone A on a uniformly convex V). Any d-monotone A : V' —
V* satisfies (2.23) if V' is uniformly convex. Indeed, the premise of (2.23) with
(Alur) = Alu), up —u) = (d([lug]) = d(||w]))([[url = [Ju])), cf. (2.1), yields [ux] —
|lw]]. Then, by uniform convexity of V' and Theorem 1.2, we get immediately
U — U.

The nonconstructivity of Brézis’ Theorem 2.6 pointed out in Remark 2.7 can
be avoided in special situations by using Banach’s fixed-point Theorem 1.12 for
the iterative process

U = Tg(ukfl) = Up—1 — 6J71(A(7.Lk,1) — f) , keN, wupeV, (243)

"In fact, any demicontinuous and compact Ay is automatically continuous.
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if V is a Hilbert space and the linear operator J : V — V* is defined by
(Ju,v) := (u,v) with (-,-) denoting here the inner product in V, cf. Remark 3.10.
For weakening of the assumptions by further (constructive) approximation see
Example 2.95.

Proposition 2.22 (BANACH FIXED-POINT TECHNIQUE). Let V' be a Hilbert space,
A:V — V* be strongly monotone, i.e. {(r) = dr from (2.2) with 6 > 0, and also
A be Lipschitz continuous, i.e. ||A(u) — A(v)|l« < |lu — v||. Then the nonlinear
mapping T defined by (2.43) is contractive for any € > 0 satisfying

£ < 25/07 (2.44)

and the fixed point of T, i.e. Te(u) = u, does exist and obviously solves A(u) = f.
Proof. Tt holds that® (f, J=1f) = ||f||?, so that one has

T2 (u) = To(v)[* = (J(u —v) — e(A(u) = A(v),u — v —eJH(A(u) — A(v)))
= |lu—v|® - 2e (u—v, T A(u) — A(v))) + E2lT Y A(u) — T A(v)]?
= Jlu—[* = 26(A(u) — A(v),u —v) + || A(u) — A(v)|[3
< lu—v|* = 2e6]ju — v||* + 20%||u — v]||.

The condition (2.44) just guarantees the Lipschitz constant v/1 — 2ed + £2¢2 of T
to be less than 1. O

2.4 Quasilinear elliptic equations

We will illustrate the above abstract theory on boundary-value problems for the
quasilinear 2nd-order partial differential equation

—div(a(z,u, Vu)) + c(z,u, Vu) = g (2.45)

considered on a bounded connected Lipschitz domain €2 C R™. Here a : 2 x R x
R™ - R™ and ¢: 2 x R x R"® — R; for more qualification see (2.54) and (2.55a,c)
below. Recall that Vu := (%u, ey %u) denotes the gradient of w. More in
detail, (2.45) means

n

_ Z %ai (z,u(x), Vu(z)) + c(z, u(z), Vu(z)) = g(z) (2.46)

Xr
i=1 v

for z € but we will rather use the abbreviated form (2.45) in what follows. For
some systems of the 2nd-order equations see Sect. 6.1 below while higher-order
equations will be briefly mentioned in Sect. 2.4.4. Besides, we will confine ourselves
to data with polynomial-growth; p € (1, +00) will denote the growth of the leading

8Realize that, for v = J~1f, one has (f, J~1f) = (f,v) = (Jv,v) = (v,v) = ||v]|2 = || f]|?.
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nonlinearity a(z,u, -) which essentially determines the setting and the other data
qualification. Also, a(z,u,-) will be assumed to behave monotonically, cf. (2.65),
which is related to the adjective elliptic. For the linear case a(z,r,s) = As, the
monotonicity (2.65) and coercivity (2.92a) below implies the matrix A is positive
definite, which is what is conventionally called “elliptic”, contrary to A indefinite
(resp. semidefinite) which is addressed as hyperbolic (resp. parabolic).

Convention 2.23 (Omitting z-variable). For brevity, we will often write a(x, u, Vu)
instead of a(x,u(z), Vu(z)) (as we already did in (2.45)) or sometimes even
a(u, Vu) if the dependence on z is automatic; hence, in fact, A,(u, Vu) =
a(u, Vu). Thus, e.g. [, ¢(u, Vu)vdz will mean [, c(z, u(z), Vu(z))v(z) dz.

2.4.1 Boundary-value problems for 2nd-order equations

The equation (2.45) may admit very many solutions, which indicates some missing
requirements. This is usually overcome by a boundary condition to be prescribed
for the solution on the boundary I':= 952 of the domain €.

One option is to prescribe simply the trace u|r of u on the boundary, i.e.

ulp=up onT (2.47)

with up a fixed function on I'. This condition is referred to as a Dirichlet boundary
condition.

Having in mind the equation (2.45), the alternative natural possibility is to
prescribe a local equation for the “boundary flux” v - a, i.e.

v-a(z,u,Vu) +b(z,u)=h onT (2.48)

where v = (11, ...,v,) denotes the unit outward normal to I" and A : I' — R and
b: T xR — R are given functions qualified later. More in detail, (2.48) means
Yo vi(x) ai(z,u(z), Vu(z)) + b(x,u(z)) = h(z) for x € T'. This condition is
referred to as a (nonlinear) Newton boundary condition or sometimes also a Robin
condition. If b = 0, it is called a Neumann boundary condition.

One can still think about a combination of (2.47) and (2.48) on various parts
of T'. For this, let us divide (up to a zero-measure set) the boundary I" on two
disjoint open parts I, and Ty such that measn_1(F \ Tr U FN)) = 0, and then
consider so-called mized boundary conditions

ulr = up on Iy, (2.49a)
v-a(z,u, Vu) + b(x,u) = h on I. (2.49b)

As either I', or Ty may be empty, (2.49) covers also (2.48) and (2.47), respectively.

Completing the equation (2.45) with the boundary conditions (2.47) (resp.
(2.48) or (2.49)), we will speak about a Dirichlet (resp. Newton or mixed)
boundary-value problem. One can have an idea to seek a so-called classical so-
lution u of it, i.e. such u € C%(Q) satisfying the involved equalities everywhere on
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Q and I'. This requires, however, very strong data qualifications both for a, b, and
c and for (2 itself. Therefore, modern theories rely on a natural generalization of
the notion of the solution. In this context, ultimate requirements on every sensible

definition are?:

1. Consistency: Any classical solution to the boundary-value problem in question
is the generalized solution.

2. Selectivity: If all data are smooth and if the generalized solution belongs to
C?(€2), then it is the classical solution. Moreover, speaking a bit vaguely, in
qualified cases the generalized solution is unique.

2.4.2 Weak formulation

Here, the generalized solution will arise from a so-called weak formulation of the
boundary-value problem, which is the most frequently used concept and which
just fits to the pseudomonotonicity approach. Later, we will present some other
concepts, too.

For the full generality, we will treat the mixed boundary conditions (2.49).
The weak formulation of (2.45) with (2.49) arises as follows:

Step 1: Multiply the differential equation, i.e. here (2.45), by a test function v.
Step 2: Integrate it over (2.
Step 3: Use Green’s formula (1.54), here with z = a(z, u, Vu).

Step 4: Substitute the Newton boundary condition, i.e. here (2.49b), into the
boundary integral, i.e. here [ v(z-v)dS = [, (v a(z,u, Vu))vdS in
(1.54), while by considering v|r, = 0, the integral over I}, simply van-
ishes.

This procedure looks here as

/Q( —div(a(z, u, Vu)) + c(z, u, Vu))vdx

Green’s
formula
= /a(m, u, Vu) - Votc(z,u, Vu)v de — /(1/~a(9c7 u, Vu))v ds
Q r
boundary
conditions
= /a(x,u, Vu) - Vote(z,u, Vu)vdr + /(b(:c, u) — h(z))vdS. (2.50)
Q r

Realizing still that the left-hand side in (2.50) is just fQ gvdx, we come to the
integral identity

/a(x,u,Vu)~Vv+c(:c,u,Vu)vdx+/ b(x,u)v dS:/gv d:ch/hvdS. (2.51)
Iy Q n

Q N

9See [360, Remark 5.3.8] or [370] for some examples of unsuitable concepts of so-called
“measure-valued” solutions, cf. also DiPerna [124] or Illner and Wick [210].
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As declared, we confine ourselves to a p-polynomial growth, cf. (2.55a) below, and
then it is natural to seek the weak solution in the Sobolev space WP (Q). It leads
to the following definition:

Definition 2.24. We call u € WP(Q) a weak solution to the mixed boundary-value
problem (2.45) and (2.49) if u|r, = up and if the integral identity (2.51) holds for
any v € WHP(Q) with v|p, = 0.

The above 4-step procedure to derive (2.51) guarantees automatically its
consistency. On the other hand, its selectivity is related to the important fact that
the space V' of test-functions v’s, i.e.

V ={veW"?(Q); vy, =0}, (2.52)

is sufficiently rich, the restriction of v on I'; being compensated by direct involve-
ment of the boundary condition (2.49a) in Definition 2.24:

Proposition 2.25 (SELECTIVITY OF THE WEAK-SOLUTION DEFINITION). Let a €
C'(Qx RxR™R"), c € CO(Q xR x R™), and b € C°(Iy x R), g € C(Q), and
h € C(Iy). Then any weak solution u € C*(Q) is the classical solution.

Proof. Put v € V into (2.51) and use Green’s formula (1.54). One gets
/ (div a(x,u, Vu) — c(z,u, Vu) + g)v dx
Q
+ / (h —b(z,u) — v-a(z,u, Vu))vdS = 0. (2.53)
In

Considering v|p = 0, the boundary integral in (2.53) vanishes. As v is otherwise
arbitrary, one deduces that (2.45) holds a.e., and hence even everywhere in {2 due
to the assumed smoothness of a and ¢.!” Hence, the first integral in (2.53) vanishes.
Then, putting a general v €V into (2.53) shows the latter boundary condition in
(2.49) valid,'! while the former one is directly involved in Definition 2.24. O

The important issue now is to set up basic data qualification to give a sense
to all integrals in (2.51). Recall that we keep the permanent assumption €2 to be
a bounded Lipschitz domain (so that, in particular, v is defined a.e. on T') and T,
and Ty are open in I" (hence, in particular, measurable). To ensure measurability
of integrands on the left-hand side of (2.51) we must assume:

ai,¢: A XxRXxR*" >R, b:TxR—R are Carathéodory functions, (2.54)

fori = 1,...,n; this means measurability in  and continuity in the other variables.
The further ultimate requirement is integrability of all integrands on the left-hand

10Here we use the fact that the set of test functions is sufficiently rich, namely that Wol’p(Q)
is dense in L' (€2); cf. Theorem 1.25 and the well-known fact that C§°(Q) is dense in L(£2).

Here the important fact is that the set {v|ny; v € V} is dense in L!(Iv). This is guaranteed
by the assumption that I'yv is open in T".



46 Chapter 2. Pseudomonotone or weakly continuous mappings

side of (2.51). This, and some continuity requirements needed further, lead us to
assume the growth conditions on the nonlinearities a, b, and c:

la(z,r,s)| < y(x) + Clr|® P 4Cls|P~!  for some yELP(Q),  (2.55a)
), (2.55h)
Q). (2.55¢)

[b(z,7)| < ~v(z)+ C’|7”|1”#*6*1 for some ’yELT’#/

—

le(z, 7, 5)| < v(x) + Clr[?" ~ + C|sP/?” for some ye€ L?"’

—~

Let us recall the notation of the prime denoting the conjugate exponents (i.e.,
e.g., p = p/(p—1), cf. (1.20)) and the continuous (resp. compact) embedding
WLP(Q)C LP(Q) (resp. WHP(Q) € LP" —¢(Q) with €>0), cf. Theorem 1.20. More-
over, the trace operator u — u|r maps WP (Q) into L (T") continuously and into
Lp#_e(F) compactly, cf. Theorem 1.23. For p* and p* see (1.34) and (1.37).

Convention 2.26. For p > n, the terms |r|T° occurring in (2.55) are to be under-
stood such that |a(x,-, s)|, |b(x,-)|, and |¢(x, -, s)| may have arbitrary fast growth
if |r] — oo.

In view of Theorem 1.27, the growth conditions (2.55) are designed so that
respectively

Ny :WHP(Q)x LP(Q; R™) — LY (Q;R™) is (weakx

xnorm,norm)-continuous, (2.56a)
u = Ny(ulr): WhHP(Q) — LP#I(F) is (weak,norm)-continuous, (2.56b)
N WEP(Q)x LP (S R™) — LP"(Q) is (weak xnorm,norm)-continuous. (2.56¢)

In particular, for u,v € W1P(Q), the integrands a(z,u, Vu) - Vv and c(x, u, Vu)v
occurring in (2.51) belong to L'(Q) while b(z, u|r)v|r belongs to L(T).
Furthermore, we will also suppose the right-hand side qualification:

ge I’ (Q), herLr (). (2.57)

Note that (2.57) ensures gv € L'(Q) and hv|r € LY(T') for v € W1P(Q), hence
(2.51) has a good sense. Moreover, we must qualify up, occurring in the Dirichlet
boundary condition (2.49a). The simplest way is to assume

Jw € WHP(Q) : up = wlr. (2.58)

Then, considering V from (2.52) equipped by the norm (1.30b) denoted simply by
| ||, we define A : WhP(Q) — V* and f € V* simply by

(A(u), v):= left-hand side of (2.51), (2.59)
(f,v) := right-hand side of (2.51). (2.60)

Moreover, referring to (2.58), let us define Ag : V' — V* by
Ap(u) = A(u + w). (2.61)
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Note that Ag has again the form of A from (2.51) but the nonlinearities a, b, and ¢
are respectively replaced by ag, bg, and ¢o given by ag(z,r, s) := a(z,r +w(x),s+
Vw(z)), bo(z,r) := b(z,r + w(x)), and co(z, 7, ) = c(x,r + w(z),s + Vw(x)),
and these nonlinearities satisfy (2.54)—(2.55) if w € W1P(Q) and if the original
nonlinearities a, b, and ¢ satisfy (2.54)—(2.55). Note also that for zero (or none)
Dirichlet boundary conditions, one can assume w = 0 in (2.58) and then A9 = Ay
(or simply Ag = A).
Note that, indeed, f € V* because of the obvious estimate

1. = swp ([ gvao+ [ hoas) < sup (lallooy ol
N

lloll<1 lloll <

1l g 0l 1) < Mallgllomrioy + Nallbll oy (262)

where Nj is the norm of the embedding operator W'?(Q) — LP(2) and Ny is the

norm of the trace operator v + v|p, : WHP(Q) — L (Ix). By similar arguments,
(2.54) and (2.55) ensures A(u) € V*, cf. Lemma 2.31 below.

Proposition 2.27 (SHIFT FOR NON-ZERO DIRICHLET CONDITION). The abstract
equation (2.6) for Ag has a solution ug € V, i.e. Ao(ug) = f, if and only if
u=ug+w € WHP(Q) is the weak solution to the boundary-value problem (2.45)
and (2.49) in accord to Definition 2.24.

Proof. We obviously have f = Ag(up) = Ao(u—w) = A(u —w+w) = A(u), hence
the assertion immediately follows by the definition (2.59)—(2.60). O

Remark 2.28 (Why both u and v are from V). In principle, Definition 2.24 could
work with v € Z := W1°°(Q), or even with v’s smoother; the selectivity Propo-
sition 2.25 would hold as far as density of Z in V' would be preserved, as used in
Section 2.5 below. The choice of v’s from the same space where the solution wu is
supposed to live, i.e. here V, is related to the setting A : V' — Z* which is fitted
with the pseudomonotone-mapping concept only for Z = V.

Remark 2.29 (Why both T}, and Ty are assumed open). In principle, Definition 2.24
as well as the existence Theorem 2.36 below could work for I}, and Iy only mea-
surable. However, we would lose the connection to the original problem, cf. Propo-
sition 2.25: indeed, one can imagine I, measurable dense in I" and Iy of a positive
measure. Then, for p > n, v|p € C(I') and the condition v|p, = 0 would im-
ply v|r = 0, so that the Iy-integrals in (2.51) vanish and the Newton boundary
condition on Ty in (2.49b) would be completely eliminated.

Remark 2.30 (Integral balance). The equation (2.45) is a differential alternative
to the integral balance

/ c(z,u, Vu) — g(z)de = / a(z,u, Vu) - vdS (2.63)
o 80
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for any test volume O C Q with O C Q and a smooth boundary 0O with the normal
v = v(x). Obviously, one is to identify ¢ as the balanced quantity (depending on
uw and Vu) while a as a flux of this quantity'?, and then (2.63) just says that the
overall production of this quantity over the arbitrary test volume O is balanced
by the overall flux through the boundary 0O, cf. Figure 4. The philosophy that
integral form (2.63) of physical laws is more natural than their differential form
(2.45) was pronounced already by David Hilbert'3. The weak formulation (2.51)
implicitly includes, besides information about the boundary conditions, also (2.63).
Indeed, it suffices to take v in (2.51) as some approximation of the characteristic
function xo (which itself does not belong to W1?(Q), however), e.g. v. with
ve(z) = (1 — dist(z,0)/e)T, and then to pass € N\, 0. This limit passage is,
however, legal only if  — a(x,u,Vu) is sufficiently regular near dO or, in a
general case, it holds only in some “generic” sense; cf. e.g. Exercise 2.63.

Figure 4. Illustration to balancing the normal fluz a-v through the bound-
ary of a test volume O and the production c inside this volume.

2.4.3 Pseudomonotonicity, coercivity, existence of solutions

In view of Theorem 2.6 with Proposition 2.27, we are to show pseudomonotonicity
of Ag : V. — V*. For simplicity, we can prove it for A as W'P(Q) — W1P(Q)*,
which, by Lemma 2.11(ii), implies pseudomonotonicity of Ay : WhP(Q) —
WhP(Q)*, and then obviously also of Ag : V. — V*. Let us prove (2.3a) and
(2.3b) respectively in the following lemmas.

Lemma 2.31 (BOUNDEDNESS OF A). The assumptions (2.54) and (2.55) ensure
(2.3a), i.e. A: WHP(Q) — WLP(Q)* bounded.

Proof. We prove A({u € W"?(Q); |lul| < p}) bounded in W?(Q)* for any p > 0.
Here, || - || and || - ||« will denote the norms in W1?(2) and W1P(Q)*, respectively.
Indeed, we can estimate

21n concrete situations, the dependence of a on Vu may result from a (nonlinear) Fick’s,
Fourier’s, or Darcy’s law.

3 Explicitly, it can be found in his famous Mathematical problems [202, 19th problem]: “Has
not every ... variational problem a solution, provided ... if need be that the notion of a solution
shall be suitably extended?”
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sup [|A(u)l[« = sup sup (A(u),v)
lull<p lull<p floll<1

= sup sup /a(u,Vu)~Vv+c(u,Vu)vdx+/ b(u)vdS
lull<p vl <1 JQ In

< sup sup Ha(u,Vu

lull<p vl <1
+ HC(“’VU)HLP*’(Q)H”HLP*(Q) + Hb(“)HLp#’(rN)HUHLp#(rN)

< HSWE |a(u,Vu) ’Lp,(Q;Rn)—i— Nch(u,Vu)HLP*,(Q)—i— N2Hb(“>HLp#’(FN) (2.64)
ul|<p

)HLP'(Q;R") VUHLP(Q;]R")

where N; and Ny are as in (2.62). In view of (2.55), it is bounded uniformly for «
ranging over a bounded set in WP (). O

Further, we still have to strengthen our data qualification. The crucial as-
sumption we must make for pseudomonotonicity of A is the so-called monotonicity
in the main part:

V(a.a.) 2€Q VreR Vs, 5eR":  (a(z,r,s) —a(z,r,35)) (s—3§) >0. (2.65)
To cover as many situations as possible, we distinguish three cases in accordance
with whether ¢(x,r,-) is constant, linear, or nonlinear, respectively.

Lemma 2.32 (THE IMPLICATION (2.3B)). Let the assumptions (2.54) and (2.55)
be valid, let a satisfy (2.65), and let one of the following three cases hold: ¢ is
independent of s, i.e. for some<c: QxR — R,

c(x,r,s) =c(x,r), (2.66)
or ¢ is linearly dependent on s, i.e. for some¢c: xR — R™,
c(x,r,s) =7¢(x,r) - s, (2.67)

or ¢ is generally dependent on s but the strict monotonicity “in the main part”
and coerciwity of a(x,r,+) hold and the growth of c(x,-,-) is further restricted:

(a(z,r,5) —a(z,r,5)) (s =5) =0 — s=35, (2.68a)
Vsp€R": lim AT T8)(575%0)

|s]—o0 ‘5‘

Iy e L’ Q) ICER : |c(z, 1, 5)| < y(2)+C|r|P T 4+Cs| PP (2.68¢)

= +oo uniformly for r bounded, (2.68b)

with Convention 2.26 in mind. Then A : WhP(Q) — WLP(Q)* satisfies (2.3b).

Remark 2.33. Obviously, (2.66) together with the growth condition (2.55¢) imply
|z, 7)| < ~(z) 4+ C|r|P"~¢~! with v as in (2.55¢). A bit more difficult is to realize
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that (2.67) together with the growth condition (2.55¢) imply that ¢: Q x R — R™
has to satisfy

@(z, )| < y(z) + Clr[P /77 with ye L9 (Q) and some € > 0,

1P if p <
— i n,
where ¢ =< np—2n+p b (2.69)
p’ if p>n.
This condition together with the structural condition (2.67) now guarantees
N WEP(Q) x LP(Q: R™) — L =9 (Q) is (weak x weak,weak)-continuous. (2.70)

Eventually, note that the growth condition (2.68¢) strengthens (2.55¢) and is de-
signed so that, for some € > 0 (depending on € used in (2.68c)),

N s WHP(Q)XLP (S R™) — Lp*/'“(Q) is (weak X norm,norm)-continuous. (2.71)
Proof of Lemma 2.32. Let us take ux — u in WP(£2) and assume that

lim sup(A(ug), ug —u) < 0. (2.72)

k—o0

We are to show that lim infy, o (A(ug), up—v) > (A(u),u—v) for any ve WHP(Q).
To distinguish between the highest and the lower-order terms, we define B(w,u) €
WhP(Q)* by

<B(w,u)7v>::/§2a(x,w7Vu)-Vv—i—c(x,me)vdx—i—/F blx,w)vdS (2.73)

for u,w € WHP(Q); recall the Convention 2.23. Obviously, A(u) = B(u,u).
Let us put u. = (1—¢)u + ev, ¢ € [0,1]. Monotonicity (2.65) implies
(B(ug,u) — B(ug, ue ), up, — us) > 0. Then, just by simple algebra,
e(A(ug),u—v) > — (Aug),ur, — u)
+ (B(uk, ue), up — uy + e(Blug, ue),u —v).  (2.74)

Let us assume, for a moment, that we have proved

lim (B(uy,v),up —u) =0, (2.75)

k—o0

vlg—lim B(ug,v) = B(u,v) (the weak limit in WP(Q)*), (2.76)
—o0

and use them here for v = u. to pass successively to the limit in the right-hand-side
terms of (2.74). Using also (2.72), we thus obtain

€ likrggéf <A(uk)7 u—v> > — lilzrisolip <A(uk)7 uk—u> + len;o <B(u;€7 Ue), uk—u>

+ 5}}31010 (B(uk,ue),u—v) > e(B(u,ue), u—v).
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Divide it by € > 0. Then the limit passage ¢ — 0 gives u. — u strongly so that we
get B(u,u.) — B(u,u) even strongly'#, which results in liminfy . (A(ug),u —
v) > (B(u,u),u —v) = (A(u),u — v).

Then, by using the monotonicity in the main part (2.65) once again, now as
(B(ug,ug) — Bug,u),ur, —u) > 0, and by using also (2.75) now with v = u, we
can claim that

hkrr_1)}>rolf <A(uk), uk—v> > hkrr_l)gf <A(uk)7 uk—u> + hkrgggf <A(uk), u—v>

= lim <B(uk,u)7uk—u> + liminf <B(uk7uk)—B(uk7u),uk—u>
k— o0 k— o0

+ likrgg.}f (A(ug),u—v) > (A(u),u —v), (2.77)

which is just the conclusion of (2.3b).

Thus it remains to prove (2.75) and (2.76). Since up — u in WP(Q) €
LP"=¢(Q), we have uy — u in LP" ~¢(Q). Similarly, uz|r — u|r in Lp#*e(F). Then,
by the continuity of the Nemytskii mappings induced by a(-, Vo) and b, we get
a(uk, Vv) — a(u, Vo) in LP(Q;R™), cf. (2.56a), and b(uy) — b(u) in LP#/(F);
cf. (2.56b) together with (1.36b); recall again Convention 2.23. Hence, realizing
that V(up—u) — 0 in LP(Q;R™) and (up—u)[r — 0 in L (Tx), one gets

/ a(ug, Vo) - V(ur — u) dz + / b(ug)(ug —u)dS — 0. (2.78)
Q I'n
By the same reasons, for any z € WHP(Q), we have also
/ a(ug, Vv)-Vzdr + / b(ug)zdS — / a(u, Vo)zdx + / b(u)zdS. (2.79)
Q I'n Q I'n
As to the term ¢, we will distinguish the above suggested three cases.

The case (2.66): By the continuity of the Nemytskil mappings induced by ¢, one
has ¢(uy) — ¢(u) in LP"(Q). Therefore, realizing that uy — u — 0 in LP (Q), one
gets [, ¢(ug)(ur —u)dz — 0. Adding it with (2.78), one gets

(B(up,v), up — u) = /Q (a(uk,Vfu) Y (g, — )
+ c(uk)(up — u)) dz Jr/ b(ug)(ur —u)dS — 0,  (2.80)
In

which proves (2.75). Similarly, [, ¢(u)zdz — [, ¢(uy)zdz, which, together with
(2.79), gives just (2.76).

The case (2.67): Here we have a certain reserve in the growth, cf. (2.70), and can
thus exploit the compactness of the embedding WP (Q) € LP"~¢(Q) to use up — u

MHere we use the continuity of the Nemytskii mapping g0, with aow : (x,s) = a(z, u(z), s).



52 Chapter 2. Pseudomonotone or weakly continuous mappings

strongly in LP”~¢(Q). Also, we can use ¢(uy) — ¢(u) in L9t (Q) with ¢ from (2.69)
and some €; > 0 (depending on €); note that (¢+e€;) ' +p~ 1+ (p* —e)7t < 1ife
is small enough depending on the chosen €;. As Vu, — Vu in LP(2; R™), we can
pass to the limit in the c-term:

/QE(uk) - Vg (ur, —u) de — 0. (2.81)

Adding it with (2.78), one gets (2.75). Similarly, [, ¢(ux) - Vugzdae — [, ¢(ug) -
Vuzdz, which, together with (2.79), gives just (2.76).

The case (2.68): We already showed that uy — u in LP"~¢(Q). In view of the
boundedness (2.71) of {c(ug, Vug) }ren in LP” +€(Q), we obviously have

/Qc(uk,Vuk)(uk —u)dx — 0. (2.82)

Adding it with (2.78), one gets (2.75).
To prove (2.76), we need to show a convergence of Vuy to Vu in a better
mode than the weak one only. Let us denote

ai(z):= (a(z,ur(z), Vur(z)) — a(z, ur(z), Vu(z))) - V(ur(z) — u(z)). (2.83)

By the monotonicity (2.65), it holds

0 < limsup/ ai(z) dx = limsup <B(uk,uk) — B(ug,u), u, — u>
k—o0 Q k—o0
= limsup (A(ux),up — u) — lim (B(ug, u), up —u) < 0; (2.84)
k— o0 k—o0

note that the last limit superior is non-positive by assumption while the last limit
equals zero by (2.75) with v := w. This implies that a; — 0 in the measure so that
we can select a subsequence such that

ag(r) =0 (2.85)

for a.a. x € Q. As uy, — u strongly in LP" ~¢(Q), by Proposition 1.13(ii)(iii) we
can further select a subsequence that also

ug(z) — u(x) (2.86)

for a.a. x € Q2. Take x € Q such that both (2.85) and (2.86) hold and also Vu(x),
Vug(z), k € N, and v(z) from (2.55a) are finite, and a(z,-,-) is continuous. If
the sequence {Vuy(x)}reny would be unbounded, then the coercivity (2.68b) used
for so = Vu(z) would yield limsup,_, . (a(z, ur(x), Vug(x)) — alz, uk(x), s0)) -
(Vug(x) — s9) = +00, which would contradict (2.85). Therefore, we can take a
suitable s € R™ and a (for a moment sub-) sequence such that Vug(x) — s in R™.
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By (2.85) and (2.86) and the continuity of a(x, -, -), cf. (2.54), we can pass to
the limit in (2.83), which yields

(a(z,u(z),s) — a(z,u(x), Vu(z))) - (s = Vu(z)) = 0. (2.87)

By the strict monotonicity (2.68a), we get s = Vu(z). As s is determined uniquely,
even the whole sequence {Vu(z)}ren converges to s.15 Then

c(ug, Vug) = c(u, Vu) a.e. in . (2.88)
By Holder’s inequality, for any measurable S C €2, we can estimate

measd(S)Hp*//e.

/S|c(uk,Vuk)fc(u,Vu)|p* dz < Hc(uk,Vuk)fc(u,Vu)||Lp*,+E(Q)

(2.89)

Further, we realize that the sequence {c(ux, Vuyr)—c(u, Vu)}ren is bounded in
LP*'+€(Q) thanks to the assumption (2.68¢). Thus (2.89) verifies the equi-absolute-
continuity of the collection {|c(uy, Vur)—c(u, Vu)|P* Yren, cf. (1.28). By Dunford-
Pettis’ theorem 1.16(ii), {|c(ur, Vug)—c(u, Vu)[P* }ren is also uniformly inte-
grable and, since it converges to 0 a.e. due to (2.88), by Vitali’s theorem 1.17,
|e(ug, Vug)—c(u, Vu)[P* — 0 in L'(Q), i.e.

c(ug, Vug) — c(u, Vu) in LP*' (Q). (2.90)

As the limit ¢(u, Vu) is determined uniquely, even the whole sequence (not only
that one selected for (2.85)—(2.86)) must converge. Then (2.76) follows by joining
(2.90) with (2.79). 0

Note that, as always p*'+e > 1, (2.90) also proves that
c(ug, Vug) = e(u, Vu) in LP*'*€(Q). (2.91)

By the same technique one can also prove a(ug,Vur) — a(u, Vu) weakly in
LP(Q;R™). We however did not need this fact in the above proof.

Remark 2.34 (Critical growth in lower-order terms). The above theorem and its
proof permits various modifications: If b(z, -) is monotone, then the splitting (2.73)
can involve b(u) instead of b(w), which allows for borderline growth of b, i.e. (2.55b)
with e = 0. Similarly, if ¢ = ¢(x,r) as in (2.66) but with ¢(z,-) is monotone, then
(2.73) can involve ¢(u) instead of c(w, Vw), and (2.55¢) with e = 0 suffices. Mod-
ification of the basic space V in these cases would allow for even a super-critical
growth, cf. (2.128). The growth restriction can also be eliminated if a maximum
principle, guaranting L°°-estimates, is at our disposal, which unfortunately can be
expected only in special cases like the equation Au = |Vu|? or (6.73) below.

15The fact that we do not need to select a subsequence at every z in question is important
because the set of all such z’s should have the full measure in Q2 and thus cannot be countable.
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Lemma 2.35 (THE COERCIVITY (2.5)). Let the following coercivity hold:
Je1,60 >0, ki €LY (Q) ¢ a(z,7,8)-5+ c(x,7,8)r > e1|s[P+ea|r|T—ki(x), (2.92a)
Jer < o0 Tk e LHT) b(x,r)r > —cq|r|® — ka(z), (2.92b)

for some 1 < q1 < q<p. Then A: WHP(Q) — WLP(Q)* is coercive.

Proof. We use the Poincaré inequality in the form (1.55), ie. [jullwiro) <
Cp (IVul| r(irny + llullLa(o)), which implies

IN

2071 CY (|| V|2, (@rn) T HUH%Q(Q))
Cpq(l+ \|Vu||Lp(Q;Rn) + ||U||%q(9))' (2.93)

HuH({I/VLIJ(Q)

A

Also, by Young’s inequality and boundedness of the trace operator'® u — u|r :
Whr(Q) — LI(T) (let N denote its norm), we use the estimate

[ull sy /\ul“dS </e\ulq+c dS < eN¢ + Comeas,_ 1 (I) (2.94)

lell3y1.0 0

with € > 0 arbitrarily small and C. < +oo chosen accordingly; cf. (1.22) with
q/q1 > 1 in place of p. Then (2.92) implies the estimate

Y

(A(u), u) / (e1|VulP + e2]ul? — ky) do — / (cr|u™ + k2) dS
Q r

. Pl Y
min(eq, e2) Coa )7 | 1”1:1(9)

— C.meas,_1(T") — Hk‘g

Y

—eNt (2.95)

[ Iz ey

When one chooses ¢ < min(ey,€2)/(Cp N?) and realizes that ¢ > 1, the coercivity
(2.5) of A, i.e. limy A(u),u) = 400, is shown. O

W1,p(n)—>oo<

Theorem 2.36 (LERAY-LIONS [257]). Let (2.54), (2.55), (2.57), (2.58), (2.65), and
(2.92) be valid and at least one of the conditions (2.66) or (2.67) or (2.68) be valid,
then the boundary-value problem (2.45)—(2.49) has a weak solution.

Proof. Lemmas 2.31,2.32, and 2.35 proved A : W1P(Q) — W1P(Q)* pseudomono-
tone and coercive. These properties are inherited by Ag : V. — V* cf. also
Lemma 2.11(ii). Then we use Theorem 2.6 with Proposition 2.27. O

Remark 2.37 (Coercivity (2.68b)). Note that the coercivity (2.92a) together with
(2.55a) and (2.68¢c) imply the coercivity (2.68b) because

a(x,r,s)-(s — so) > e1]s|’ + ea|r|? — ki(x) — c(x,r,s)r —a(z,r,s)-so  (2.96)

16Note that always ¢ < p < p#.
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for such x € 2 that k;(z) is finite. Realizing that s — —c(z, r, s)r has a maximal
decay as —|s|®=)/?"" due to (2.68¢) and s — —a(z,r,s) - sp maximal decay as
—|s[P~1 due to (2.55a), the estimate (2.96) shows that s — a(z,r,s) - (s — so) has
the p-growth uniformly with respect to 7 bounded because € > 0 and p*’ > 1.

Remark 2.38 (Necessity of monotonicity of a(z,r,-)). Boccardo and Dacorogna
[65] showed that monotonicity of a(z,r,-) is necessary for pseudomonotonicity of
the mapping A(u) = —diva(z,u, Vu).

Remark 2.39 (Necessity of Leray-Lions’ condition (2.65), (2.68)). If a lower-order
term ¢ is present, the necessity of strict monotonicity of a(x,r,-) for the pseu-
domonotonicity was shown by Gossez and Mustonen [184].17 Tt is worth observing
that, for c(x,r,-) not affine, the mapping u — c(u, Vu) : WHP(Q) — WHP(Q)*,
although representing a lower-order term, is neither totally continuous'® nor
pseudomonotone but it is still compact, cf. Exercise 2.64, and, when added to

u — —div a(u, Vu), it may result in a pseudomonotone mapping.

Remark 2.40 (General right-hand sides). The functional f : v — [, gvdzr +
fFN hvdS we considered, cf. (2.60), is not the general form of a functional
fewbhr(Q)*. In fact, WP (Q)* would allow g and h to be certain distributions
on ) and I, respectively. For example, if p > n, we have a dense and continuous
embedding W1P(Q) C C(Q) (resp. the trace operator W1P(Q) — C(T)), hence-
forth the functional f : v — [5ovp(dz) + [Lvn(dS) with measures p € ()
and 1 € . (1) still belongs to WP(Q2)*. Since, in the case p > n, it holds that
p* = p” = +o0, we, for the sake of simplicity, have considered (and will consider)
only those measures x and 7 which are absolutely continuous!? in the presented
text, except Sect. 3.2.5 below.

Convention 2.41 (Coercivity and a-priori estimates). The coercivity estimate
(2.95) is just the so-called basic a-priori estimate, obtained by the test by so-
lution u itself. Contrary to (2.95), it is routine to organize the terms having a
positive sign in the left-hand side (and to estimate them from below typically by
Poincaré-type inequalities) while the other terms are put on the right-hand side
(and to estimate them from above, e.g., by Holder and Young inequalities).

17Indeed, the mere monotonicity in the main part, i.e. (2.54), and (2.55), (2.57), (2.58), and
(2.65), cannot be sufficient for the pseudomonotonicity of A. The counterexample is as follows:
take c(x,r,s) = c(s) with some ¢ : R" — R nonlinear, i.e. Is1,s2 € R™ : %C(Sl) + %0(52) #*
c(%sl —+ %52) and take a = 0 at least on the line segment [s1, s2]. Then take a sequence {uy }ren
such that Vuy is faster and faster oscillating between si; and sz (cf. Figure 3) on p.20 and
ug(z) — (%81 + %82) -z

181ndeed, the mapping u ¢(u, Vu) is not totally continuous because it need not map weakly
convergent sequences on strongly convergent ones. An example is as follows: take uj with an
oscillating gradient if k odd and affine uy(z) = (%31 + %32) -z if k even, so that again {ug }ren
converges weakly to this affine function but {c¢(Vug)}ren does not converge at all if, e.g., c(s) =
[2s — s1 — s2].

Those measures are known to have densities g € L'(Q) and h € L*(T"), respectively.
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2.4.4 Higher-order equations

The generalization of the 2nd-order equation to equations involving 2k-order
derivatives, k > 2, is often desirable. The corresponding boundary-value prob-
lems then involve k-boundary conditions, called either the Dirichlet one if they
involve only derivatives up to (k—1)-order or the Neumann or the Newton one if
they involve also derivatives of the order between k and 2k—1. We present here
briefly only quasilinear equations of the 4th order in a special?® divergence form

div (div(a(x,u, Vu, v%))) + ez, u, Vu, V2u) = g (2.97)

in Q, witha: QxRxR? x R"™™ - R"™"™ and ¢: Q2 x R x R" x R"*" — R. Here

V2= [ax?;zj ul ijl. More in detail, (2.97) means

Z (9:5 a” z,u, Vu, V?u) + c(z, u, Vu, Vu) = g. (2.98)

Formulation of natural boundary conditions is more difficult than for the 2nd-order
case. The weak formulation is created by multiplying (2.97) by a test function v,
by integration over {2, and by using Green’s formula twice. Like in (2.50), this
gives

/ a(z,u, Vu, Vi) : V0 + (c(:c,u, Vu, Vu) — g)v dx
Q
= / a(z,u, Vu, V2u) : (v ® Vv) — div(a(z,u, Vu, V?u))vo dS.  (2.99)
r

From this we can see that we must now cope with two boundary terms. In view
of this, the Dirichlet boundary conditions look as
ou

ulr = up and e = u, onTD (2.100)
with up and ul, given. The weak formulation then naturally works with veV :=
WFP(Q) = {ve W>P(Q); vlr = 2%|p = 0} with p > 1 an exponent related
to qualification of the highest-order nonlinearity a(x,r,s,-). This choice makes
both boundary terms in (2.99) zero; note that v|r = 0 makes also the tangential
derivative of v zero at a.a. x €T hence 22| = 0 yields Vu(z) =0 on T

By this argument, v|r = 0 makes Vo = g”y on I' and allows us to write

ov ov
2. _ 2. (T 2
a(z,u, Vu, Vu):(veVv)=a(z,u, Vu, V u).(z/@aVV) (v'a(z,u, Vu, Vu)v) ey

and suggests that we formulate Dirichlet/Newton boundary conditions as

ulr = up and v'a(z,u, Vu, V2u) v+ b(x,u,Vu) =h on T (2.101)

20See Exercises 2.98 and 4.32 for a more general case.
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with up and h given and b: T' x R x R™ — R. This choice with v|r = 0 converts
the boundary terms in (2.99) to [.(h — b(z, u, Vu))%dS, which turns (2.99) just
into the integral identity

/ a(x,u, Vu, V2u) : V20 + c(z,u, Vu, V>u)v de
Q

ov ov
+/Fb(x,u,Vu)%d57/ngder/Fh%dS (2.102)

forming the weak formulation provided the test-function space V is taken as
{veW?P(Q); v|r = 0}.

If v|r is not fixed to zero, one must use a general decomposition Vv =
%y 4+ Vgv on I' with Vgv = Vv — %V being the tangential gradient of v. On
a smooth boundary I", one can use another (now (n—1)-dimensional) Green-type
formula along the tangential spaces:?!

/ a(z,u, Vu, V2u):(v@Vov)dS
r
T 2 v 2
:/ (1/ a(z,u, Vu,V u)y>$ + a(z,u, Vu, V<u):(v@Vsv) dS
r

= / (yTa(x,u,Vu,VQU)y)@ — divg (a(m,u,VmVQu)V)v
T 31/
+ (divsr) (v a(z, u, Vu, Vu)v)vdS (2.103)

where divg := Tr(Vg) with Tr(-) being the trace of a (n—1)x(n—1)-matrix denotes
the (n—1)-dimensional surface divergence so that divgv is (up to a factor —1) the
mean curvature of the surface I'. Substituting it into (2.99), one obtains

/ a(x,u, Vu, V) : V30 + (c(x,u, Vu, Viu) — g)v dx
Q
_ T 2 ov 2.3\,
= /F (1/ a(z,u, Vu,V u)y> £y (dlv(a(:c,u,Vu,V u))-v
+ divg (a(x7u,Vu,V2u)z/) - (divsy) (VTa(:r:,u,VmVQu)y))vdS. (2.104)

This allows us to cast a natural higher-order Dirichlet/Newton boundary condition:

ou ,
—| = 2.1

E» ‘F ul and (2.105a)
div(a(z, u, Vu, VZu))-v + divs (a(z, u, Vu, Vu))

— (divev) (v " a(z, u, Vu, V2u)v) + b(z,u, Vu) = h onT. (2.105b)

21This “surface” Green-type formula reads as [ w:((Vsv)®v)dS = [n(divsy)(w:(v@v))v —
divg(w-v)vdS. In the vectorial variant, this is used in mechanics of complex (also called nonsim-
ple) continua, cf. [153, 337, 407]. For even 2k-order problems with k& > 2 see also [244].
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The underlying Banach space is then considered as V = {veW?P(Q); 2% = 0}
and the weak formulation is based on the integral identity:

/ a(x,u, Vu, V2u) : V20 + c(z, u, Vu, V>u)v dr
Q
—I—/b(x,u,Vu)vdS:/gvdx—l—/hvdS. (2.106)
r Q r

Eventually, the formula (2.104) reveals also the natural form of Newton-type
boundary conditions:

div (a(x, u, Vu, V2u)) v+ divg (a(sc7 u, Vu, V2u)y)
— (divsy) (v a(z, u, Vu, V2u)v) + bo(z,u, Vu) = hg  and (2.107a)
v'a(z,u, Vu, V2u) v + by (z,u, Vu) = hy onT. (2.107b)
The underlying Banach space can then be considered as V = W2P(§). The result-

ing weak formulation of the boundary-value problem (2.97)-(2.107) then employs
the integral identity:

/ a(x,u, Vu, V2u) : V30 + c(z, u, Vu, V3u)v de
Q
ov v
+ /bo(x,u,Vu)v + by (z,u, Vu)— dS = /gvdx + /hoer hi—=—dS. (2.108)
T 8V Q T aV

For nonsmooth boundaries, these arguments based on formula (2.104) are
no longer valid however and additional boundary terms can be seen; cf. [338] for
boundaries with edges.

We will modify the Leray-Lions’ Theorem 2.36 for the case of the Dirichlet
conditions (2.100). Let us write naturally?? p** := (p*)* and p*# := (p*)¥#. For
simplicity, the assumptions are not the most general in the following assertion,
whose proof, paraphrasing that of Theorem 2.36, is omitted here.

Proposition 2.42 (EXISTENCE FOR DIRICHLET PROBLEM). Let a(x,r,s,-)
R™*™ — R™ ™ be strictly monotone,
JkeL*(Q), 1<q<p: a(z,r,5,8):S+c(x,r,8,8)r > e|S|P+e|r|?—k(z), (2.109a)
HveLp/(Q) : la(x,r,s,9)| < y(x) + C\r\(p**ff)/p/
+CO|s|P" =P L C|SP, (2.109b)
Iye LV Q) Je(a, 1y s, S)| < y(@) + ClrfPT T
+ C‘S‘(p*—E)/p**'

k)

+C|8|P=a/P 1 (2.109¢)

22This means p** = np/(n—2p) if p < n/2 or p** < 4o0 if p = n/2 or p** = +o0 if p > n/2,
cf. Corollary 1.22 for k = 2. For p*# = (np—p)/(n—2p) if p < n/2, cf. Exercise 2.70.
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with some C € RT and e,¢ > 0 and again the Convention 2.26 (now concerning
p** = +00 for p > n/2), and let up = v|r and ul, = 3¢ for some v E W*P(Q),
and ge LP""'(Q). Then the boundary-value problem (2.97) with (2.100) has a weak
solution, i.e. (2.99) holds for allv € WOQI'(Q) together with the boundary conditions

(2.97).

For the Newton boundary conditions (2.107), the analog of the existence
assertion looks as follows:

Proposition 2.43 (EXISTENCE FOR NEWTON PROBLEM). Let a, ¢, and g be as in
Proposition 2.42 and satisfy (2.109), and let by and by satisfy

ke LYT) : bo(z,r, 8)r + bi(x,r,s)(s-v(z)) > —k(x), (2.110a)
HveLP*#/(F) : o |bo(w, 7, 8)| Sw(x)—i—C\r\p*#*e*l—i— C\S\(”#*)/”*#, (2.110Db)
T elP ' (0): |bi(z,rs)| < (@) + Ol @ =P Lot (2.110¢)

with some C € RT and € > 0, and let hy € LP*#/(F) and hy € L”#l(F). Then the
boundary-value problem (2.97) with (2.107) has a weak solution, i.e. (2.108) holds
for all v e WP(Q).

The modification for other boundary conditions (2.101) or (2.105) can easily
be cast and is left as an exercise.

As pointed out before, one should care about consistency and selectivity
of the definitions of weak solutions. Consistency is guaranteed by the derivation
of the weak formulation itself. Let us illustrate the selectivity, i.e. an analog of
Proposition 2.25, on the most complicated case of the Newton boundary-value
problem:

Proposition 2.44 (SELECTIVITY OF THE WEAK-SOLUTION DEFINITION). Let T
be smooth, a € C*(QxRxR"x R R™") ¢ € CO(QxRxR"xR"*"), and
bo,by € CO(T xR xR™), g € C(Q), and hg,h1 € C('). Then any weak solution
u € C*(Q) of the boundary-value problem (2.97) with (2.107) is the also classical
solution.

Proof. Put v € V.= W?P(Q) into (2.108) and use Green’s formula (1.54) twice,
as well as the surface Green formula (2.103). One gets

/ (div2a(x7 u, Vu) + c(z,u, Vu) — g)vdx
Q
+ / <div (a(:r7 u, Vu, V2u)) v+ divg (a(x, u, Vu, Vgu)u)
r
— (diver) (v a(@, u, Vu, V2u)w) + bo(w, u, Vi) — h0>vdS
v

+ / <VTa(x,u, Vu, V2u) v + by (z,u, Vu) — h1) —dS=0. (2.111)
r v
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Considering v with a compact support in 2, one has v|r = 0 = g—z and both

boundary integrals in (2.111) vanish. As v is otherwise arbitrary, one deduces that
(2.97) holds a.e., and hence even everywhere in ) due to the assumed smoothness
of a and c. Hence, the first integral in (2.111) vanishes. Then, put a more general
veV into (2.111) but still such that % = 0. Thus the second boundary integral
in (2.111) vanishes. From the first boundary integral, we recover the boundary
condition (2.107a).?3 Due to the assumed smoothness of a and continuity of by and
ho, (2.107a) holds pointwise. Finally, we can take v € V fully general. Knowing
already that the first and the second integral in (2.111) vanish, from the last
integral we can recover the remaining boundary condition (2.107b).24 O

Remark 2.45 (Other boundary conditions). The above four combinations of
boundary conditions still do not represent the whole class of variationally con-
sistent boundary conditions for equation (2.97). For ag,a; € L°°(T), one can
consider a combined condition composed from (2.101) and (2.105), namely

0
ala—:j + apu = up and (2.112a)

o (div (a(m, u, Vu, V2u)) v+ divg (a(x, u, Vu, VQu)y)
- (divsz/) (uTa(x,u,Vu,VZU)z/))
+ aor " a(z, u, Vu, V) v + b(x, u, Vu) = h onT. (2.112b)
The underlying Banach space is then V = {v € W*P(Q); a1 %% + apu = 0} and
the weak formulation is again (2.106) with b = ba/aq and h = ha/«a; provided

a1 # 0. Alternatively, for g # 0 one can rather pursue the weak formulation
based on (2.102).

Example 2.46 (p-biharmonic operator). A concrete choice of a from (2.97)

n p—2 n . .
aij(z,r,8,5) = { ‘Ozkzl S| k=1 Sk for L ; s (2.113)
or i # 7,

converts divdiva(z,u, Vu, V2u) into the so-called p-biharmonic operator
A(JAulP~2Au). Applying Green’s formula twice to this operator tested by v yields
the identity

23Here the important fact is that the set {v|r; v € V, % = 0} is still dense in L!(T). Indeed,

any v € W12(Q) can be modified to u. so that (ve —v)|p is small but %'L}E = 0on I'. To outline
this procedure, first we rectify I' locally so that we can consider a half-space, cf. Fig. 8 on p. 91
below, then extend v by reflection of v with respect to I', and eventually mollify the extended v.
24Tlere the important fact is that the set {%; v € V} is dense in L(T"), which can be seen
by a local rectification of I' and by an explicit construction of v in the vicinity of I" with a given
smooth % and, e.g., zero trace on I'.
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/A(|Au|p72Au)vdx
Q
z—/ V(\Au\p_gAu)-Vvdx—I—/ 3(|Au|p_2Au)vdS
Q T ov
:/ |Au|p72AuAvdx+/2(|Au|p72Au)v—|Au|p72Au@ ds, (2.114)
Q r ov ov

from which, besides the Dirichlet conditions (2.100), one can pose naturally also
Dirichlet/Newton conditions (2.101) now in the form

ulr = up and |AulP~2Au + b(z,u, Vu) = h, (2.115)
or the higher Dirichlet/Newton conditions (2.105) now in the simpler form
ou 0 _
$‘r =, and o (|AuP T Aw) + bla,u, Va) = b, (2.116)

or also the Newton condition (2.107) now in the simpler form
0
5(‘Au\p_2Au) +bo(w,u, Vu) = ho, |AulP"2Au + by (z,u, Vu) = hy. (2.117)

Note that (2.116) and (2.117) do not contain the divg-terms because, in-
stead of ¥®@Vwv in (2.99), one has v-Vv = % in (2.114). The pointwise co-
ercivity (2.109a) cannot be satisfied for (2.113), however, and the coerciv-
ity of A on V must rely on a delicate interplay with the boundary con-
ditions. E.g., for Dirichlet conditions (2.100) with up = 0 = wu}, and for
p = 2, one has by using Green’s formula twice (A(u),u) = [,|Au[*dz =
— Jo Vu-VAudz = — [, Vu-div(VZu) dz = [, [VZu|?*dz, which thus controls VZu
in L2(Q;R™*"). Another example is the Newton’s condition (2.117) with
bo(z,7,8) = Bo(x)r, bi(z,r,8) = —pP1(x)(sv), and p = 2, one has (A(u),u) =
Jo |Au?dz + [i.Bou? + B1(ZLu)?dS. This is a continuous quadratic form on
W?2(Q) and for the Poincaré-like inequality (A(u),u) > Cpllul|fy2zq) it suf-
fices to guarantee that (A(u),u) = 0 implies u = 0. This can be done by assum-
ing Bo, 81 > 0, and By or B positive on a “sufficiently large part” of I'.?

2.5 Weakly continuous mappings, semilinear equations

In case that A is coercive and, instead of being pseudomonotone, is weakly contin-
uous, we can prove existence of a solution to A(u) = f much more easily. Although
the assumption of the weak continuity is restrictive, such mappings enjoy still a
considerably large application area. Here, we can even advantageously generalize
the concept for mappings A : V — Z* for some Banach space Z C V densely so
that Z* D V*. If Vi, C Z for any k € N, we can modify (2.5) and then Theorem 2.6:

25Here, a certain caution is advisable: e.g. for Q a square [0, 1)2, it is not sufficient if Bo(-) = 1
on the sides with 1 = 0 and x2 = 0 and otherwise Sy and 1 vanishes because of existence of a
non-vanishing function u(z) = z1xz2 for which (A(u),u) = 0.
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Proposition 2.47 (EXISTENCE). If a weakly continuous mapping A : V. — Z* is
coercive in the modified sense

A .
lim  AWzxz (2.118)
o]l oo [vllv

veZ

and if f € V*, then the equation A(u) = f has a solution.

Proof. The technique of the proof of Theorem 2.6 allows for a very simple mod-
ification: instead of (2.14), we consider the Galerkin identity (2.8) as (A(uy) —
fyvk)zexz = 0 for v € Vi such that vy — v in Z, and make a direct limit
passage. Note that (2.13) looks now as

C(llurllv) HukHv< (Aur), uk>z*xz <f7uk>z*xz <f7u’f>v*xv— HfHV “’fHV

and again yields {uy}reny bounded in V because f € V*. O

Confining ourselves again to the 2nd-order problems as in Sections 2.4.1-
2.4.3, we can easily use this concept for the special case when a(x,r, ) : R" — R"™
and ¢(z,7,-) : R™ — R are affine, we will call such problems as semilinear although
sometimes this adjective needs still a(x, -, s) constant as in (0.1). So, here

ai(z,r, 8) = Zaij(m, r)s; + ao(x, ), i=1,...,n, (2.119a)
j=1

c(x,r,s) = ch(xm)sj + co(z, 1), (2.119b)
j=1

with as;,¢; : 2 x R — R Carathéodory mappings whose growth is now to be
designed to induce the Nemytskil mappings A(q,, . s Mersenen) LZ*_E(Q) —

L2 R™) and A, Ao @ L2 7¢(Q) — LY(Q) with € > 0. Besides, the bound-

a;o»

ary nonlinearity b : I' x R — R is now to induce the Nemytskii mapping
Ny L¥ =¢(I') = LY(I"). This means, for i,j =1,...,n,

I € L2(Q), CeR: ag(z,r)] < () + Clr|® 972,

lej(z, )| < m(x)+Clr|@ 972 (2.120a)
Iy € LNQ), CER: ai(z,r)| < y2(z) + Clr

leo(,m)] < y2(x) + Clr* ¢, (2.120Db)
Iy eLMT), CeR:  |b(x,r)| < vs(x) + Clr2" <. (2.120¢)

The exponent p = 2 is natural because a(z, r, ) has now a linear growth. Note that
these requirements just guarantee that all integrals in (2.51) have a good sense if
v e WHee(Q) =: Z. Again, Convention 2.26 on p. 46 is considered.
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Lemma 2.48 (WEAK CONTINUITY OF A). Let (2.119)—(2.120) hold. Then A is
weakly* continuous as a mapping WH2(Q) — Whee(Q)*.

Proof. Having a weakly convergent sequence {uy}ren in W12(£2), this sequence
converges strongly in L2 ~¢(Q). Then, by the continuity of the Nemytskii map-

DINgs Mays,...ain)s Meren) t L2 Q) = LAQR™) and Agy, Ao, : L 74(Q) —
LY(Q), it holds that

kli_}rgo/ Z Zazg Up) =— +a¢o U ) <Zc] Ug) = —|—co(uk>)1}dx
/Z Z:au +az0 ) +(zn:c] —|—co(uk>)ydx

for k — 0o and any v € W1°°(Q). Also ug|r — ulp in L2 ~<(I), and by (2.120c),
we have convergence in the boundary term fr (ug)vdS — fr w)vdS. O

Proposition 2.49 (EXISTENCE OF WEAK SOLUTIONS). Let (2.119)—(2.120) hold,
g€ L*¥(Q), he L¥(T'), and, for some >0, 1 € L%(Q), 72 € L}(R), ~3 € L*(I),
and for a.a. x€Q) (resp. €T for (2.121b)) and all (r,s) ERT™, it holds that

n

Z (Za” x,7)8; + aio(x, r))sZ (ch(x,r)sj + Co(.’l?ﬂ”))?"
> els]? +elrl? = yi()ls| = 72(x),  (2.121a)
b(x,r)r > —y3(x). (2.121Db)

Then the boundary-value problem (2.45) with (2.49) has a weak solution in the
sense of Definition 2.24 using now v € W1 (Q).

Proof. We can use the abstract Proposition 2.47 now with V := W%(Q), Z :=
Whee(Q), and Vj, some finite-dimensional subspaces of W1>°(Q) satisfying (2.7).26
The coercivity (2.118) is implied by (2.121) by routine calculations.?” Then we use
Lemma 2.48 and Proposition 2.47. O

Remark 2.50 (Conventional weak solutions). Let, in addition to the assumptions
of Proposition 2.49, also the growth condition (2.55) with p = 2 hold. Then the
solution obtained in Proposition 2.49 allows for v € W12(Q) in Definition 2.24.

26Such subspaces always exlsts e. g one can imagine subspaces as in Example 2.67.
27We have v) fﬂ ( J 1 Qij (v) %eraio (’U)) %”*( ?:1 Cj (’U) %j’u+00 (’U))U
dz + fI‘ bv)vds > EHV’U”L2(Q;Rn) 2e ”’Yl ”%2(9) - %||V’U||%2<Q;Rn> = 2 HLl(Q) - ’Y3||UH21 (ry’
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2.6 Examples and exercises

This section contains both exercises to make the above presented theory more com-
plete and some examples of analysis of concrete semi- and quasi-linear equations.
The exercises will mostly be accompanied by brief hints in the footnotes.

2.6.1 General tools

Exercise 2.51 (Banach’s selection principle). Assuming the sequential compactness
of closed bounded intervals in R is known, prove Banach’s Theorem 1.7 by a
suitable diagonalization procedure.?®

Exercise 2.52 (Uniform convexity of Hilbert spaces). For V being a Hilbert space,
prove the assertion of Theorem 1.2 directly.?’ Using (1.4), prove that any Hilbert
space is uniformly convex.3°

Exercise 2.53 (Pseudomonotonicity). Assuming (2.3a), show that (2.3b) is equiv-
alent to®!

ades]
lim sup(A(uy), up—u) <0 (7 Jim (A(ug), u) = (A(u),u). (2.122)
—+co —00

Exercise 2.54 (Weakening of pseudomonotonicity). Modify the proof of Brézis
Theorem 2.6 for A coercive, bounded, demicontinuous, and satisfying>?

ug —u &  Alug) — f
lim sup (A(ux), ur) < (f, u)

k—o0

=  f=A). (2.123)

28Hint: Consider a sequence {fi}ren bounded in V* and a countable dense subset {vy }ren
in V, take v; and select an infinite subset A; C N such that the sequence of real numbers
{(f&,v1)}kea, converges in R to some f(v1), then take vz and select an infinite subset Az C A
such that {(fy,v2)}rea, converges to some f(v2), etc. for vs, v4, .... Then make a diagonaliza-
tion procedure by taking Ij, the first number in Ay which is greater than k. Then {(f, ,v:)}ren
converge to f(v;) for all ¢+ € N. Show that f is linear on span({v;}iecn) and bounded because
[f(va)] < limp_y o0 [{f1,,, vi)| < limsupy_, o || frll«]|vi]], and finally extend f on the whole V* just
by continuity.

29 Hint: [Jup |- ul] and uy—uw imply [[ug—ull? = [Jug |2 + (=20, ) > Jull? + (u—2u,u) = 0.

OHint: Realize that ||u|| = 1 = |lv|]| and |lu — v|]| > € in (1.5) imply %Hu + || =
V(u,v) = lu—v]2/4 < /1—¢2/4 < 1 —§ provided 0 < § < 1 solves §2 — 25 + €2/4 = 0.
Such § exists if 0 < € < 2, while for £ > 2 the implication (1.5) is trivial.

31Hint: (2.122)=-(2.3b) is trivial. The converse implication: by (2.3a), assume A(uy) — f (a
subsequence), then 0 > limsupy_, o (A(ug), up—u) = limsup,_, o (A(ug), ug) — (f,u) implies
(A(u),u — vy < liminfy oo (A(ug), up—v) < limsupy_, o (A(ur), uk) — (f,v) < (f,u—v), from
which A(u) = f, hence A(uy) — f (the whole sequence), and eventually (2.3b) for v = 0 yields

(A(u) u) < min(A(wy), ug) < lim sup(A(ug), u) < Jim (A(uy), u) = (A(w), ).

32Hint: Modify Step 4 of the proof of Theorem 2.6: as both {ug}ren and A are bounded,
A(ur) — x (as a subsequence) and, from (2.8), x = f, hence A(ur) — f (the whole sequence)
and, again by (2.8), (A(uk),ux) = (f,ur) — (f, u). Then by (2.123) f = A(u).
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Show that any pseudomonotone A satisfies (2.123).33

Exercise 2.55 (Tikhonov-type modification®® of Schauder’s Theorem 1.9). Assum-
ing a reflexive separable Banach space V & Vi, show that a weakly continuous
mapping M : V — V which maps a ball B in V into itself has a fixed point.>>

Exercise 2.56 (Direct method for A weakly continuous). Assume A : V — V*
weakly continuous, V' Hilbert, and modify the Brézis Theorem 2.6 by using directly
Schauder fixed-point Theorem 1.9 without approximating the problem.3%

Exercise 2.57. Try to make a limit passage in (2.38)—(2.39) simultaneously in i
and [ by considering i = [. Realize why it was necessary to make the double limit
lim;_, o lim; oo instead of lim;—; .~ in the proof of Proposition 2.17.

Exercise 2.58. Assuming 1 < ¢ < p < 400, evaluate the norms of the continuous
embeddings L>°(Q) C LP(Q) C LY(Q).57

Exercise 2.59 (Interpolation of Lebesgue spaces). Prove (1.23) by using Holder’s
inequality.38

Exercise 2.60 (Continuity of Nemytskii mappings). Show that the Nemytskii map-
ping 4, with a satisfying (1.48) is a bounded continuous mapping LP'(§2) x

33Hint: The premise of (2.123) and the pseudomonotonicity implies lim supy,_, o (A(ug), up —
u) = limsupy,_, o (A(ur), uk) — limg_ oo (A(ug),u) < (f,u) — (f,u) = 0 so that, by (2.3b),
<A(u)7 U — U) < hmlnf}c—)o@<A(uk)7uk - ’U) < lim supk%oo<A(uk?)7 U — ’U) < <f7 u— ’U> for any
v € V, from which f = A(u) indeed follows.

34Tikhonov [413] proved a bit more general assertion, known now as Tikhonov’s theorem: a
continuous mapping from a compact subset of a locally convex space into itself has a fixed point.

35Hint: Consider B endowed with a weak topology, realize that u; — w in Vi and u, € B
implies uy, — w in B, hence M (uj) — M (u) in V and then also M (uy) — M (u) in V1, and then
use Schauder’s Theorem 1.9.

36Hint: Repeat Step 2 of the proof of Brézis Theorem 2.6 directly for V instead of V;. Use
the weak topology on {v € V; |[v|| < o}, and realize that Iy is to be omitted while Jk_1 is to
be weakly continuous (which really is due to its demicontinuity, cf. Corollary 3.3 below, and its
linearity, cf. Remark 3.10). Also use Exercise 2.55.

37THint: Estimate

||u||LP(Q) =4 Jo luf"dz < (/fsz eBIP u(€)|Pda = {/H“Hiw(n)fﬂ ldz = NH“HLO@(Q)

with N = (meas, (Q))l/p being the norm of the embedding L () C LP(2). Likewise, by
Hoélder’s inequality,

oy = 1 ulde < @78 g 1w 74y [P = N7,

(Q)) (p=a)/(pa)

with N = (measn
38Hint: Use Holder’s inequality for

1/« 1/8
/ \v\pdx:/ [o|*Plo|(I=MPdg < (/ |v|)‘po‘dx> (/ \v\(lfk)pﬁdao
Q Q Q Q

with a suitable a = p1/(Ap) and 8 = p2/((1 — A)p), namely a~! + 7! = 1 which just means
that p satisfies the premise in (1.23).
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LP2(QR™) — LPo(Q).59

Exercise 2.61. Show that p3 in Theorem 1.27 indeed cannot be +oco: find some a
satisfying (1.48) for p1,pa < 400 and p3 = 400 such that .4, is not continuous.*’

Exercise 2.62. Show that, for any ¢ : R™ — R™2 not affine, the Nemytskii
mapping A, : u +— c(u) is not weakly continuous; modify Figure 3 on p.20.*!

Exercise 2.63 (Integral balance (2.63)). Consider the test volume in the integral
balance (2.63) as a ball O = {z; |v — x| < o} and derive (2.63) for a.a. ¢ by
a limit passage in the weak formulation (2.45) tested by v = v, with v.(z) =
(1 — dist(x,0)/e) T provided the basic data qualification (2.55a,c) is fulfilled.*2

Exercise 2.64. Show that the mapping u — c(u, Vu) is compact, i.e. it maps
bounded sets in WP () into relatively compact sets in WP (Q)*, cf. Remark 2.39.
For this, specify a growth assumption on ¢.*

Exercise 2.65. By using (2.56), show that A : WLP(Q) — WP (Q)* defined by
(2.59) is demicontinuous. Note that no monotonicity of this A is needed, contrary
to an abstract case addressed in Lemma 2.16.

39Hint: Take uy — u in LP1(Q) and y; — y in LP2(Q; R™), then take subsequences converging
a.e. on . Then, by continuity of a(z,-,-) for a.a. z € Q, A4 (uk,yx) — Ha(u,y) a.e., and by
Proposition 1.13(i), in measure, too. Due to the obvious estimate

o, i i) — al,uw,y)[P° < 67071 (479 (@) + Clug (@) [P+ Clu(@)| ™ + Clyn (@) + Cly(@)|?)

for a.a. z € Q, show that {|a(z,ug,yr) — a(z,u,y)|P0 }ren is equi-absolutely continuous since
strongly convergent sequences are; use e.g. Theorem 1.16(i)=-(iii). Eventually combine these
two facts to get fQ la(z, ug, yr) — a(z, u,y)|P°dz — 0 and realize that, as the limit A5 (u,y) is
determined uniquely, eventually the whole sequence converges.

40Hint: For example, a(z,r,s) = r/(1 + |r|) and up = xa,, a characteristic function of a set
Ay, measy (Ag) > 0, limy,_, o measp (Ay) = 0, and realize that [lug|| e (o) =(meas, (A))/P = 0
but [ A (ur)llLes (@) = 1/2 7 0 = [|Aa(0)]| Lo ()

41Hint: Take 71,72 € R™1 such that c(%r1+%r2) # %c(rl)Jr%c(rl) and a sequence of functions
oscillating faster and faster between r1 and ro (instead of 1 and —1 as used on Figure 3).

42Hint: Putting 2o = 0 without any loss of generality, realizing that Vv (z) = —e~1z/|x| if
0 < |z| < o+ € otherwise Vv, (z) = 0 a.e. and that v(xz) = z/|z|, the limit passage

"o /\I\SQC(QE’U’VU)_g(x)d$+/g»§\z\gg+s ((C(I’“’V“)—g(x))<1— ‘I‘T_%

- 1a(:p, u, Vu) - %) de — / c(z,u, Vu) — g(z) de — / a(z,u, Vu) -vdS
€ lz|<e

z| lz|=e

holds at every right Lebesgue point of the function f : o+ o~ ! f‘m‘:g a(z,u, Vu) - xdS, i.e. at
every g such that f(g) = lim.\ % f@g+£ f(&)d€. As f is locally integrable thanks to the growth
conditions (2.55a,c), it is known that, for a.a. g, it enjoys this property.

43Hint: It suffices to design the growth condition so that .4z maps LP (€) x LP(Q;R") into

L(p*_e)/(Q) which is compactly embedded into WP (Q)*.
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Exercise 2.66 (V-coercivity). Consider, instead of (2.92),

Je1,ko>0, k1 €LY (Q) : al(x,r,s)-s+c(x,r,s)r > e1|s[P—ko|r| —ki (x), (2.124a)
Jeog >0, kocL(T): b(x,r)r > eaxy (¥)[r|?—ka(x), (2.124D)

for some 1 < ¢1 < ¢ < p and meas,,_1(Iy) > 0, and prove Lemma 2.35 by using
the Poincaré inequality in the form (1.56). Likewise, formulate similar conditions
for the case of mixed Dirichlet/Newton conditions (2.49) and use (1.57) to show
coercivity of the shifted operator Ay = A(-+w) with w|r, = up on V from (2.52).

Example 2.67 (Finite-element method). As an example for the finite-dimensional
space Vj, used in Galerkin’s method in the concrete case V = WP(Q), the reader
can think of 7 as a simplicial partition of a polyhedral domain Q C R", i.e. J
is a collection of n-dimensional simplexes having mutually disjoint interiors and
covering Q; if n = 2 or 3, it means a triangulation or a “tetrahedralization” as on
Figure 5a or 5b, respectively. Then, one can consider Vj, := {v € WHP(Q); VS €
T+ v|g is affine}. A canonical base of Vj, is formed by “hat” functions vanishing
at all mesh points except one; cf. Figure 5a.** Nested triangulations, i.e. each
triangulation 41 is a refinement of 9%, obviously imply V), C Viy1 which we
have used in (2.7).

v =uv(z1, T2

)
/o

Figure 5a. Triangulation of a polygo-  Figure 5b. A fine 3-dimensional tetrahedral

nal domain Q C R? and one mesh on a complicated (but still
of the piece-wise affine ‘hat- stmply connected) Lipschitz do-
shaped’ base functions. main QCR3; courtesy of M. Mddlik.

This is the so-called P1-finite-element method. Often, higher-order polynomials
are used for the base functions, sometimes in combination with non-simplectic
meshes. For non-polyhedral domains, one can use a rectification of the curved
boundary by a certain homeomorphism as on Figure 8 on p. 91. Efficient software
packages based on finite-element methods are commercially available, including
routines for automatic mesh generation on complicated domains, as illustrated on
Figure 5b.

Exercise 2.68. Assuming n = 1 and limy_, . maxgse 7, diam(S) = 0, prove density
of Upen Vi in WHP(Q), cf. (2.7), for Vi from Example 2.67.45

4411 such a base, the local character of differential operators is reflected in the Galerkin scheme
that, e.g., linear differential operators result in matrices which are sparse.
45Hint: By density Theorem 1.25, take v € W2°°(Q) and v, € Vj, such that vy (z) = v(z)
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Remark 2.69. To ensure (2.7) if n > 2, a qualification of the triangulation is
necessary; usually, for some € > 0, one requires that always diam(S)/os > ¢ with
denoting pg the radius of a ball contained in S.

Exercise 2.70 (Traces of higher-order Sobolev spaces). Generalize the trace Theo-
rem 1.23 for W2?(Q), and identify the integrability exponent for traces of functions
from W2P(Q), namely p*# := (p*)¥#, as (np—p)/(n—2p) if 2p < n, otherwise, its
integrability is arbitrarily large if 2p = n or in L*(T") if 2p > n. Continue by
induction for W*P(Q), k > 3.46

2.6.2 Semilinear heat equation of type —div(A(z,u)Vu) =g

Here we focus on a heat equation where, from physical reasons, the heat-transfer
coefficients depend typically on temperature but not on its gradient, giving rise
to a semilinear equation as investigated in Section 2.5. Moreover, we speak about
a critical growth of the particular nonlinearity when (2.55) would be fulfilled only
if e = 0. Here we will meet the situation when even e = —1 in (2.55b) is needed
(and by replacing the conventional Sobolev space WP(Q) by (2.128) eventually
allowed) for b(x,-); this is reported as a super-critical growth.

Example 2.71 (Nonlinear heat equation). The steady-state heat transfer in a non-
homogeneous anisotropic nonlinear?” medium with a boundary condition control-
ling the heat flux through two mechanisms, convection and Stefan-Boltzmann-type
radiation?® as outlined on Figure 6a, is described by the following boundary-value
problem

_div(A(x, u)Vu) = g(x) on Q,
v Az, u)Vu = bi(z)(0 —u) + ba(2)(0* — [uf’u) onT, (2.125)
convective radiative
heat flux heat flux

at every & € Q which is a mesh point of the partition .7, and ||Vv, — Vol oo (@irn) <
diam(S)HV%HLw(Q;Rnxw; asn =1, each S is an interval here.

46Hint: For W2P(Q) with 2p < n, consider W2?(Q) C wie® (2) and apply Theorem 1.23 for
p* = np/(n—p) instead of p. By induction, u + u|r : W*P(Q) — L(np—p)/(n—kp) (T) if kp < n.

47The adjective “nonhomogeneous” refers to spatial dependence of the material properties, here
A. The adjective “anisotropic” means that A # I in general, i.e. the heat flux is not necessarily
parallel with the temperature gradient and applies typically in single-crystals or in materials
with a certain ordered structure, e.g. laminates. The adjective “nonlinear” is related here to
a temperature dependence of A which applies especially when the temperature range is large.
E.g. heat conductivity in conventional steel varies by tens of percents when temperature ranges
hundreds degrees; cf. [358].

48Recall the Stefan-Boltzmann radiation law: the heat flux is proportional to u* — 6% where 6 is
the absolute temperature of the outer space. In room temperature, the convective heat transfer,
proportional to u — 6 through the coefficient by, is usually dominant. Yet, for example, in steel-
manufacturing processes the radiative heat flux becomes quickly dominant when temperature
rises, say, above 1000 K and definitely cannot be neglected; cf. [358].
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with
u = temperature in a thermally conductive body occupying (2,
0 = temperature of the environment,
A = [a;]};_1= a symmetric heat-conductivity matrix, A:QxR—R™" ", i.e.
ai(z,r,s) = 30 aij(x,7)s5,
8 n
Az, u)Vu = (Z?Zl aij (u>%ju)¢:1 =the heat flux,
v Az, u)Vu = > =1
b1, bs = coefficients of convective and radiative heat transfer through T,
g = volume heat source.

aij(u)v; 52w =the heat flux through the boundary,

RADIATION
RADIATION
CONVECTION
CONVECTION \/
HEAT FLUX
INSIDE THE PLATE
Figure 6a. Illustration of a heat-trans- Figure 6b. Illustration of a heat-trans-

fer problem in a 3-dimen- fer problem in a 2-dimen-
sional body Q C R3. sional plate Q C R?.

In the setting (2.48), b(z,7) = by (x)r + ba(z)|r|>r and h(x) = [b10 + b20*](x). We
assume 0 > 0, by(x) > by > 0 and ba(z) > by > 0, by € L>/3(T") and by € L=(T),
and the operator A is defined by

(aw.o) = [

Q(VU)TA(:U, w)Vudx + /F (b (2)u + bo(2)[ulPu)vdS.  (2.126)

It should be emphasized that no monotonicity of A with respect to the L?-inner
product can be expected if A(z,-) is not constant.*?

Exercise 2.72 (Pseudomonotone-operator approach). Check the assumptions
(2.55) and (2.65) in Section 2.4%° as well as the coercivity (2.124)5!. Realize, in

49This means [, (Vur — Vuz) T (A(z, u1)Vur — A(z, uz2)Vuz) dz < 0 may occur.
50Hint: The assumption (2.55a) reads here as [>27=1 aij(z,m)s;| < () + Clr|P*=a/P" 4

C|s|P~! with v € Lp/(Q). This requires p > 2. The assumption of monotonicity in the main part
(2.65) just requires that A(z,r) = [as;(x,r)] is positive semi-definite for all r and a.a. z € Q,
i.e. sTA(x,7)s > 0. The assumption (2.55b) for the “physical” dimension n = 3 and for p = 2
yields p# = (np—p)/(n—p) = 4, cf. (1.37). This just agrees with the 4-power growth of the
Stefan-Boltzmann law at least in the sense that the traces |u|?u are in L1(T") if u € W12(Q).
Yet (2.55b) admits only (3—e)-power growth of b(x, -) which does not fit with the 4-power growth
of Stefan-Boltzmann law.

51Hint: The coercivity assumption (2.124a) requires here s' A(z,7)s > e1]s|P — ki1, which
requires, besides uniform positive definiteness of A, also p < 2. Altogether, p = 2 is ultimately
needed. Note that p = 2 and (2.55a) need A(z,r) bounded, i.e. |a;;(z,r)] < C for any i,j =
1,...,n. The condition (2.124b) holds trivially with k2 = 0.
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particular, that p = 2 is needed and the qualification (2.57) of (g, h) means

LY(Q), LY(T) ifn=1,
ged L), heqd LM<T)  ifn=2, (2.127)
L2n/(n+2)(Q), L272/M(T)  ifn > 3.

In view of this, the pseudo-monotone approach has disadvantages:

v direct usage of Leray-Lions Theorem 2.36 on the conventional Sobolev space
W12(Q) is limited to n < 2 or to by =0,

v if n > 1, an artificial integrability of g and h is needed, contrary to the
physically natural requirement of a finite energy of heat sources, i.e. g€ L(Q),
heLY(T),

v' A must be bounded.

Modify the setting of Section 2.4.3 by replacing W?(Q) by

V ={veW"?Q); vlreL’(T)} (2.128)

and show that V becomes a reflexive Banach space densely containing C°°(Q) if
equipped with the norm [[v]| := [|v|[w.2(0) + ||v]r| LS(F).52 Show that A: V — V*
defined by (2.126) is bounded and coercive. Make a limit passage though the
monotone boundary term by Minty’s trick instead of the compactness.

Exercise 2.73 (Weak-continuity approach). Use V from (2.128) and Z = W1 (Q),
assume

de1 >0: sTA(z,7)s > e1]s|?, (2.129a)

IyeL*(Q), €>0: |A(z,7)| < ~(x) + Clr|? =972, (2.129b)
and show that A : V' — Z* defined by (2.126) is weakly continuous; use the fact
that L*(T) is an interpolant between L?(T') and L°(T).%3

Exercise 2.74 (Galerkin method). Consider V;, a finite-dimensional subspace of
W1e2(Q) nested for k — oo with a dense union in W2?(Q) and traces dense in

52Hint: For n < 2, simply V = W2(Q). For n > 3, any Cauchy sequence {vj}rcy in V has
a limit v in WH2(Q) and {vk|r}ren converges in v (") to v|r, and simultaneously has some
limit w in L3(T") but necessarily v|r = w. As V is (isometrically isomorphic to) a closed subspace
in a reflexive Banach space W12(Q) x L5(T"), it is itself reflexive. Density of smooth functions
can be proved by standard mollifying procedure.

53Hint: Take uy, such that up — w in WH2(Q) and ug|r — u|r in L?(T). Use WH2(Q) e
L2 ~¢(Q) and then A(ug) — A(u) in L2(Q;R"X") and Vuj, — Vu weakly in L2(€;R"), and,
for v € Whoo(Q) =: Z, pass to the limit [,(Vug) T Az, up)Vodz = [o(Vu)TA(z,u)Vodz. By
compactness of the trace operator, ug|r — u|r in Lp#’E(F) C L%(T), realize that ug|r — u|r
in L*(TI") because

lrle = ule pary < lurle = wlel|75 urle = ulel| 2, = 0.

Then |ug|Pug|r = |ul3ulr in LY(T), and [} [ug|3ugvdS — [ [u[3uv dS for any v € L>°(T").
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L5(T'), and thus in V from (2.128), too. Then the Galerkin method for (2.125) is
defined by:

/(Vuk)TA(x,uk)Vv —gvdz +/ ((b1 + ba|ug [*)up, — h)vdS =0 (2.130)
Q r

for all v € Vi. Assume g € L27(), h = b10+bo#* with 6 € L?(I), see Example 2.71,
and assuming existence of uy, show the a-priori estimate in V from (2.128) by
putting v := wy into (2.130).>* Then, using the linearity of s — a(z,r,s) =
A(x,r)s, make the limit passage directly in the Galerkin identity (2.130) by using
the weak continuity as in Exercise 2.73.

Exercise 2.75 (Strong convergence). Assume again A bounded as in Exercise 2.72
and, despite the lack of d-monotonicity of u +— div (A(x, u)Vu), use strong mono-
tonicity of u + div(A(z,v)Vu) for v fixed, and show u; — u in WH2(£2); make
the limit passage in the boundary term by compactness® if n < 2, or treat it by

54Hint: By Holder’s and Young’s inequalities, this yields the estimate
€1 /Q |Vug|?dz + b, / lug)?dS +QQ/ lug|®ds < /Q(Vuk)TA(ac, ug ) Vugde
r r

+/b1|uk|2+b2|uk|5d5:/ gukdx+/(b10+b294)ukd5
r Q r

5/4
< lgll gy Tk e gy + (1011 oy 100 ey + e2lloe oy 1011350 o skl ey
1
< 4—6N2||9Hip*'(ﬂ) +5HukH‘2/V1,2(Q)

5/4 1
+C(Hb1HL5/3(1‘)H9HL5(F) + Hb2HLoo(r)H9H4s(p)) + §bz||uk||‘zs(p)

where N is the norm of the embedding W12(Q) C L2 (Q) and C is a sufficiently large constant,
namely C' = 2°/(5%b,), and & < min(e1,b;)/Cp with Cp, the constant from the Poincaré inequal-
ity (1.56) with p = 2 = ¢q. Then use (1.56) for the estimate of the left-hand side from below and
absorb the right-hand-side terms with uy in the left-hand side.

55Hint: Abbreviate b(u) = (b1 +b2|u|?)u and ai = V(up—u) " A(ug)V (ur—u), cf. (2.83). Then,
use the Galerkin identity (2.130), i.e. [V (ur—vi) T A(ug)Vurdz = [ b(ug) (v —ug) dS, to get

/ ar dz = / V(up—u) " (A(uk)Vug, — A(u)Vu) — V(up—u) " (A(ug) — Aw)) Vuda
Q Q
= / V(up—vg) " (A(uk)Vug, — A(u)Vu) + V(v —u) " (A(ug) Vur—A(w) Vu)
Q
— V(up—u) " (Alug) — A(u)) Vudz = /F (b(w)—b(uy)) (ug—vx) dS
+ / V(v —u) " (Alug) Vg — Au)Va) — V(ug—u) T (Alug) — Au)) Vudz
Q
for any vy € Vj. In particular, take v, — u in W12(Q). For n < 2, use compactness of the
trace operator W12(Q) — Lp#_e(F) C L3(T") and push the first right-hand-side term to zero.
Furthermore, use Vo, — Vu in L?(Q;R™) and A(ug)Vuy — A(u)Vu bounded in LZ(Q;R™) to

push the second term to zero. Finally, push the last expression to zero when using (A(uk) —
A(w))Vu — 0 in L?(;R™) (note that one cannot rely on A(ug) — A(u) in Lo°(Q;R™X"),



72 Chapter 2. Pseudomonotone or weakly continuous mappings

monotonicity if n = 3 when this term has the super-critical growth.® Note that,
for n = 3, the super-critical growth of the boundary term is such that, although
being formally a lower-order term, it behaves like a highest-order term and must
be treated by its monotonicity.?”

Exercise 2.76 (Comparison principle). Put v := v~ = min(u, 0) into the integral
identity (2.51) for the case of (2.125). Show that non-negativity of heat sources,
ie. h = b1 + by#* > 0 and g > 0, implies the non-negativity of temperature,
i.e. u > 0.5 Assume g = 0 and 0 < 6(-) < Opayx for a constant O, > 0 and use
v:= (4 — Omax) ™ in (2.51) to show that u(-) < Opax almost everywhere.

Exercise 2.77 (Mixed boundary conditions). Perform the analysis by the Galerkin
method of the mixed Dirichlet/Newton boundary-value problem®’

however) and when assuming vy — u in W12(Q). Then e1||Vuy— Vu||L2,(Q ry < < [qadz — 0

and, as ug — u in L2(Q) by Rellich-Kondrachov’s theorem 1.21, uz, — u in W1H2(Q).
56Hint: Use identity (2.130) and the previous notation of a; and b to write

/akder/ (ug) fbu)) (ug—u)dS
/ V(up—vg) " (A(uk)Vug, — A(u)Vu) + V(v —u) T (A(uk)Vug, — A(u)Vu)
- V(Uk*U)T(A(Uk)*A(U))VUdm+/F (b(ug)—=b(u)) (ur—vk) + (b(ug)—b(u)) (v, —u) dS

= [ ~blu)ur=u0) + (u)-bw) (@ —0) dS + [ ~V(w—u) AW Tu
T Q
+ V(vp—u) " (A(uk)Vug, — A(u)Vu) — V(up—u) T (A(ug) — Aw)) Vuda
S S Uy (L SO (D

Assume vg, — u in WH2(Q) and vg|r — ulp in L5(T). Use b(u) € L*(I') and uy — vy — 0 in
L3(T) to show ](1) — 0. Use {b(uy)}xen bounded in L5/4(T") and vy —u — 0 in L3(T) to show
1(2) = [r(b( b(u))(vg, —u)dS — 0. Push the remaining terms I,(CS), I,(:l), and I,(:)) as before.
Altogether conclude up — u in WH2(Q). Moreover, conclude also ||ug — ull sy — 0.

5THint: Realize the difficulties in pushing [.(b(u) —b(ug))(ug — vj) dS to zero if n > 3 because

we have {uj}reny and {b(ug)}ren only bounded in L3(I") and L3/*(T"), respectively, but no
strong convergence can be assumed in these spaces.

58Hint: Note that u~ € W12(Q) if u € W12(Q) so v := u~ is a legal test, cf. Proposition 1.28,
and then [(Vu)TA(u)Vu~™ dz = [(Vu™)TA(u)Vu~ do due to (1.50). By this way, come to
the estimate

61/ |Vu_|2d:c+bl/(u_)2d5§/(Vu)TA(u)Vu_ dz
Q T Q
+/b1(u7)2+b2\u7|5d52/ gu~ dx+/ hu™ dS <0.
r Q r

By the Poincaré inequality (1.56), we get [|u™[|yy1.2(q) = 0, hence u™ =0 a.e. in Q.

59Hint: Instead of (2.128), use V = {ve WhH2(Q); v|r, € L5(Ix), v|ry, = 0}, define Galerkin’s
approximate solution wuj, with approximate Dirichlet conditions wuy|r, = ul and derive the a-
priori estimate by a test v := up — wy where wy € Vi, a finite-dimensional subspace of V|, is
chosen so that wg|ry = uf — up in LZ#(FD) and the sequence {wy }ren is bounded in V.
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—div(A(z,u)Vu) = g(z) in Q,
v A(z,u)Vu = by (2)(0 — u) + ba(x)(0* — |u[>u) on Ty, (2.131)
Ul = up on I}.

Exercise 2.78 (Heat-conductive plate). Perform the analysis by Galerkin’s method
of the problem

—div(A(z,u)Vu) = c1(2)(0 —u) + c2(2)(0* — [ul’u)  in Q, } (2.132)

u\r = Up onI.

In the case n = 2, this problem has an interpretation of a plate conducting heat in
tangential direction with normal-direction temperature variations neglected, and
being cooled/heated by convection and radiation and with fixed temperature on
the boundary as outlined on Figure 6b. Consider n < 3, use the conventional
Sobolev space VVO1 ’2(9)7 define Galerkin’s approximate solution u; with approxi-
mate Dirichlet conditions uy|r = uf., and derive the a-priori estimate by a test by
v = up — wy with wy as in Exercise 2.77.

Example 2.79 (Special nonlinear media). Let us consider again the nonlinear heat-
transfer problem (2.125) with A(z, r) = [a;;(z, )] in the special form

aij(z,7) = bij(x)k(r) (2.133)

with B = [b;;] : @ — R" ™ and k : R — RT. Then the so-called Kirchhoff
transformation employs the primitive function & : R — R to , i.e. defined by

R(r):= / k(o)do , (2.134)
0
and transforms the nonlinearity of (2.125) inside § to the (already nonlinear)
boundary conditions. Indeed, B(x)VE (u) = B(z)s(u)Vu = A(x,u)Vu and
B(z) L7 (u) = B(x)k(u)Zu = A(z,u)Lu and, by a substitution w = & (u),
one transfers the nonlinearity from the equation on €2 to the boundary conditions
which has been nonlinear even originally anyhow due to the Stefan-Boltzmann
radiation term. Thus one gets the following semilinear equation for w:

—div(B(z)Vw) = g in, }
ow (2.135)

B(z) 5 + (b1 + bgmfl(w)\i") #Mw) = h onl.

We assume B : Q@ — R™ ™ measurable, bounded, and B(-) uniformly positive
definite in the sense ¢ 'B(z)¢ > BJ¢|? for all € € R™ and some 3 > 0. Further,
we assume k£(-) > € > 0 measurable and bounded; note that this implies & to
be continuous and increasing, and one-to-one with % ~! Lipschitz continuous, in
particular having a linear growth. Furthermore, g and h satisfy (2.127). Again,
ultimately p = 2, and one can show the coercivity. As the function R — R : r —
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b(z,r) == (bi(z) + ba(z)| & ~1(r)[*) & ~1(r) is monotone for a.a. z € I, we can use
the monotonicity technique. Then there is just one weak solution w € Wh2(Q).
By Proposition 1.28, u = & ~!(w) € W12(Q) and this u solves the original prob-
lem in the weak sense. Moreover, (g,h) — u : LP () x Lp#/(F) — Wh3(Q)
is (normxnorm,norm)-continuous. Note that the heat-conductivity coefficient
need not be assumed continuous.®°

Example 2.80 (Heat transfer with advection). The heat equation in moving homo-
geneous isotropic media, i.e. with advection by a prescribed velocity, say ¢ = v(x),
is

—div(k(u)Vu) + c(u)7- Vu = g, (2.136)

where ¢ is the heat capacity dependent on temperature. Let us consider, for simplic-
ity, constant Dirichlet boundary conditions and use the Kirchhoff transformation
(2.134), i.e. put w = & (u) and using V& ~!(w) = Vw/k(k ~1(w)), to arrive at

C(w)v - Vw

AUt TR W)

g in Q,
0 onl

(2.137)

w

where we abbreviated x(% ~!(w)) =: K(w) and ¢(% ~!(w)) =: C(w); note that
we can shift ¥ by a constant so that w = 0 can be considered on I'. Note that
the pointwise coercivity (2.92a) for p = 2 > ¢ > 1 is violated if ¢(z,r,s) =
C(r)v(x) - s/K(r). Assume the velocity field v € C*(Q;R") as divergence free,
which corresponds to a motion of an incompressible medium, cf. also the equations
(6.26¢), (12.44c), or (12.95b) below, one can consider an alternative setting with
¢(u)T Vu = div(? ¢ (u)) = div(d ¢ (k1 (w))) with ¢ the primitive function of ¢.
This leads to a(z,r,s) = s+ ¥(z)¢(k~1(r)) which again need not satisfy (2.92a).

Exercise 2.81 (Uniqueness). Show uniqueness of the weak solution w to (2.135),
and thus of u, as well. Try to show uniqueness in the general case (2.125) and
realize the difficulties if smallness of ||u][y1.(q) is not guaranteed.®!

Exercise 2.82. Assume divy < 0 in Example 2.80 and show the coercivity of
the respective A (in spite of this lack of any pointwise coercivity pointed out
in Example 2.80) by derivation of an a-priori estimate again by a test by w.%?

60 A discontinuity of x can indeed occur during various phase transformations, cf. [358] for a
discontinuity in the heat-conductivity coefficient x within a recrystallization in steel.

61The uniqueness holds even for a general case (2.125) but the proof is rather technical, cf. [243].

62Hint: For N the norm of the embedding W12(Q) c L2" (), use Green’s Theorem 1.31 to
estimate

/Q|Vw|2dxg/Q|Vw|2—(divﬁ)(/ow(x)%dg)dx:/Q|Vw|2+a.v(/0w(x)%d§)dw

_ 5  (U-Vw)C(w) _
,/Q|Vw| +de7 ngdxgN||w||W1,2(Q)||gHL2*/(Q).
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Furthermore, assuming Lipschitz continuity of x, show uniqueness of a solution to
(2.137) if ¥ is small enough in the L>°-norm.%?

2.6.3 Quasilinear equations of type —div(|Vu[P~*Vu)+c(u, Vu)=g

Here we will address quasilinear equations (2.45) with a(z,r,-) or ¢(z,r,) nonlin-
ear so that a limit passage in approximate solutions cannot be made by using mere
weak convergence in Vu and compactness in lower-order terms, unlike in semilin-
ear equations scrutinized in Section 2.6.2. As a “training” quasilinear differential
operator in the divergence form, we will frequently use

Apu = div(|Vul[P*Vu) (2.138)

called the p-Laplacean; hence the usual Laplacean is what is called here 2-
Laplacean. For p > 2 one gets a degenerate nonlinearity, while for p < 2
a singular one, cf. Figure 9 on p.128 below. Note that, by using the formula
div(vw) = vdivw + Vv - w, (2.138) can equally be written in the form

div(|VulP72Vu) = [VulP2Au+ (p—2)|VulP~*(Vu) " VZu Vu. (2.139)

Example 2.83 (d-monotonicity of p-Laplacean). To be more specific, A = —A,
will be understood here as a mapping W1P(Q) — W1P(Q)* corresponding to a
Neumann-boundary-value problem, i.e.

(A(u),v) = /Q |VulP~2Vu - Vo dz (2.140)

for any v € WHP(Q). For p > 1, the p-Laplacean is always d-monotone in the sense
(2.1) with respect to the seminorm |u| := ||Vu| pr(qmn), i.e.

/Q(\Vu\p_QVu—\VvF’_QVv) - (Vu—Vov)dz > (d(\u|)—d(\v\)) (|u|—|v|)

63Hint: Realizing that also [C/K](-) is Lipschitz continuous, with ¢ denoting the Lipschitz
constant, we have

/ 7. (C(’wl)le _ C(w2)Vwa

Q K(w1) K(w2)

- C(MJ1) C(MJQ) / C(wg)’ﬁ V(w17w2)

= — -V - d. — d.

Sy~ ) Vet —wyan [ ST )

Clw1) C(w2))

K(wi)  K(wz)

C(ws) )

K(w2)

)(wl — wa)dx

< 7l @ | Vw1l 2 @ lwn = w2l )

LA()

+ 17 o0 o | Vw1 = Va2 guny lwr = wall o)

L4(Q)

maxc(-)

< 19 oo (mm) (||Vw1HL2(Q;Rn)€N2 N e (9)1/4) w1 = w2312

min

where N is the norm of the embedding W12(Q) C L*(Q) valid for n < 3. For [|19]] oo (;rm) small
enough, conclude that wi = wa.
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with d(¢) = €P~1, which can be proved simply by Hélder’s inequality as follows:
[ ol 2y = 1722) - (= 2o
Q

—= HyHI[],p(Q,R”) - /Q <‘y|p_2y -z + ‘Z‘p_QZ . y)dx + ||ZHI[],IJ(Q7]R”)

>yl 7 n zny = 11929l Loy 121 L@y
- H\Z\p_QZHLp/(Q;Rn)HyHLp(Q;Rn) + 1121z .y
= 9l ey = NIl i N2l )
|2 \Lp(w 91|y + 121 ny
(Hy‘ LP(Q;R™) —ll1%, LP(Q R" )(HyHLP(Q;R”) - HzHLP(Q;R"))' (2.141)

For p > 2, from the algebraic inequality%4
(|s|p_23 — |§|p_2§) (s =3) = c(n,p)|s — 5 (2.142)

with some ¢(n,p) > 0, we obtain a uniform monotonicity on W, () in the sense
(2.2) with {(z) = zP~! (or with respect to the seminorm ||V-|| s (q,rn) on WP (€Q)):

(A(u)—A(v), u—v) = /(\Vu\p_QVu—|Vv\p_2Vv)~V(u—v) dz
Q
> c(n,p)/|Vu—Vv|pdx.
Q
It should be emphasized that, for p < 2, one has only (A(u)—A(v),u—v) >

(p—1) [ max(1+|Vul, 1+|Vo|)P~2|Vu—Vo|*dz.5 -

Exercise 2.84 (Monotonicity of p-Laplacean). Realize that (2.138) corresponds to
a;(z,r,s) = |s|P~2s; and verify the strict monotonicity (2.65) and (2.68a).56

Exercise 2.85 (Strong convergence in ¢(Vu)). Consider the Dirichlet boundary-
value problem

—div(|Vu|P~2Vu) + ¢(z, Vu) = in Q,
(IVul ) +cl@,Vu) = g } (2.143)

0 onl.

u
For some € > 0, assume the growth condition

FyeL® =)' (Q) CeR V(a.a.)zeQ VseR" : ez, 8)| < v(x)+C|s|P717¢. (2.144)

64See DiBenedetto [120, Sect.I.4] or Hu and Papageorgiou [209, Part.I,Sect.3.1].
65See Malek et al. [268, Sect.5.1.2].

66Hint: Like (2.141), (|s|P~25—|5|P723)-(s—5) = |s|P—|s|P725-5—|5|P725-5+|3]P > |s|P —
Is[P~ 15| — |8[P=[s| + |5]7 = (Is|P~*—|5|P~*)(Is|—|5]), hence (2.65) holds. If (|s|P~2s—|5[P~23) -
(s—8) = 0, then |s| = |3|, and if s # 5, then |s|? > 53 hence |s|P—|s|P725:5 > 0, and similarly

|5|P—15 \p_2§-s > 0, hence (]s|P~2s—|3|P~25)-(s—3) > 0, a contradiction, proving (2.68a).
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Formulate Galerkin’s approximation®” and prove the a-priori estimate in VVO1 P(Q)
by testing the Galerkin identity by v = u;% and prove strong convergence of
{ug} in I/VO1 () by using d-monotonicity of —A,, following the scheme of Propo-
sition 2.20 with Remark 2.21 simplified by having boundedness guaranteed explic-
itly through Lemma 2.31 instead of the Banach-Steinhaus principle through (2.36)
and (2.42).5 Further, considering p = 2, formulate a Lipschitz-continuity condi-
tion like (2.157) in Exercise 2.90 that would guarantee (uniform) monotonicity of
the underlying mapping A.

Exercise 2.86 (Weak convergence in ¢(Vu)). Consider the boundary-value problem
(2.143) in a more general form:

—diva(z,Vu) + c(x,Vu) = in Q,
(2, V) + (e, Vu) = g } .

0 onTl,

u

with a(z,-) : R — R™ strictly monotone. The Galerkin approximation looks as
/ a(Vug) - Vo + (¢(Vug) — g)vde =0 YveV,. (2.146)
Q

Assuming coercivity a(x, s) - s > €,4|s|P and the growth (2.144), prove the a-priori

67See (2.146) below for a(x, s) = |s|P~2s.
68Hint: Use Holder’s inequality between LP/(P~1=€)(Q) and L4(Q) with ¢ = p/(1+€) to esti-
mate

[l oy = Il gy = [ (0=cCT0)s s < [ (11071 ] o

< gl 4+l gor 7y 1]l Loy + C||VukHi;(lg;)e“uk“m(n)

—€

< Np=|[lgl + 'Y||Lp*’(n)||“k||wol’1’(n) + CNq||“k||€V&,p(Q)

with Ny the norm of the embedding W1P(Q) C L4(2), and Np» with an analogous meaning.
69Hint: Take a subsequence uy — u in Wol‘p(Q). Use the norm Hv||W1,p(Q) = IVl e (rn)
0
and, by (2.141) and using still the abbreviation a(Vv) = |Vv|P~2Vv, estimate

p—1 _ p—1 _ _ . _
(sl gy =00 ) (o laom oy =¥l ) < /Q (a(Vug)—=a(Vv)) - V(up—v) dz

= /Qa(Vuk) - V(ug—vg) + a(Vug) - V(vg—v) — a(Vv) - V(up—v) de
= /Q (g — c(Vuk)) (up—vg) + a(Vug) - V(vg—v) — a(Vv) - V(up—v) dz

with v € V. Assume vy — v. For v = u, up — v — v —u = 0 in Lp*_e(Q) because of
the compact embedding Wol’p(Q) € LP"~¢(Q2), and then Jq e(Vug)(up — vi) dz — 0; note that
{e(Vug)}ren is bounded in L(p*_e)/(ﬂ). Push the other terms to zero, too. Conclude that

up — u in Wol’p(ﬂ). Then, having got the strong convergence Vup — Vu, pass to the limit
directly in the Galerkin identity.
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estimate by testing (2.146) by v = u;.”° Then prove weak convergence of the
Galerkin method as in (2.84).7

Exercise 2.87. Modify Exercises 2.85 and 2.86 for non-zero Dirichlet or Newton
boundary conditions.

Exercise 2.88 (Monotone case I). Consider the boundary-value problem (2.45)—
(2.49) in the special case a;(x,r,s):= a;(x, s) and c(z,r, $):= c(x,7), i.e.

—diva(Vu) +c(u) = g  onQ,
v-a(Vu) +b(u) = h  onlIy, (2.147)
ulpy, = up on Iy.

Assume that a(z, -), b(z, -), and ¢(z, -) are monotone, coercive (say a(zx, s)-s > |s|?,
b(x,0) =0, ¢(z,0) = 0, and meas,,_1(Ip) > 0) with basic growth conditions, i.e.

(a(z,s) — a(x,5))-(s—35) >0,

Iy, €L(Q), Ca€R:  la(z,s)| < vala) + Cqls[P, (2.148a)
(b(z,r) = bz, 7)) (r—7) > 0,
Iy eLP (1), CLeR:  |b(z,7)| < () + Colr|?” 1, (2.148b)
(c(z,7) = c(z,7))(r—7) > 0,
F,eLP(Q), C.eR: |e(z,r)| < ye(x) + Colr|?" 1, (2.148¢)

and prove a-priori estimates”® and the convergence of Galerkin’s approximations
by Minty’s trick.™

7"0Hint: Estimate
€a||uk||€vol,p<m = callVullyp qrny < /Q a(Vuy) - Vugdzr < /Q (9 — c(Vug))ugdz

and finish it as in Exercise 2.85.

"IHint: Prove limg_, oo [ (a(Vug) —a(Vu)) - V(uy —u) dz = 0 as in Exercise 2.85. Then, for a
selected subsequence, deduce c¢(Vuy) — ¢(Vu) a.e. in © by the same way as done in (2.88), and
similarly also a(Vuy) — a(Vu) a.e. in Q. Then prove a(Vug) — a(Vu) in LPI(Q) and ¢(Vug) —
¢(Vu) in LP*IJFS(Q) and pass to the limit directly in (2.146) for any v € (J;,~ o V& without using
Minty’s trick. Finally, extend the resulted identity by continuity for any v € W1P(Q).

72Hint: Denoting up € W1P(Q) an extension of up test the Galerkin identity determining
up € Vi by v := uyp — g where a|r — up in WHP(Q)|r for k — oo, {ux}reny bounded in
WLP(Q), dy € Vi, Vi a finite-dimensional subspace of WP (Q). Arrive to

/ [Vug|Pde < / a(Vuyg) - Vuy, + c(ug)ugde +/ b(ug)urdS
Q Q I'v

= [ a(Vur) - Van + clun)n + glu—ap) o+ [ bup)in + hluw—u) 45
Q I'n
and then get uy estimated in W1P(Q) by Hélder’s inequality and Poincaré’s inequality (1.57).
Alternatively, use the a-priori shift as in Proposition 2.27.
"3Hint: For v € WHP(Q), use vy — v in WHP(Q), vy € Vi, Ukl = Vk|rp, the monotonicity
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Exercise 2.89 (Monotone case IT). Consider A:Whmax(2:p)(Q) — W imax(2.p)(Q)*
given by

(A(u),v) = /Q(l + |[VulP~2)Vu - Vo + c(u)v dz + /1‘ b(u)vdS (2.149)

so that the equation A(u) = f with f from (2.60) corresponds to the boundary-
value problem for the regularized p-Laplacean:

—div((1+|Vu[P~*)Vu) + c(z,u) =g inQ, }

2.150
(1+ \Vu\p*Q)% +b(z,u) =h on I ( )

Assume c¢(z, -) strongly monotone and b(z, -) either increasing or, if decreasing at
a given point r, then being locally Lipschitz continuous with a constant £, :

(c(z,r) —c(z, 7)) (r —7) > eo(r —7)?, (2.151)
(b(z,r) = bz, 7)) (r —7) > =4, (r—7)% (2.152)

Show that A can be monotone even if b(x,-) is not monotone; assume that™

¢, < N~?min(1,¢,.). (2.153)

Show further strong monotonicity of A with respect to the Wh2-norm if (2.153)
holds as a strict inequality.

Exercise 2.90 (Monotone case ITI). Let A : Whmax(2:p)(Q) — Wimax(2p)(Q)* be
given by

(A(u),v) = /Q (1+ [VulP~?)Vu- Vo + c(Vu)odz + /1‘ b(u)v dS. (2.154)

and Galerkin’s identity

0< / (a(Vug) — a(Vug)) - V(ug—vg) + (c(ur) — c(vg)) (up—vy) dz +/ (b(ur) — blvy))
Q I'v

X (g —vy,) dS = /Q (g — c(vr)) (ur—vk) — a(Vor) -V (ug—vg) dz + /F (R — b(vk)) (ug—vy) dS

N

— / (g — c(v)) (u—v) — a(Vv) - V(u—v) dz + (h = b)) (u—v)dS
Q 'n

and then put v := u £ ew, divide it by € > 0, and pass € — 0.
74 Hint: Indeed,

(A(u) — A@w),u—v) = /Q\vu ~ Vo2 4 (VP 2V — [VoP2V0) - (Vi — Vo)
+ (c(uw) — c(v)) (u —v) dz + /F (b(u) = b(v)) (u — v)dS

2/ |Vu7Vv|2+€c(u7v)2dx7/£;(u7v)2ds
Q r

> min(l,sc)Huva‘%Vl,Q(Q) 7@;“”*1)”%2(1-\) > (min(1,ec) fZ;NQ)H’uf’UH%/VLz(Q).
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Note that the equation A(u) = f with f from (2.60) corresponds to the boundary-
value problem

—div((L 4 |Vu[P"?)Vu) + c(z,Vu) = g forz € Q,

(1+ |Vu|p—2)% +b(z,u) = h forzeTl. (2.155)
Assume b(z, -) strongly monotone and ¢(z, -) Lipschitz continuous, i.e.
(b(z,r) = bz, 7)) (r =) > gy|r — 1|7, (2.156)
|z, s) — c(a, )’ < l|s — 3|, (2.157)
and show monotonicity of A if /. is sufficiently small despite that u — ¢(Vu)

alone would not allow for any monotone structure.” In particular, if . is small
enough, realize that A is strictly monotone and uniqueness of the solution follows.

Exercise 2.91 (Monotone case IV: advection). Consider a special case of (2.155)
with ¢(z, s) := 9(z) - s with ¥':  — R™ being a prescribed velocity field. Assume
dive < 0 (as in Exercise 2.82) and ¢|pr - v > 0, and show that A enjoys the
monotonicity’® even if there is no point-wise monotonicity.

Exercise 2.92. Consider the following boundary-value problem:
—diV(\Vu\p_QVu + ao(x,u)) =g inQ,

o (2.158)
|Vu|p*2% +bo(r,u) = h onT.

75Hint: Estimate

(A(w) — A(v),u —v) = /n ((1 +|VulP~2)Vu — (1 + |VU‘P—2)VU> V(u—v)

+ (e(Vu) — e(Vv)) (u — v) dz + / (b(w) — b(v)) (u —v)dS
r
> [[Vu = Voll7 5 g.ny = le(Vu) = e(V0)ll L2 lu = vll L2 (0 + ebllu — vl 72y

2 ”V’u‘_v’UHiZ(Q;R") — Le|[Vu—V| L2 (qurn) lu—vll L2 () +epllu — UHZLZ(F)

2 5
> (1= 25 ) 196 = VolZa gem) + eallu—olage) — 3 lu—oliiaco,
—1 . Z?) 2 d 2 2
> C, min | 1- %,sb ||u7vHW1,2(Q) — §N Huf'UHWl’Q(Q),

with N the norm of the embedding W2(Q2) C L?(Q2) and C, the constant from the Poincaré
inequality (1.56) with p =2 = g and Iv = T". If £ is so small that there is some § > 0 such that

2
min (1 - Z—C,ab) > §N26’P,
26 2

the monotonicity of A follows.
76Hint: By using Green’s formula, the monotonicity of this linear term is based on the estimate:

1 1 1
/ (V- Vu)ude = — / T Vulde = = / (7 vu?dS — = / (div 7) u?dz > 0.
Q 2 Ja 2 Jr 2 Jo
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Assume the basic growth condition: |ag(z,7)| < ~(z) + C|r[?"/?" for some
v € LP(Q) and formulate a definition of the weak solution; denote: b(x,r) :=
bo(z,r)—ag(x,7)-v(x). Prove that u —div(ag(z,u)) : WHP(Q) — WLP(Q)* is a to-
tally continuous mapping (which allows us to use Theorem 2.6 with Corollary 2.12
to get the existence of a weak solution). Further prove the a-priori estimate by test-
ing by u.”” Prove convergence of the Galerkin approximation via Minty’s trick,
and alternatively strong convergence and direct limit passage without Minty’s
trick. Show uniqueness of the weak solution for Lipschitz continuous ag(z, ) with
a small Lipschitz constant. Make the modification for the Dirichlet boundary
condition.”®

Example 2.93 (Banach fixed-point technique). Consider the boundary-value prob-
lem (2.147)) and assume the strong monotonicity of a(z, ) and, e.g., of ¢(z, ) but

no monotonicity of b(z, -), i.e.

(a(z, s)—a(z,5)) - (s—8) > eqls — 5%, (2.159a)
(c(z,r) = c(z, 7)) (r = F) > ecr — F), (2.159b)

and the Lipschitz continuity

la(z,s) — a(x,3)] < La|s — 3], (2.160a)
— 0, (r—7)? < (b(z, 1) — b(z, 7)) (r — 7) < G (r —7)?, (2.160D)
le(x,r) — e(x, 7)| < Lle|r — 7, (2.160c)

with some 5; > (,” > 0; note that b(x, -) is Lipschitz continuous with the constant
62'. Then one can use the Banach fixed-point Theorem 1.12 technique based on
the contractiveness of the mapping T; from (2.43) where the Lipschitz constant ¢
of A can be estimated as:™

""Hint: Realize that
/ |VulPda + / bo(u)udS = / —ao(u) - Vu+ gudz +/ (ao(w) - v+ h) udS.
Q r Q r

Assume bo(x,r)r > |r|P, and estimate u by assuming further |ag(z,7)| < v(z) + C|r|P~17¢.

"8Hint: Denoting a (z,r) = (al(x,r), covy an(z, 7")) the component-wise primitive functions
to ag(z,7) = (a1(z,7),...,an(z,r)) and realizing that now u|r = up, by Green’s Theorem 1.31,
one gets

n 8 n
ao :v,u-Vud:B:/ ai(z,u dw:/ a-az,uu-wdS:/au -vdS = const.
[ e (S gmeandr= [ S amon@ds = [ a)

79Cf. also (4.17) below.
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[A(u) = A()|lwiz@)+ = sup (A(u) — A(v), 2)

”Z”WI,Q(Q)Sl

= sup /Q(a(Vu)fa(Vv))Vz + (c(u)—c(v)) zdz +/ (b(u)—b(v))zdS

”Z”WI,Q(Q)Sl I'

A

sup (&LHVU - VUHLQ(Q;RH)||vz||L2(Q;Rn)

el <t
+ Lellu = vl 2 2l L2 @) + 4 llu— UHLQ(FN)||ZHL2(FN))
< (\/imax(&l,fc) + NQEZF) ||u — ’UHW1,2(Q) = €||u — 'UHWL?(Q)

while the constant § in the strong monotonicity of A can be estimated as
(A(u) — A(v),u —v) > (min(ec,eq) — N2¢; ) |lu — U||%,V1,2(Q) =: 0|lu — vH%Vl,Q(Q);
cf. Exercise 2.89. Then, by Proposition 2.22, T. from (2.43) with J : W12(Q) —
Wh2(Q)* defined by®°

(J(u),v) = /QVwVv + uv dz (2.161)

is a contraction provided ¢ > 0 satisfies®!

min(ec, eq) — N30y,

e<2 5-
(V2max(ly, L) + N26;)

(2.162)

Exercise 2.94. Modify the above Example 2.93 for Dirichlet boundary conditions®?
and/or the term ¢(Vu) instead of c(u)®3.

Example 2.95 (Limit passage in coefficients). Consider the problem from Exam-
ple 2.93 modified, for simplicity, as in Exercise 2.94 with zero Dirichlet boundary
conditions. Assume s — a(x, s) and r — c¢(x, ) monotone, a(z,s)-s+c(x,r) - r >
cols|P — C, |a(z,s)| < v(x) + C|s|P~! with v € LP(Q) and 1 < p < 2. Such a
problem does not satisfy (2.159) and (2.160a,c). Therefore, we approximate a and
¢ respectively by some a. and ¢, which will satisfy both (2.159) and (2.160a,c) and
such that a.(z,-) — a(zx,-) uniformly on bounded sets in R™, and ¢.(z,-) — ¢(z,-)
uniformly on bounded sets in R, and such that the collection {(ac, cc)}eso is uni-
formly coercive in the sense

36 >0Ve>0: ac(x,8) - s+ ce(x,r) - > §|s|P — 1/6. (2.163)
80Note that (J(u),u) = HuH%[/LZ(Q) and also [[ully1,2(q) = [[J(W)llw1,2(q)~ if one considers
the standard norm [lul|y1.2(g) = \/||VuH%2(Q,Rn) + ||u||2L2(Q); cf. Remark 3.15.

81Cf. (2.44) on p. 42.

82Hint: Instead of (2.161) use (J(u),v) = [, Vu-Vvdz, cf. Proposition 3.14.

83Hint: In case of Newton boundary conditions, b(z,-) has to be strongly monotone as in
Exercise 2.90.
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E.g. one can put ac(z,-) := ZM(a(z,-)) and c(z,-) := #(c(x,-)) where ZM

n,e *
R™ — R™ denotes a suitable modification of Yosida’s approzimation %;, .:R™ — R"

defined by

[ D ()] (5) = {%,5 (f - f—_gln)} (s) with (2.164a)
[%-(D)](5) = = (I"+€€f)_ ) (2.164b)

and I,, the identity on R"; cf. also Remark 5.18 below. Unlike the mere Yosida
approximation %, ., the regularization (2.164) turns monotonicity to strong mono-
tonicity; note also that ZM(I,,) = I,,.

n,e

3

Figure 7. A regularization of the nonlinearities a(x,s) = |s|*/?s and c(x,r) =r
that makes them both strongly monotone and Lipschitz continuous.

Then we can obtain the weak solution u. € W2(Q) of the approximate problem

(2.165)

—diva.(Vu) + c.(u) = g in Q,
u=0 onl

constructively by Example 2.93 (modified as in Exercise 2.94). The convergence
of u. € Wy *(Q) for ¢ — 0 relies on an a-priori estimate in W,"”(€2) which is
uniform with respect to ¢ > 0 due to (2.163), and then a selection of a subsequence
u. — u in WP(Q). Note that, as p < 2, we have Wy (Q) D W, *(Q). Taking
7 € W, ™(Q) and using monotonicity, we obtain

0< /Q (ac(Vue)—ac (VD)) -(Vue—V0) + (ce(ue)—ce(0)) (ue—0) da
= [ (9= @) e = D)~ (T (e ~ Vi
- /Q (9= c(@®)(u—7) — a(VD)-(Vu — Vo) dz (2.166)

for e — 0, where we used a.(Vv) — a(V0) in L>®°(2;R™). Then we can pass v
to v € Wy P(Q); by density of Wy > (Q) in W, (), cf. Theorem 1.25, v can be
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considered arbitrary. By continuity of the Nemytskil mappings .4, : LP(; R™) —
LP(Q;R™) and A; : LP'(Q) — LP7(Q), from (2.166) we get [,(g — c(v))(u — v) —
a(Vv) - (Vu—Vv)dz > 0. Eventually, by Minty’s trick, we conclude that u solves
(2.165); cf. Lemma 2.13.

Remark 2.96 (Constructivity). Let us still point out that, by combining the Ba-
nach fixed-point iterations as in Example 2.93 with some coefficient approxima-
tion as in Example 2.95, one can solve problems as (2.147) under quite weak
assumptions rather constructively, without any Brouwer’s fixed-point argument,
cf. Remark 2.7. In case of strict monotonicity in (2.147), the whole sequence of
approximate solutions converges.

Exercise 2.97. Modify Example 2.95 for the case of Newton boundary conditions.

Exercise 2.98. Add a term div (b(z, u, Vu, VZu)) here with b : @ x RxR"xR™ " —
R™ into (2.97) and modify (2.99) and Propositions 2.42 and 2.43.

Exercise 2.99. Realizing that only four out of all six combinations of derivatives
up to 3rd-order on the boundary have been used in (2.100), (2.101), (2.105), and
(2.107), identify the remaining two combinations and explain why they are not
compatible with a consistent and selective weak formulation.®4

Exercise 2.100 (Singular higher-order perturbations). Consider the weak solution
ue € W22(Q) N WhP(Q) of the problem

div(edivV2u — [VulP2Vu) = g inQ,
(2.167)
g—’lf =u =0 onl.
Prove the a-priori estimates
H“EHWLP(Q) <G H“EHWM(Q) <C/ve. (2.168)

By using Minty’s trick based on the monotonicity of the mapping ediv?V?2 — Ap,
prove the weak convergence u. — u in WO1 "P(Q) to the solution of the boundary-
value problem div(|Vu|P~2Vu) + ¢ = 0 and v = 0 on .35 Alternatively, make

84Hint: These two wrong options would exactly over-determine either the first or the second
boundary term in (2.104).

85 Hint: Taking into account the identity fQ |Vu5\p’2Vu€-Vv + eV2ue: V2o — gvdx = 0, use
H6V2u5||L2(Q;Ran) = O(\/¢) and, for any v € WOZ’Q(Q) NWLr(Q), show

0< / (|Vue|P~2Vue — [Vo[P72V0) - V(ue —v) + €|V2u5 — V2v|2 dz
Q
:/g(ug71;)7|V'U\p72Vv-V(uE7v)7€V2'U:V2(uEf'u) dx H/g(ufv)f\VvV’*ZVv-V(ufv) dx.
Q Q

Then extend the limit identity by continuity for all v € Wol’p(Q), and use v := u £ ez and
accomplish it by Minty’s trick.
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it by Minty’s trick based on the monotonicity of the mapping —A,.8¢ Show also
the strong convergence u. — wu in Wol’p(Q) by using d-monotonicity of pr.87
Modify it by considering also term ¢(Vu) as in Example 2.85 and/or Newton-type
boundary conditions, or a quasilinear regularizing term as in Example 2.46.

2.7 Excursion to regularity for semilinear equations

By regularity we understand, in general, that the weak solution has some addi-
tional differentiability properties as a consequence of some additional qualification
of data, i.e. in case of the boundary-value problem (2.45)—(2.49) a certain differen-
tiability of a, b, ¢, g, and h, and a qualification of ) as smoothness or restrictions
on angles of possible corners. This represents usually a difficult task and there are
examples showing that, in case of higher-order equations or systems of equations,
any smoothness of the data need not imply an additional smoothness of weak so-
lutions. Regularity theory is a broad and still developing area which determines a
lot of investigations in particular in systems of nonlinear equations and in numer-
ical analysis, and the exposition presented below is to be understood as only an
absolutely minimal excursion into this area.

We will confine ourselves to W*2-type regularity for semilinear equations
and we start with a so-called interior regularity®® for the linear equation

86 Hint: Again first for any v € Wg’Q(Q) NWLHP(Q), calculate
0< / (|Vue|P~2Vue — [Vo|[P72V0) -V (ue —v) da
Q
:/ g(ue—v) — |Vo|P72V0-V (ue —v) — eV2ue: V2 (ue —v) dz
Q

§/g(ug—v)—\Vv|p72Vv~V(ug—v)+5V2ug:V2vd:t —>/g(u—v)—|Vv\p72Vv~V(u—v)d:c.
Q Q

87THint: Using Example 2.83, for any v € WOZ’Q(Q) NWLHr(Q), show
(HVUEHILO,;(IQ;R”) - HVUHII’;(IQ;]R”)> (HVUEHLP(Q;R”) - HV“”LP(Q;W)>
< / ([VueP72Vue — |VulP72Vu) -V (ue — u) do
Q
= / g(ue—v) — eV2ue: V2 (ue—v) — |Vu|P 7 2Vu-V(ue—u) + |Vue [P~ 2Vue - V(v—u) d
Q

< / gue—v) + eV2ue: V23 — |[VulP72Vu-V(ue—u) + [Vue [P~ 2Vue - V(v—u) dz
Q

—>/ﬂg(u—v)+£-V(v—u)dx

with some £ € LPI(Q; R"™) being a weak limit of (a subsequence) of |Vue|P~2Vuc. Pushing v — u
in WHP(Q) makes the last expression arbitrarily close to zero, which shows IVuellLprny —
IVul| p (;rn), hence the strong convergence ue — u.

88 This means we get estimates only in subdomains of © having a positive distance from I
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- 8<4l(>8u

— (aij(z)—
ZT; €4
=1 9% oz

) =g(x) onQ (2.169)

with nonspecified boundary conditions. By a weak solution to (2.169) we will
naturally understand v € W?(Q) such that [,(Vu)"AVv — gvdz = 0 for all

v e Wy 2(Q) where A : Q — R™™ : 2 — A(z) = [ai; (@) =1
Proposition 2.101 (INTERIOR W22-REGULARITY). Let A € C1(Q;R"*") satisfy
36 >0 Y(ER™ Y(a.a.)zeQ: CTA(z) ¢ > d|¢)%, (2.170)

g€ L2 (), and let u be a weak solution to (2.169). Then u € W22(Q). Moreover,

loc

for any open sets O, Oy C R™ satisfying O C Oy and Oy C Q, it holds that
[ullwzz20) < C(llgllz2c00) + lull2() (2.171)

with C = C(O, 02, ||A||Cl(Q;Ran)).

As the rigorous proof is very technical and not easy to observe, we begin with
a heuristic one. Take still an open set O such that O € Oy and Oy C O3, and a
smooth “cut-off function” ¢ : Q@ — [0, 1] such that yo < ¢ < x0,. Then, for a test

function 5 5
5 Ou
= — — 2.172

with £k =1,...,n, by using Green’s Theorem 1.30, we have formally the identity
- ou 0 0 ou
iR (i d
/;1 zZ: i aIEJ 3@ <8$k (C &m)) r
0 (.5 0u
—)d
/01 7,2 &ck i O ) ox; (C 8xk) *

8a” (’9u 0%u , 0%u o¢ Ou
/01 Z:: Ozy 0, T axjaxk)(C Se g X gy ) (2179

The identity (2.173) leads to the estimate

L2(Oq;R™) / Z ox; 8xk‘

<[, X g, [yl Y
O1 4 j=1 " axlaxk axjaxk O1 =1 al’k a$j 0x;0xy

+2C(’)C 8u<8au 8u+ , 0%u )_i_g(i( 8u)>dx

8@- 8xk 8azk 8:1:] i 6xj8xk a$k a$k

vz

8$Ck
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/ Z laijllcr @ (C ‘ H@xﬁm’

o 5=
2| Cllen o | M!(\%F %D)dx
+1l9llz2c00) QCVC—+C ;Z L2(O1;R™)

< Cu(IVul 20,0 + lall0,) (|67 5

axk L2(0y;R™) H ka

£2(0 ))
%

3
L+ D) (IVulEe0mm + I9lE20,)  (2174)

_QHC al’k‘LQ(Ol,R") (

with O depending on |[|[ai;]7;_ [|c1 (@rnxny and [[C]lc1(q). Then, letting k range
over 1,..,n, we obtain

lullw22(0y < C2(llgllrzcon) + llullwrzo,))- (2.175)

Finally, using a smooth “cut-off function” 7 : @ — [0, 1] such that yo, < n <
X0, and the test-function v = nu, we get 5HVU||2L2(01;R") < 6 [on|VulPde <
Jongudz < %Hg||2LQ(02) + %HUH%Q(Q), which eventually leads to (2.171). The rigor-
ous proof is, however, more complicated because (2.172) is not a legal test function

unless we know that u € W22(Q), which is just what we want to prove.

Sketch of the proof of Proposition 2.101. We introduce the difference operator D,
defined by

D] () = u(z + eey) — u(a:)’ e#0, [er]i = { (1) ﬁz ; Z (2.176)

9

and use the test function
v :=D; *(¢*Dju) (2.177)

with k = 1,...,n. Note that, contrary to (2.172), now v € Wol’Q(Q) is a legal test
function. The analog of Green’s Theorem 1.30 is now

/QUD]:EU) dz = /Qv(x)w(x —een) — w(z) dz

€

= é/gv(x)w(x —eeg)dx — é/gv(:c)w(x) dx
= é/gfu(x + eep)w(x)dz — é/gv(x)w(x) dz = 7/9 wDivdr (2.178)

if || is smaller than the distance g¢ of I' from Oq; note that v vanishes on 2\ O;.
Moreover, by simple algebra, we have the formula

D3 (vw) = Sjv Djw + wDiv (2.179)
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with the “shift” operator Sf defined by [Sfv](x) := v(z + eex). The analog of
(2.173) now reads as

Ou 0 9
[ St o

A,zv e Gt

i,j=1

_ /Ol Z (Dras g +SiayD §)< PO 42 2 D).
o (2.180)

We also use that |[Dgvl|r2(q,) < [Vllr2q) if |e] < &g := dist(01,1).% Then the
analog of (2.174) reads as

A

C
(S ) IVl + lol2a0)- 2280

Hence the sequence (selected from) {¢D5Vu}o<e<e, is bounded in L?(O1;R™)
and converges, possibly as a subsequence, Weakly to some w in L?(O01;R™). In the
sense of distributions, it must hold that w = (-2- 5oy V- 9 TIn particular, Zk Vu €
L?(O;R™) and, if considering k = 1,...,n, we have obtained (2.175). Then (2.171)
follows as outlined in the heuristics. O

Proposition 2.102 (INTERIOR W?32-REGULARITY). Let A € CH(Q;R™") N
W2(Q; R™™"™) with ¢ = 2*2/(2* — 2) with 2* from (1.34) satisfy (2.170), and
let g € W2(Q), and let u be a weak solution to (2.169). Then u € W2(9Q).

Moreover, for any open sets O,Oy C R™ satisfying O C Oy and Oy C Q, it holds
that

[ullws20y < C(lgllwiz0,) + lullz2@) (2.182)
with C = 0(07 ||A||Cl(Q;Ran)ﬂWZ,q(Q;Rnxn)).
Proof. Applying % to (2.169), we obtain

0 0%u dg = 0%a;; Ou  Oay; 0%u
o =L e 2.1
Z 3@ ( ij 3xjaxk) oxy, '21 (3@3@ Ox; + oxy, 3@-8:01-) (2.183)

,j=1 )=

897t holds that [Dfv](z) = fol %(v + 7Teer)dT so that, by Holder inequality, we obtain
1 9 2 2
HDiv||%2(Ql) = f91 [ f5 %(U+786k)d7| dz < [o | V| dz.
90For any v € 2(0) it holds that lim._0 ffh (¢DEVu)vde = lime 0 — [ D *(¢v)Vudz =
fQ Bar (Cv)Vudx = —fo Bor vVud:c
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in Q. Note that, by Proposition 2.101, v € W22(Q) and therefore (2.183) has

loc

indeed a good “weak” sense: z := a%u is a weak solution to (2.169) with z
instead of u and with %g - diV((%A)VU) - (%A)Vgu € L% () instead of
g. Hence %ku € Wlif(Q) O

For linear equations as (2.169) the process suggested in (2.183) can be
iterated for k = 4,... to obtain W]]Zf—regularity under the assumption that
A € CF2(Q; RV ) N WE-La(Q; R™") and g € WF=22(Q). This differs from
nonlinear equations where the regularity has usually a natural bound. Here, we
confine ourselves to semilinear equations where results for linear equations can
directly be exploited. To be more specific, we will handle the equation

"9 ou _
> L (a2 + o) + o(Tu) o= gla)  on® (2184
ij=1 " J

again with unspecified boundary conditions. By a weak solution to (2.184) we will
naturally understand u € W?(Q) such that [, ((Vu) "A+ao(u))-Vo+ (co(Vu)+

|u‘q—2u _ g)vdx = 0 fOI‘ all IS WO172(Q>

Proposition 2.103 (REGULARITY FOR SEMILINEAR EQUATIONS).

(i) Let A € CH(;R™ ™) satisfy (2.170), let 1 < q < (2n—2)/(n —2) forn >3
(or q > 1 arbitrary if n < 2), ag : R — R™ be Lipschitz continuous, ¢y have
at most linear growth, and g€ L2 (). Then any weak solution u € W'2(Q)

loc

to (2.184) satisfies also ue W22 (Q).

loc
(i) Moreover, let, in addition, A € W2™ax2n+e)(Q:R™X™) with ¢ > 0 if n = 2
(otherwise € = 0 is allowed), and let also q¢ > 2, ag € C?(R; R™) with

having arbitrary growth — if n <3,
ag : R —R" < being bounded if n=4, (2.185)

co : R™ — R be Lipschitz continuous, and g € Wl’Q(Q). Then any weak solution

loc

ueW1L2(Q) to (2.184) belongs also to Wlif(Q)

Proof. Note that u € W'2(Q) implies div(ao(u)) = ap(u)Vu = D7, ap;(u) z2-u
€ L%(Q) if ap € WH°(R;R") as assumed, cf. Proposition 1.28. Also, co(Vu) €
L?(Q) because of the linear growth of co, and eventually |u|9=2u € L?"/(a=1)(Q)
L3(Q) if 1 < ¢ < (2n—2)/(n —2) (or ¢ > 1 arbitrary if n < 2). Noting also that
the exponent 2*2/(2* — 2) equals max(2,n) if n # 2, or is greater than 2 if n = 2,
we can use simply Proposition 2.101 with g being now g; := g — div(ag(u)) —
co(Vu) — |u|?2u € L*(Q). The point (i) is thus proved.
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Assuming the additional data qualification as specified in the point (ii), we
want to show that g; € W’lif(Q) Fori=1,...,n, we have

dg1  Og - , 0%u
axi - (95!1‘1 ;(a‘)j(u)éxiéxj

ou Ou  Ocy 9%u
) 2 525 T 5 Y owa;

For u € W12(Q), we have |u|972 € L?"/(4=2)(Q) so that, in general, we do not have
|u|7=2Vu € L*(Q) guaranteed. Likewise, the ag- and co-terms also do not live in
L?(£2) in general if we do not have some additional information about u € W2(Q).
However, we can use the already proved assertion (i), i.c. u € W22(); this trick
is called a bootstrap® . Then it is easy to show that g1 € VVlif (©2) hence we can
use simply Proposition 2.102 with g being now g;. O

) —-(q-—1)h4q*2é§§. (2.186)

i

1
+ ag;

Having the data qualification A € C'(Q;R™*") and ag € WH>(R;R") as-
sumed and the VVIZOC2 (Q)-regularity at our disposal, it is then straightforward to
check that (2.184) holds not only in the weak sense but even a.e. in Q. Such a
mode of a solution to a differential equation is called a Carathéodory solution.

Let us now briefly outline how regularity up to the boundary can be obtained.
We will confine ourselves to W2 2-regularity and the Newton boundary conditions

(2.48) and begin with (2.169). Thus (2.48) reads as
= ou
> viai ()5 +b(x,u) =h(z)  on T. (2.187)
= i

Proposition 2.104 (WW22-REGULARITY UP TO BOUNDARY). Let Q be of C%-class,
AeCH(Q;R™ ™) satisfy (2.170), be C1(R™xR) satisfy, for some by>0 and C €R,

V(a.a.)x €l Vry,ro€R: (b((L‘,Tl)—b(.’E,T‘Q))(’I"1—’I”2> > bo‘rl—r2’2, (2.188a)
b
FyeL*(T) V(a.a.)zel VreR: %(x,r)’ < ~v(z)+ C\T\Q#/Q, (2.188b)

geL*(Q), he WH2(T'),%2 and let ue W12(Q) be the unique weak solution to the
boundary-value problem (2.169)—(2.187). Then ue W*2(Q). Moreover, if b(x,r) =
by (x)r with by € wi2%2/ (2% -2) (T), then

lullwz20) < C(llgllezc0) + Ihllwrzm)) (2.189)
with C = C(Q, [ Allormnxny, 101 llw2n—24e(r)).-

910ften, bootstrap is used not only in the order of differentiation but rather in the integrability,
which is not possible here because we present the Hilbertian theory only.

92The notation W12(I") for I smooth means that, after a local rectification like on Figure 8,
the transformed and “smoothly cut” functions belong to W1:2(R"~1). Also %b in (2.188b) refers
to the derivatives in the tangential directions only.
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Sketch of the proof. First, as £ is bounded, I' is a compact set in R", and can
be covered by a finite number of open sets which are C2-diffeomorphical images
of the unit ball B = {{ € R™; |£| < 1} such that the respective part of I' is an
image of {{ = (&1,...,&) € B; & = 0}. Thus we rectified locally the boundary
I, cf. Figure 8.

e diffeomorphism &

&1

Figure 8. Illustration of finite coverage of T C R? and one diffeomorphism rectifying
locally a part of I'.

It is a technical calculation showing that 4 € W12(By) defined by @(¢) = u(¥(€)),
where ¢ : By = {¢ € B; z; < 0} — Q is the homeomorphism in question,
is a weak solution to an equation like (2.169) but with the coefficients A trans-
formed but again being continuously differentiable and satisfying (2.170)%, and
the boundary condition (2.187) transforms to a similar condition for ¢, —o. Hence,
in fact, it suffices to obtain an estimate like (2.189) only for @ € W12(By). For
simplicity, we will use the original notation.

We again use the test function (2.177) but now only for k = 2,...,n, i.e. we
use shifts only in the tangential direction, so that we still have (2.178) at our
disposal. Now the cut-off function ¢ : By — [0, 1] can be taken as 1 in a semi-ball
{¢ € R™; [¢] <1 —¢o, x1 < 0} and vanishing on {{ € R™; [¢{] > 1 — L, 21 <
0} with some gg. The heuristical estimate (2.173)—(2.174) now involves also the
boundary term [i.(b(x,u) — h)%(@%u) dS which, in the difference variant,
reads and, for |e] < %so, can be estimated as

/(b(x,U)—h)D;E(CQDzu) ds = —/§2Di(b(x7u)_h) cudS
r r
_ /F 2 (b(x+56k7u(f+€€k)) — b(z+eer, u(z))

3

—Dih+ 1/ @(quTek,u(x))dT) DjudS
€ )y Or

2
< ~bollDFul 7oy + (IAllyaqey + In+HCT 2] ey ) DR o

93To be more specific, i satisfies ZZj:l 0(a;;0u/0x;)0x; = g with the transformed coefficients
aij (&) = Zz,lzl[akl%’lﬁ_l%’lb_l](’i/)(f)) and g(&§) = g(¥(&)). The boundary conditions are
transformed accordingly, i.e. b(&, ) = b(x(€), ) and k(&) = h((£)).
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2 1 2 2#
< [ty + 5o (e + el Fanr ) (2190)

In this way, we get the local estimates for Bm@;mu for all (i,7) except i =1 =j
10T

meant in the locally rectified coordinate system, cf. Figure 8(right).
The estimate of the normal derivative follows just from the equation itself
which has been shown to hold a.e. in 2. Thus

0%u 1 Oa;; Ou
3—x% - —(g N Z ij 31’28% Z 3x: &rj) (2.191)

a =
1 i+j>2 i,7=1

from which we get the local L?-bound for 0 o7 U near the boundary because a;;" €

L>(€)) due to the uniform ellipticity of A.

For the special case b(z,r) = by(x)r, the estimate (2.190) can be finalized by
I[Zb](z,w)|| 2y < H%b1||L2#2/(2#,2)(F)HuHLQ#(F). This eventually allows us to
derive the a-priori estimate (2.189) by summing the (finite number of) the local
estimates on the boundary with one estimate on an open set O from Proposi-
tion 2.101 and by using the conventional energy estimate [|u([yy1.2() and thus also
HuHLQ#(F) in terms of g and h. O

Corollary 2.105 (W?2-REGULARITY FOR SEMILINEAR EQUATION). Let the as-
sumptions of Propositions 2.103(i) and 2.104 be satisfied. Then any weak solution
u to the equation (2.184) with the boundary conditions

n

ZW <aij (x)aa—xuj + aOi(u)) + b(z,u) = h(x) on T (2.192)

j=1
is a Carathéodory solution and belongs also to W22(Q).

Remark 2.106 (Dirichlet boundary conditions). Alternatively, instead of (2.192),
one can think about prescribing u|r = up with up, = w|r for some w € WQ’Z(Q).
After a shift by w, cf. Proposition 2.27, one gets a problem for uy = v — w with
zero Dirichlet condition and a contribution to the right-hand side which is again
in L2(£2). The proof of Proposition 2.104 is even simpler because (2.190) simply
vanishes.

2.8 Bibliographical remarks

Pseudomonotone mappings have been introduced by Brézis [64].%* A further read-
ing can involve the books by Necas [305], Pascali and Sburlan [325], Renardy and

941In fact, [64] allows for A : V — Vi with Va “in duality” with V but not necessarily Vo = V*,
and also requires u — (A(u),u — v) to be lower bounded on each compact set in V' and for
each v € V, which is weaker than (2.3a). In literature, “pseudomonotone” sometimes omit (2.3a)
completely, cf. [427, Definition 27.5].
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Rogers [349], Ruzicka [376], and Zeidler [427, Chap.27]. Mere monotone map-
pings can be found there, too, and also in a lot of further monographs, say
[95, 168, 414, 424]. Historically, theory of monotone mappings arises by the works
by Browder [73], Minty [286], and Vishik [416].

The mappings weakly continuous when restricted to finite-dimensional sub-
spaces and satisfying (2.123) are called mappings of the type (M), having been in-
vented by Brézis [64], and further generalized e.g. in [201, 227]. This class involves
both the pseudomonotone and the weakly continuous mappings®® but, contrary
to those two classes, it is not closed under addition. Mappings of type (M) do
not inherit some other nice properties of pseudomonotone mappings, t00.%6 As
to the weakly continuous mappings, their importance in the context of semilinear
equations has been pointed out by Francu [149]. The setting A : V — Z* D V*
with V, C Z we used in Section 2.5 was used by Hess [201] in the context of the
mappings of the type (M), see also [325, Ch.IV, Sect.3.1] or [427, Sect.27.7]. The
mappings satisfying (2.23) are called mappings of the type (Sy); this notion has
been invented by Browder [76, p.279].

The fruitful Galerkin method originated at the beginning of 20th century
[171], being motivated by engineering applications.

Concrete quasilinear partial differential equations in the divergence form
has been scrutinized, e.g., by Chen and Wu [92, Chap.5], Fu¢ik and Kufner
[159], Gilbarg and Trudinger [178, Chap.11], Ladyzhenskaya and Uraltseva [250,
Chap.4], Lions [261, Sect.2.2], Necas [305], Taylor [402, Chap.14], and Zeidler [427,
Chap.27]. For semilinear equations see Pao [324]. Quasilinear equations in a non-
divergence form (not mentioned in here) can be found, e.g., in Ladyzhenskaya and
Uraltseva [250, Chap.6] or Gilbarg and Trudinger [178, Chap.12]. Fully nonlin-
ear equations of the type a(Au) = g (also not mentioned in here) are, e.g., in
Chen, Wu [92, Chap.7], Caffarelli, Chabré [86], Dong [126, Chap.9,10], Gilbarg
and Trudinger [178, Chap.17].

Regularity results in Sect. 2.7 can easily be generalized for the strongly mono-
tone quasilinear equation of the type (2.147) satisfying (2.159a). More general reg-
ularity theory for elliptic equations is exposed, e.g., in the monographs by Bensous-
san, Frehse [50], Evans [138], Giaquinta [175], Gilbarg, Trudinger [178], Grisvard
[190], Lions, Magenes [262], Ladyzhenskaya, Uraltseva [250], Necas [302, 305], Re-
nardy, Rogers [349], Skrypnik [387], and Taylor [402]. Besides, this active research
area is recorded in thousands of papers; e.g. Agmon, Douglis, and Nirenberg [6]
and Necas [303].

9 For the implication “pseudomonotone = type-(M)” see Exercise 2.54 while the implication
“weakly continuous = type-(M)” is obvious — note that even limsup,_, <A(uk),uk> < (f,u)
occurring in (2.123) does not need to have a sense if A(ug) € Z*\V* or f € Z*\ V*.

9 E.g., ® of type (M) does not yield weak lower-semicontinuity of ®, unlike pseudomonotonic-
ity, cf. Theorem 4.4(ii); e.g. ®(u) = —||u/|? if V is an infinite-dimensional Hilbert space.



Chapter 3

Accretive mappings

Besides bounded mappings from a Sobolev space to its dual, there is an alternative
understanding of differential operators as unbounded operators from a (typically
dense) subset of a function space to itself. This calls for a generalization of a mono-
tonicity concept for mappings D — X, with X a Banach space and D its subset.
Moreover, X need not be reflexive because the weak-compactness arguments will
be replaced by metric properties and completeness. The main benefit from this
approach will be achieved for evolution problems in Chapter 9 but the method is
of some interest in steady-state problems themselves.

3.1 Abstract theory

For brevity, let us agree to write || - || and || - ||+ instead of || - ||x and || - || x+,
respectively.

Definition 3.1. A duality mapping (in general set-valued) J : X = X* is defined
by:

J(u):={feX™; (fou) =|ul®=f]Z}. (3.1)

Lemma 3.2. Let X be a separable! Banach space.

(i) J(u) is nonempty, closed, and convezx, and J is (norm,weak™®)-upper semicon-
tinuous.

(ii) If X* is strictly convez, then J is single-valued, demicontinuous (i.e. here
(norm,weak*)-continuous), and d-monotone with d : R — R linear.

(iii) If X* is uniformly convex, then J is continuous.

(iv) If X is strictly convex, then J is also strictly monotone.

Mn fact, if general-topology tools and Alaoglu-Bourbaki’s theorem would be used instead of
Banach’s Theorem 1.7, non-separable spaces can be considered, as well.

T. Roub(8ek, Nonlinear Partial Differential Equations with Applications, 95
International Series of Numerical Mathematics 153,
DOI 10.1007/978-3-0348-0513-1_3, © Springer Basel 2013
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Proof. (i) Closedness of the set J(u) is obvious while its convexity follows from
the chain of estimates:
1 1 1 1

lull? = (5F1+ 3 f2ru) < (Gl + 0l ) el = Il
Nonemptyness of J(u) is a consequence of the Hahn-Banach Theorem 1.5, allowing
us to separate any v € X, ||v]| = 1, from the interior of the unit ball, i.e. there is
g € X* such that [|g||l« = sup=1(9,@) =1 and (g,v) = 1. For arbitrary 0 # u €
X, we then have f = g|lu| € J(u) with g selected as previously for v := u/||ul|
because obviously (f,u) = [[ull{(g,u) = [lull*(g,u/|lull) = [[u]*(g,v) = |lul* and
1 f Il = llgll«lJul| = [Jul|. If w= 0, then obviously J(u) > 0.

To show the (norm,weak*)-upper semicontinuity of J, take ur — u, fi = f,

and fi € J(ug). Then

fi+ f2

<3

(frw) < (fiyun) = lluel|* = [lul]? (3.2)
and therefore (f,u) = |lu||®. Since || - ||« is convex and continuous, it is weakly*
lower semicontinuous and thus

T T
[fll+ < Tim inf [ fifl. = lim inf fJug]| = T Jlugl] = JJul] = <l (3:3)
k— o0 k—o00 k—o00 HUH

where (f,u) = ||u/|? has been used. Altogether, ||f||. = ||u|| and thus f € J(u).
(ii) Strict convexity of X* and convexity of J(u) implies that J(u) is a sin-
gleton because J(u) always belongs to a sphere in X* of the radius ||u||. The
demicontinuity in the sense of the (norm,weak*)-continuity of J then follows from
the point (i).
The d-monotonicity of J follows from the estimate

{(J(u) = J(v),u = v) = [T(@)[[]lull + [T @)[|«[[o]] = (T (@), v) = (J(v),uw)
2 ([T (@) lelfell + T @)l = 1T @)l l[oll = 1T ()] [l

= (171 = @)l (el = M1oll) = (lull = l0l)" (3.4)

(iii) Besides J(ug) = J(u) for up — u, we have also ||J(ug)|l« = |Jurl —
llu]l = ||J(w)||« so that Theorem 1.2 yields J(uy) — J(u).

(iv) Suppose (J(u) — J(v),u —v) = 0. From (3.4) immediately follows ||u|| =
|lv||. Suppose, for a moment, that « # v. Then also u/||u]] # v/||v| and thus
| J(w)]l« = (J(w),u/l|ull) > (J(u),v/||v]]) because the supremum in ||J(u)|. =
supy <1 (J(u), z) can be attained in at most one point because X is strictly convex;
this point is z = u/||u||. Therefore (J(u),u) > (J(w),v). Similarly, also (J(v), v) >
(J(v),u). Thus

a contradiction to (J(u) — J(v),u —v) = 0. O
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Corollary 3.3. Let X be reflexive and both X and X* be strictly convex.2 Then J
exists, and is the duality mapping X*—X. In particular, J~' is demicontinuous.

Proof. We use Browder-Minty’s theorem 2.18. Thus it remains to show the coer-

civity of J: obviously (J(u),u)/|ul| = ||ul|?/||u] = ||u|| = +oo for |lu|| — oc. By
symmetry of the definition (3.1), J=!: X* — X is then the duality mapping, and
by Lemma 3.2(ii) it is demicontinuous. O

Definition 3.4. The mapping A : dom(A4)—X, dom(A)CX, is called accretive iff
Vu,vedom(A) Ife(u—v): (f, A(u) — A(v)) > 0. (3.6)

If, in addition, I 4+ A is surjective, A is called m-accretive.?

Remark 3.5. Introducing the notation of a so-called semi-inner product (-, -)s by
(u, v)s := sup (u, J(v)), (3.7)

the definition (3.6) can equivalently be written* as (A(u) — A(v),u — v)s > 0.

Remark 3.6. If — A is accretive (resp. m-accretive), A is called dissipative (resp. m-
dissipative).

Lemma 3.7 (METRIC PROPERTIES). The mapping A is accretive if and only if
(I+ XA)™L, defined on Range(I + \A), is non-expansive for any X > 0, i.e.

lu = ol] < flu+ AA(u) v — AA@)]. (3.8)

Proof. The “only if” part: Let u,v € dom(A) and (f, A(u) — A(v)) > 0 for some
f € J(u—v). Then

lu =l = (f,u—v) < (fu—v+MA®) - Av)))
< £l Ju—v + MA(u) = A@) || = u—vl[u—v + MA(u)—A(v)|| (3.9)

from which (3.8) follows for any A > 0.

The “if” part: Conversely, suppose that (3.8) holds. Let f\ € J(u — v +
AMA(u) — A(v))). The case u = v is trivial because f = 0 € J(0) = J(u — v)
satisfies (f, A(u) — A(v)) > 0. Hence we may assume u # v. Then fy # 0 because,
by (3.1) and (3.8), ||fall« = ||lu + AA(u) — v — AA(v)|| > ||u — v|| > 0 and thus we

2In fact, the strict convexity is not restrictive in this case because, by Asplund’s theorem,
every reflexive space can be suitably re-normed so that the new norm is equivalent with the
original one and both X and X* are strictly convex.

3Sometimes, this is called “hypermaximal accretive” or “hyperaccretive”, cf. Browder [76]
Crandal and Pazy [109] or Deimling [118, Sect.13]. For “hyperdissipative” see Yosida [425,
Sect.XIV.6].

4This equivalence is due to the weak* compactness of J(v), cf. Lemma 3.2(i) and we realize
that J(v) is certainly bounded, so that the supremum in (3.7) is certainly attained.
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can put gx = fa/|[frll«. Then, up to a subsequence, gy — g weakly* for A — 0.
Also, by (3.8), for all A > 0,

lu=vll < [lu = v+ AA(u) = AA(v)]| = (gx,ufv+/\A( ) = AA(v))
< lgallellu—=vll + Aga, A(u)=A(v)) = [[u=v]| + Mgx, A(u)=A(v)), (3.10)

from which it follows that (g, A(u) — A(v)

) >0 for all A > 0. For A — 0, one gets
(g9, A(u) — A(v)) > 0. By the first part of (3.10),

we have also
Ju—vl] < (gr,u—v+AA(u) — AA(v)) = (g,u—v) < |g[l[[u—vol|.  (3.11)

In particular, (3.11) implies ||g|l. > 1. Since ||g|l« < 1 (because || - ||« is weakly*
lower semicontinuous), we get ||g||« = 1 and then, again from (3.11), we get |lu —
v|| = (g9, u — v). This shows that f:= g|lu—v| € J(u—wv) from which (3.6) follows

with f = g|lu —v]|. O

Proposition 3.8 (M-ACCRETIVITY). If A is m-accretive, then I + NA is surjective
for all A > 0.

Proof. Let f € X and A > 0. Then u + AA(u) = f means just

= (I+A)71(§f+(lf %)u) =: By a(u) (3.12)
because Range(I + A) = X, cf. also Exercise 3.33. Moreover, (I + A)~! is non-
expansive on X (see Lemma 3.7) thus Bj 4 is Lipschitz continuous with the con-
stant [1 — $|. By the Banach fixed-point Theorem 1.12, (3.12) has a solution
provided A > % Since f was arbitrary, we may conclude that Range(I+ M\A) = X
for A > 1. For A < 1 we just iterate this procedure [—log,(A)]-times, with []
denoting here the integer part, relying on the fact that u should also be a fixed
point of By, x,a with A = A Ay and that, if Ay > %, Bi, x,4 is non-expansive
provided we already have proved the surjectivity of I + A2 A and non-expansivity
of its inverse. U

Remark 3.9 (Maximal accretivity). If A is m-accretive then it is maximal accretive
with respect to the ordering of graphs by inclusion.®

Remark 3.10 (Special case dom(A) = X = X* Hilbert). If X is a Hilbert space,
then J is linear. If also X = X*, then simply J(u) = u. If also dom(A) = X,

5Cf. Exercise 3.37 below. The opposite implication holds if X is a Hilbert space. In general, it
does not hold, as shown by Crandall and Liggett [108]. The latter property equivalently means
that, if A is accretive and if, for all v € dom(A), (f — A(v),u — v)s > 0, then u € dom(A) and
A(u) = f

61n this case, one can define the linear operator J : V. — V* by (Ju,v) := (u,v) with (-,-)
denoting the inner product in V. Then (Ju,u) = (u,u) = ||u||? and ||Jul/+ = SUp |y =1 (Ju,v) =
SUP||y||=1(t, v) = ||lul|, which obviously coincides with the definition (3.1).
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then monotonicity just coincides with accretiveness and, moreover, any accretive
radially-continuous A is m-accretive.”

Remark 3.11 (Generalized solutions of u + AA(u) = f). If V is a normed linear
space such that V C X densely® and A, defined on V, is m-accretive, by (3.8) we
can extend the uniformly continuous mapping (I + AA)~! : V — V on X. This
gives a generalized solution to u + AA(u) = f for f € X, cf. Remark 3.18 below.
Sometimes, this equation can be suitably interpreted, cf. (3.33) below.

Remark 3.12 (Solutions of A(u) = f). If A is m-accretive, by quite sophisti-
cated arguments, it can be shown that not only A + I/ but A itself is surjective
provided also X and X* are uniformly convex and A is coercive in the sense
lim | 5o [[A(v)|| = 005 cf. Deimling [118, Thm.13.4] or Hu and Papageorgiou
209, Part I, Thm.IT1.7.48].

3.2 Applications to boundary-value problems

This section, although having an interest of its own, is rather preparatory for
Chapter 9 and will mainly be exploited there.

3.2.1 Duality mappings in Lebesgue and Sobolev spaces

Let us emphasize that we assume R™ to be endowed by the Euclidean norm | - |
so that 7 - = |r|? for r € R™. For another choice, see Exercise 3.39 below.

Proposition 3.13 (DUALITY MAPPING FOR LEBESGUE SPACES). Let X =
LP(Q;R™). If 1 <p < 400, then J : LP(Q;R™) — LP(Q;R™) s given by

u(@)|u(z) P2

J(u)(z) = (3.13)

a2
for a.a. x € Q. For p=1, J is a set-valued mapping given by
J(u) = Jull L1 (rm)Dir(u) where
Dir(u) := { f€L>(Q;R™); f(z)edir(u(z)) for a.a. z€Q}, (3.14)
where “dir” denotes the direction of the vector indicated, i.e.

{ r/lr] ifr #0,

dir(r) :=
") {FGR’”; I7| < 1} ifr=0.

(3.15)

"Indeed, I: X — X = X* is monotone, bounded, and radially continuous and also coercive,
(utA(u),u) (A(u),u)
Tl ]
|[u]] = oo because, by monotonicity, the term (A(u),u) has at most linear decay: (A(u),u) =
(A(u) — A(0),u —0) + (A(0), u) > —||A(0)]|«||z||. Then, by Browder-Minty’s Theorem 2.18, A is

surjective.
8Then X is a so-called completion of V' (with respect to a uniformity induced by the norm).

hence so is I + A; the coercivity of I + A follows from = ||u| — oo for
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Proof. Recalling that LP(Q;R™) is uniformly convex, see Section 1.2.2, by
Lemma 3.2(ii), J(u) has just one element, and we are to verify (3.13). Indeed,
we obviously have

P2 u(z) da _
(), ) = OOy [ e = ol
HuHLp Q;R™) Q2
and also
2 p
gy = [ [a@ @l |
/(p—1) /(p—1)
/!u | [ prgﬁmﬁ’ Vaw=[full o [l Sy =l g
As to the case p = 1, we obviously have
T ) = ull ey | S0 @) = il gy 316)

for any f € Dir(u); note that always u(x) - dir(u(z)) = |u(z)|. Also, if u # 0,

] (u) ess su (3.17)

HLoo(Q;Rm) = H“HLl(Q;Rm) e |dir (u())| = HuHLl(Q;Rm)'

If u = 0, then the desired equality ||J(u)| g mrm) = 0 = ||ul|L1(Qrm) holds, too.
This proved the inclusion “D” in (3.14). The opposite inclusion follows by a more
detailed analysis of the above formulae. d

Proposition 3.14 (DUALITY MAPPING FOR SOBOLEV SPACES). Let X = W, " (),
1 <p < +oo, normed by |[ully1rq) = [Vullrrn). Then

J(w) = ——L—. (3.18)

Proof. Uniform convexity of LP'(€;R™) makes also W*(€)* uniformly convex.
Hence, by Lemma 3.2(ii) J(u) has just one element, and we are to verify (3.18).
By Green’s formula (1.54), we indeed have

(=Ayuu) [ VulPTPVu Ve de
R 7 e A Y =l B19)
Wi () W (@)

and, using again Green’s formula (1.54) and Holder’s inequality, also
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(Apu,v)
17 g - = < T
ol <t 1l )
Jo IVulP~2Vu - Vo dz
1]y 2.0 ) <1 Hu\lwl (@)
”quLp Q;R") Vo HLP(Q;R”)
HU” 1 P(Q)<1 u 1 :D(Q)
and the supremum (and thus equality) is attained for v = u/||u||W01,p(Q). O

Remark 3.15. For X = W'P(Q) normed by [[ullwir) = ([Vulll,qpn +
HuH’iP(Q))l/p, we have

lulP~2u — Apu

J(u) = (3.21)

||u||W1 P()

Note that we used (3.21) already for p = 2 in (2.161).

3.2.2 Accretivity of monotone quasilinear mappings

Let us consider A corresponding to (2.147), i.e. A(u) = —div a(x, Vu) + ¢(x, u),
and investigate its accretivity in X = L4(Q); for this we define’

dom(A4) = {uer’p(Q); diva(z, Vu) — c¢(z,u) € LY(Q), ulr, = up,

a(x,Vu) + b(z,u) = h(x) on Iy in the “weak sense”} (3.22)

with h € LP#I(FN) and up, satisfying (2.58) fixed. As in Exercise 2.88, we assume
here (2.148), i.e. in particular that a(z,-), b(z, ), and ¢(z, -) are monotone.

Proposition 3.16 (ACCRETIVITY). Let 1 < g < p*, ¢ < 400, and let (2.148),
(2.57) concerning h, and (2.58) hold. Then A(u) = —div a(z, Vu) + ¢(x,u) posed
s (3.22) is accretive on L1(€2).

Proof. First, note that dom(A4) C WP(Q) C LY(Q) =: X provided ¢ < p*.
If ¢ = 1, then “dir” (which is just “sign” for m = 1) in (3.15) is not continuous
at 0, and we must use its regularization sign. : R — [—1, 1] defined, e.g., by

sign,(r) = { r/lrl itz e, (3.23)

e r  otherwise.

9For ¢ > p*’, (3.22) means that we take all weak solutions u € W1P(Q) for the boundary-
value problem (2.147) with some g € L9(€2) and with the boundary condition specified.
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Then, for u,v € dom(A) and for f = sign(u—v) € J(u—v)/||u—v|r1(q), we have

(f, A(u)—A(v)) = /Q sign(u—v) (c(u)fc(v) - div(a(Vu)fa(Vv)))dx

= lim [ sign (u—v) (c(u)fc(v) - div(a(Vu)fa(Vv)))dx

e=0 Jo
= lim Q(a(Vu)—a(Vv)) Vsign, (u—v) + (c(u)—c(v))sign, (u—v) dz
+/F (b(u) — b(v))sign,(u —v)dS >0 (3.24)

where we used, beside Green’s formula (1.54), the convergence

1 ifu(z) > v(z),
liH(l) sign_(u(z) — v(z)) = sign(u(x) —v(z)) = 0 ifu(z)=v(x), (3.25)
= -1 ifu(z) <v(z),

for a.a. z € Q) and then we used the Lebesgue Theorem 1.14 with the integrable
majorant |div(a(Vu) — a(Vv)) — c(u) + c¢(v)| € L1(Q2). The inequality in (3.24) is
because (a(Vu) — a(Vv)) - Vsign,(u — v) = (a(Vu) — a(Vv))(Vu — Vo)sign’ (u —
v) > 0, cf. Proposition 1.28, and also (c¢(u) — ¢(v))sign,(u—v) > 0, and similarly
(b(u) — b(v))sign, (u—v) > 0.

For ¢ > 1, we use J from (3.13). As the case u = v is trivial, let us take u,v €
dom(A), u # v, and define wy(r) := r|r|972/|lu — v||%;(29). Besides, let us consider
a Lipschitz continuous regularization wy . of wy such that lim. o wy (1) = wy(r)
for all 7 and wg.(r) < wq(r) for r > 0 and wy (1) > wq(r) for r < 0. By using
Lebesgue’s Theorem 1.14 and Green’s formula (1.54), we can calculate!®

(J(u—v), A(u)—A(v)) = /Q wq(u—v) (c(u)fc(v) - div(a(Vu)fa(Vv)))dx

= lim [ wye(u—v) (c(u) — ¢(v) — div(a(Vu) - a(Vv)))dx

e—0 Jo
= gl_{% </Q (a(Vu) — a(Vv)) - Vwg c(u—v) dz
+/Q (c(u)—c(v))wg,e(u—v) dz + /F (b(u)=b(v))wg, (u—v) dS>
=: lim (he+ Ioe + I3c). (3.26)

10Note that (u—v)ju—v|?~2 € LT (Q) if ¢ < p* while div(a(Vu)—a(Vv)) +c(u)—c(v) € LI(Q)

so that the product is indeed integrable and, up to a factor ||u — it also forms the

2—
vHLq EIQ)’
integrable majorant for the collection {wg,e (u—v)(c(u)—c(v) — div(a(Vu)—a(Vv)))}eso needed
for the limit passage by Lebesgue’s Theorem 1.14.
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The first integral I . can be estimated as

I e /Q (a(Vu) — a(Vv))-Vwge(u —v) dz

/Q (a(Vu) — a(V)) -V(u—v)w) (u—v)dz > 0; (3.27)

note that wy. : R — R is monotone and Vwg (v —v) = wy (v — v)V(u — v);
cf. Proposition 1.28. Of course, we used the monotonicity of a(z,-) and that wy, .
is bounded. The monotonicity of ¢(z,-) and of b(x, -) obviously gives I . > 0 and
I3 > 0, respectively; the at most linear growth of w, . gives a good sense to both

I275 and 13’5. OJ

Proposition 3.17 (M-ACCRETIVITY). Let, beside the assumptions of Proposi-
tion 3.16, also ¢ > p*'. Then A(u) = —div a(x,Vu) + c(x,u) posed as (3.22)
is m-accretive on L1(€Q).

Proof. We are to show that the equation u — div a(Vu) + ¢(u) = g has a solution
u € dom(A) for any g € X = L(Q). As we assume ¢ > p*’, we have LI(Q) C
LP"'(€), and there is u € W1?(Q) solving the boundary-value problem (2.147)
in the weak sense. Then it suffices to show u € dom(A). Indeed, in the sense of
distributions it holds that

div a(Vu) — c¢(u) =u—g € L1(Q) (3.28)
because u € WHP(Q) € LP(Q) C LY(Q) provided p* > q. O

Remark 3.18 (Generalization for ¢ < p*’). The restriction p*’ < p* we implicitly
made in Propositions 3.16-3.17 requires p > 2n/(n+2) and calls for some sort of
extension if ¢ & [p*', p*] even if this interval is nonempty. For ¢ € [1,p*’), one can
still perform the estimate (A(u) — A(v),u — v)s > 0 as in (3.24) or (3.26), and
then by (3.9) one can prove the uniform continuity of the mapping (I + A)~! in
the L?(Q)-norm. One can then make an extension by continuity of this mapping
to get a generalized solution to diva(Vu) — (c(u) + u) = g € LI()) with the
above boundary conditions, cf. Remark 3.11. Unlike the distributional solution
(3.33) below, more concrete interpretation is not entirely obvious unless one gets
additional information about Vu.!!

Remark 3.19 (The case ¢ = +00). Investigation of ¢ > p* would require to show an
additional regularity of solutions to the boundary-value problem (2.147) to show
dom(A) C L(Q). The case ¢ = 400, which we avoided in Propositions 3.16-3.17
anyhow not to speak about L>(€2)*, is exceptional and can be treated by a special

1A concept of the renormalized and the entropy solutions has been developed for it; see
Bénilan et al. [47] and references therein.
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comparison technique. Instead of (3.22), let us set!?

dom(A) = {uGW“’(Q) A Le(Q): div a(z, V) — e(z,u) € L2(Q),
ulr, =up, v-a(zr,Vu)+b(z,u)=hon FN}. (3.29)

Let us assume, in addition, that a(z,s) -s > 0, c¢(z,r)r > 0, h € L*°(T), and
b(z,-)~! does exist and b= (h) € L>(T).

As the dual space to X = L*°(2) is a very abstract object, we avoid specifying
the duality mapping J : L*(Q) — L*°(Q)* and will rather rely on the formula
(3.8). For any g € L>=(Q) and \ > 0, there is a weak solution u € W1?(Q2) to the
boundary-value problem

u—Mdiva(Vu) + Ac(u) = g  onQ,
v-a(Vu)+blu) = h  only, (3.30)

ulp, = up on Iy.

Putting G := max (||up || poo(mp)s [|9]l L2(0), 1671 (h)|| L= (0)) and testing the weak
formulation of (3.30)!2 by v = (u—G)*, we can see that u < G a.e. in Q; cf. Ex-
ercise 3.36. Likewise, the test by v = (u+G)~ yields u > —G a.e. in Q. Thus
we L®(Q) and diva(Vu)—c(u) = (u—g)/X € L>®(2), so that u € dom(A) from
(3.29).

Now, take g1,¢92 € L>°(Q2) and the corresponding uy,us € dom(A), subtract
the corresponding problems (3.30) from each other, and moreover subtract the
constant G = [\g1 — gz (q) from both sides, i.e. (uy —uz — G) — A(div(a(Vuy) —
a(Vuz)) — c(u1) +c(uz)) = g1 — g2 — G with the boundary condition v - (a(Vuy) —
a(Vug)) +b(u1) —b(uz) = 0 on Ty. Test the weak formulation with v = (uq —ug —
G)T. Using Vv = X{ze: ui () —us(z)>G} V(U1 —uz), cf. Proposition 1.28, this gives

/Q <(U1 — U — G)+)2 + Ae(ur) = c(uz)) (u1 — ug — G)*dx

+/ A(a(Vm) — a(Vm)) -V(ug — ug)dx
{z€Q; wi(z)—u2(z)>G}

+/F A(b(ur)—bus)) (ur —us—G)HdS = /Q(gl—gg—G)(ul—uQ—G)"'dx <.

The left-hand side can be lower-bounded by ||(u; — ug — G)+||2L2(Q)7 which shows
up —ug < G a.e. on Q. Likewise, testing by v = (u1 —ug+G)~ yields ug —ug > —G
a.e. in Q. Altogether, ||u; — uz| =) < G = [|g1 — ga|/L~(q) so that the mapping
g — u is a contraction on X = L*°(Q).

12In fact, (3.29) coincides with (3.22) for ¢ = +oo if p > n because then automatically
WLP(Q) C L(Q).

13Here we must assume p > 2n/(n+2), so that p* > 2 to satisfy |r 4+ Ae(r)] < C(1 4+ |r|P" 1)
like in (2.148c).
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Remark 3.20 (Alternative setting). We can define dom(A4) more explicitly than
(3.22) if a regularity result is employed. E.g., assuming a(x,s) := A(x)s and a
smooth data , A, b, and ¢ as in Corollary 2.105, Ty :=IT", we can define dom(A) =
{u € W22(Q); vTAVu + b(u) = h a.e. on I'}. The m-accretivity of A : v
c(v) — div(AVov) on L?(€) then follows from Corollary 2.105.

Example 3.21 (Advection term'*). One can modify A from (3.22) by considering
c(x,rys) = v(x) - s with a vector field ¥ : @ — R” such that div ¥ < 0 and
(r) - v > 0 as in Exercise 2.91. Again, let ¢ € [p*’,p*]. Then, abbreviating
wq(r) :=r|r|?77? and using Green’s formula, the accretivity follows from:

/Q(ufv)\ufv|q_217~V(u—v) dx:/wq(u—v)ff~V(u—v) dz

Q

= /QzTVcAuq(ufv) dz = /F (0-v) Bg(u—v)dS f/Q(divﬁ) @q(u—v)dz >0 (3.31)

where @, is a primitive function of wq.

3.2.3 Accretivity of heat equation

We will demonstrate the L!-accretive structure of the semilinear heat operator in
isotropic media, i.e. u +— —div(k(u)Vu), cf. Example 2.79 with B = .15 Except
n = 1, the previous approaches do not allow treatment of a heat source of finite
energy, i.e. bounded only in L!(2); cf. also (2.127). Here we put off this restriction,
i.e. we take X = L'(Q). For simplicity, let ¢ be monotone with at most linear
growth, and let b = 0. Then A(u) := —AR (u) + ¢(u), and considering Neumann
boundary conditions we put

dom(A):= {ueLl(m; AR (u)e LY(Q), % (u)=hon r} (3.32)

where AK (u) is understood in the sense of distributions and %E(u) = his
understood in the weak sense. Then u+ A(u) = ¢ for u € dom(A) means precisely
that v € L1(Q) with A% (u) € L*(Q) in the sense of distributions and that, by
using Green’s formula (1.54) twice,

/uv—%(u)Av—l—c(u)vdx:/gvdx
Q

Q

+/F<%v - E(u)%) dS:/nguder/FhvdS (3.33)

for any v € C>(Q) such that Zv = 0 on I'; note that we used u € dom(A)

to substitute 2 % (u) = h into the integral on I'. The important fact is that

14Cf. also Rulla [375].
15See Brézis and Strauss [69], or also Barbu [37, Chap. III, Sect. 3.3], Magenes, Verdi, Visintin
[267], Showalter [383, Theorem 9.2].
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this set of test functions has sufficiently rich traces on I'.'® The integral identity
(3.33) defines a so-called distributional solution, sometimes also called a very weak
solution.

Proposition 3.22 (M-ACCRETIVITY). Let ¢ : R — R be monotone with at most

linear growth, 0 < essinf k() < esssupk(-) < 400, and h € Lg#'(p). Then A :=
—AF% (u) + c(u) with dom(A) from (3.32) is m-accretive on L*(€2).

Proof. For clarity, we divide the proof into four steps.

Step 1: Considering the weak-solution concept, u + A(u) = g has a solution u €
dom(A) for any g € L? (2); see Example 2.79 which gives u € WH%(Q) satisfying

YoeWwh2(Q) - /V?%(u)-Vv + uv + c(u)v — gvde = / hvdS (3.34)
Q r

and realize that additionally AR (u ) =u+c(u)—ge L¥(Q) c LY(Q) and (3.34)
implies (3.33) for v € C*°(Q) with Zv = 0.

Step 2: We will show that the mapping g — u is non-expansive in the L'-norm. We
consider g := g1 and g2 and the corresponding u; and wug, write (3.34) for u; and
ug, then subtract; note that % (u1) and % (uz) live in W12(Q), cf. Proposition 1.28.
The resulting identity holds not only for ve€ 2(Q2) but even for ve WH2(Q). Thus
we can put v = sign (% (u1) — & (u2)) € WH2(Q) where sign. : R — [—1,1] was
defined by (3.23). This results in

/Q(ulquJrc(ul)fc(uQ)) sign, (% (u1) — % (uz))
+ V(% (u1) — R (u2)) - Vsign, (% (u1) — & (u2)) da
= [ (o = g sien (& (w) = & (1)) do < [ Jg1 = lde. - (3.35)
Q

Because of the monotonicity of sign., ¢, and &, the term

V(% (u1)—F (u2)) - Vsign, (& (u1)— 7 (u2))
= ’V’/%(ul)—V’/%(ug)’2sign’€(2(u1)—ﬁ(u2))

is non-negative and also (c(u1)—c(u2)) sign, (% (u1)— % (u2)) > 0 a.e.; we thus get
/Q(ul — up) sign, (& (u1) — K (u2)) do < ||g1 — gQHLl(Q). (3.36)

Realizing that {(u; — uz2)sign (% (u1) — R (u2))}e>o has an integrable majorant,
namely |u; — us|, and that this sequence converges to it a.e., we get

lim [ (u;—us2)sign, ( (ug)— (U2)) dx:/ ’ul—uQ‘dx = H“l_“?HLl(Q) (3.37)
Q

e—0 Q

16Here we use the same arguments as in the proof of Proposition 2.44.
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thanks to Lebesgue’s dominated-convergence Theorem 1.14. Joining (3.36) with
(3.37) proves g — u to be non-expansive in L(2).

Step 3. The limit passage: Take gp € L2(Q), g € L*(Q), gr — ¢ in LY(Q),
uy € dom(A) such that uy + A(ug) = gi. By the Step 2, ux — uin L1(Q). As & is
Lipschitz, also & (ux) — & (u) in L'(Q2). As c has at most linear growth, we have
also c(ug) — c(u) in L*(2). By Green’s Theorem 1.31 applied to (3.34), we know
that

/ upv — R (ug)Av + c(ug)vde = / grvdz + / hvdS (3.38)
Q Q r

which gives in the limit [, uv— & (u) Av+c(u)v dz= [, gv dz+ [ hv dS for any ve
C>(Q); %v =0, i.e. we get (3.33), thus u solves u+ A(u) = g with the boundary
condition £ % (u)=h on T' in the weak sense. Besides, (3.38) implies, in the sense
of distributions, A% (u) = u+c(u)—g, so that A% (u) € L*(2). Altogether, u €
dom(A).

Step 4: The accretivity: By the extension of the estimate in Step 2, we get that
I+ A)"t:gw u: LY(2) — dom(A) is non-expansive. By the same technique, it
can be proved that also (I + AA)~! is non-expansive for any A > 0. From this, A
is accretive, cf. Lemma 3.7. U

Remark 3.23 (Very weak solution to steady-state heat problem). The previous
considerations can immediately give a very weak solution for the heat equa-
tion —div(k(u)Vu) + c(z,u) = g with g € L'(Q) and with ¢ strongly monotone
(c(z,m1) —c(z,12))(r1 —72) > e(r1 —r2)? so that u—e ! (div(k(u)Vu) +co(u)) =g
with co(z,7) := c(x,r)—er is still monotone. In case n = 2, this describes the heat-
conductive plate with the convection coefficient ¢1(x) > & > 0, cf. (2.132) and Fig-
ure 6b. In the case ¢ = 0, which would correspond rather to Figure 6a, the situation
is more difficult and Remark 3.12 can apply. Moreover, varying also A and modify-
ing (3.35) appropriately, one gets [[u1 —ua||11(0) < [l91 —92/|L1 () + |h1 —hall L1 (1),
which allows for extension for h € L*(T).

Remark 3.24 (Other boundary conditions). The modification for the Dirichlet
boundary condition u|r = uy, is quite technical. In (3.32), instead of the Neumann
condition, one should involve & (u)|r, = Up with @y = & (up), and then (3.33)
with h = 0 should hold just for v € 2(Q). For the limit passage in Step 3 of
the above proof, we need also to show that & (ug)|r — K (u)|r at least weakly in
LY(T'). For this, we use boundedness of A% (uy) in L'(Q2), and the deep results of
Boccardo and Gallouét [56, 57], showing that & (uy) is bounded also in W14(£2)
with ¢ < n/(n—1), so that % (ug)|r is bounded in L (") with, due to (1.37),
g% < (n—1)/(n—2). More precisely, [56, 57] uses zero boundary condition, hence
we must first shift the mapping as in Proposition 2.27 for which we must qualify
Up as being the trace of some we W4(Q) with Awe LY(Q).
For Newton boundary conditions we refer to Benilan, Crandall, Sacks [49].
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Remark 3.25 (Heat equation with advection). The mapping A(u) := ¢(u)v' - Vu —
div(k(u)Vu), cf. (2.136), allows for L'-accretivity after a so-called enthalpy trans-
formation by introducing the new variable w := ¢ (u) where ¢(r) := [;¢(0)do
is a primitive function to ¢. Then obviously A(u) = ¢ - Ve (u) — A(k (u)) =
7 Vw — AB(w) with 8 = & o [¢]~!. Then, assuming ©€ W1 (2;R") such that
dive < 0 and ¥]r - v = 0, we can merge the calculations (3.31) with sign_ in place
of w, with the arguments in Proposition 3.22 with % o [¢]™! in place of %. The
identity (3.33) augments by the term u(?- Vo) — u(div ¢)v which allows easily for
a limit passage as in (3.38); note that the boundary term (¥ - v) is assumed zero
otherwise the limit passage would be doubtful.

3.2.4 Accretivity of some other boundary-value problems

An accretive structure may arise also in a so-called conservation law posed on a
one-dimensional domain 2 := (0, 1) as
d

Au) = aF(u), X :=LY0,1), (3.39a)

dom(A) = {ueWH(0,1); u(0) = us, iF(u)eLl(o,n}. (3.39D)

dx

Proposition 3.26 (M-ACCRETIVITY). Let F' : R — R be continuous and strongly
monotone. Then A :dom(A) — X defined by (3.39) is m-accretive.

Proof. For the accretivity, we choose f = sign(u—v) € J(u—v)/|lu—v|L1(0,1)-
Then:

(f, A(u)—A(v)) = /0 sign(u — v)% (F(u)—F(v)) dz

/0 %’FW)—F(@\ de = |F(u(1)~F(u(1)| >0,  (3.40)

where we used also that sign(u —v) = sign(F'(u) — F'(v)) by strict monotonicity of
F, and that «(0) = up = v(0), and for g = F(u) — F(v) we used also the identity
fol sign(g) L gda = fol 19| da, which follows by a regularization technique!”. As
to m-accretivity, we are to show that the ordinary differential equation

dw
dx

17Using sign, : R — [—1,1] defined for € > 0 by (3.23), by Lebesgue’s dominated convergence
theorem, it holds that

1 d 1 1 d
lg(1)le :/ —lgledz :/ sign. (g) —>/ sign(g) —gdz
o dx 0 0 dx

+Gw(@) = f(x),  w(0) = F(up), (3.41)

because sign,(g) — sign(g) a.e. and has an L°°-majorant while %g lives in L1(0,1). On the

other hand, also |g(1)| — |g(1)| = fol dd—z\g\ dz. Note that sign_ has a convex potential which we
denote by | - |¢, i.e. sign_(r) = (|r|¢)’. Moreover, we can suppose |0]c = 0.
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with G = F~! has a solution. As F has growth at least linear, G has growth at most
linear, and then existence of w solving (3.41) follows by the standard arguments;
cf. Theorem 1.45. For such w, u = G(w) solves u + A(u) = f. Moreover, for
f € L*(0,1) we have w € W(0,1). Then Lu = L G(w) = G'(w)Lw e L(0,1)
provided G'(w) € L*°(0, 1); this requires G to be Lipschitz for bounded arguments,
i.e. F' strongly monotone. Then u € W'1(0,1) and also £ F(u) = f—u € L*(0,1)
and therefore u € dom(A). O

Remark 3.27 (Scalar conservation law on R™). Assuming F € C'(R;R") and
limsupy,, o | F'(u)|/|u| < 400, the mapping A, defined as the closure in L'(R™) x
LY(R™) of the mapping u — div(F (u)) : C(R™) — Co(R™), has been shown to be
m-accretive on L'(€) in Barbu [38, Section 2.3, Proposition 3.11].

Remark 3.28 (Hamilton-Jacobi equation). For F:R—R increasing and Q = (0, 1),
the m-accretivity of the so-called (one-dimensional) Hamilton-Jacobi operator

A(u) = F(%), X :={veC([0,1]); v(0) =0=1v(1)}, (3.42a)
dom(A) := {uecl([o,ﬂ); ueX, %ex} (3.42b)

has been shown in Deimling [118, Example 23.5].

3.2.5 Excursion to equations with measures in right-hand sides

We saw that the accretivity approach allows us sometimes to solve equations with
integrable functions on the right-hand side even if L'(£2) was not contained in
WHP(Q)* and the usual a-priori estimates on W1?(Q) fail. Functions from L'()
are special Radon measures on €2, namely those which are absolutely continuous,
and a natural question arises whether one can get rid of this absolute continuity
and thus consider general measures in the right-hand sides. Such generalization is
often needed in optimal-control theory of elliptic problems.'®
It is indeed possible in special cases but one must always employ quite so-
phisticated techniques not necessarily related to the accretivity approach, and
often even a negative answer is known. Here we demonstrate only a rather sim-
ple so-called transposition method combined with regularity results, applicable to
some semilinear equations. We will demonstrate it on the Newton-boundary-value
problem:
—div(A(z)Vu) 4+ c(z,u) = g inQ, 543
v A(@)Vu+bi(z)u =n onT, (8.43)

with p € .#(Q) and 1 € .#('). We assume n < 3, @ C R" a domain of C*
class, A€ C1(Q; R"*") being uniformly positive definite in the sense of (2.170), by

I8Measures typically occur either in the so-called adjoint systems as Lagrange multipliers
on state constraints or in the controlled systems as a result of concentration phenomena if an
optimal-control problem has only an L!-coercivity but not coercivity in LP for p > 1.



110 Chapter 3. Accretive mappings

qualified as in Proposition 2.104, i.e. b1(z) > by > 0 and by € Wwh2¥2/(2%-2) (T),
and ¢ a Carathéodory function satisfying

Ivo, €L (Q), CERY, ¢ < %7 e >0 V(a.a.)zeQ VreR:
le(a,7)] < y0(x) + Clrl?,  cla,r)r > (ecle(z,r)] —yi(@) [r]  (3.44)

of course, we mean ¢ < +oo for n < 2 (while ¢ < 3 for n = 3). We call u € LY(Q)
a distributional solution to (3.43) if the integral identity obtained like (2.51) but
using Green’s formula twice, i.e.

—udiv(AT (2)Vo)dz = v T v .
/Qc(x,u)v div(AT (2)Vo)d /Q u(d >+/F n(dS), (3.45)

is valid for all
veW?2(Q): v AT(2)Vu+bi(z)v=0 onT. (3.46)

Lemma 3.29 (THE CASE ¢ = 0). For any p € #(Q) and n € .# ('), the equa-
tion —div(A(x)Vu) = p with the boundary condition v' A(z)Vu + bi(z)u = g
has a unique distributional solution and the a-priori estimate ||ullyxz2q) <
Cllulla@ + Inllawy) holds for X < 2—n/2 and some C < +oco.

Proof. Let us consider the auxiliary linear problem

—div(AT(2)Vv) = g inQ, }

3.47
v AT (2)Vu + by (x)v 0 onT. (3.47)

The existence of the weak solution v € W2(Q) to (3.47) can be proved by the
standard energy method by testing (3.47) by v itself, and we have the estimate
lvllwr2) < K1l fllwr2c)- with f determined by the pair (g,0) due to (2.60).
As by > 0, the solution to (3.47) is unique, and thus defines a linear operator
B : g+ v. Then we use Proposition 2.104 to claim the W22-regularity for (3.47),
ie. ||’UHW22(Q) < KQHgHLz(Q); cf. (2.189).

The interpolation between the linear mappings B : Wh2(Q)* — Wh2(Q)
and B : L*(Q) — W?22(Q) gives a mapping B : WM3(Q)* — W2~ 22(Q) and an
estimate ||v][y2-r2(0) < Kl|gllwarz2q)- for any A € [0,1] and some K depending
on Kj, Ko, and A, cf. (1.45).

Let us rewrite the integral identity (3.45)—(3.46) with ¢ = 0, which defines
the distributional solution to the problem considered here, into the form (g, u) =
(F, Bg) for any g = div(ATVv) € L?(Q2) with F defined by

(F,v) :xvy(dx)+/vn(d5). (3.48)
Q r
We choose 0 < A < 1 so small that W2M2(Q) C O(Q), ie. A < (4 —n)/2,

cf. Corollary 1.22(iii) which holds for A non-integer in place of k, as already men-
tioned in Section 1.2.3. Then (3.48) indeed defines F' € W2~*2(Q)*; note that
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F:(un) = F: #Q)x #(T) — W222(Q)* defined by (3.48) is the adjoint
mapping to v — (v,v|r) : W2 A23(Q) — C(Q) x C(T), so we have F = F(u,n).
In this notation, u = B*F = F o B € WM(Q)*™ = W*2(Q) is a solution to
(9,u) = (F, Bg). Moreover, because g is arbitrary, this solution must be unique.
Also, we have the estimate

lullw2)y < K F|lwe-x20) < NEK[ ()l z©)x.z(r (3.49)
with N the norm of the embedding W?2-*2(Q) c C(Q). O

Let us realize the embedding W*2(Q) C L4(Q2) with ¢ from (3.44), cf. Corol-
lary 1.22(i) for A non-integer in place of k; more precisely, for any ¢ < n/(n—2)
we can choose A\ < (4—n)/2. Let us also note that W™/ (»=1+¢(Q) mentioned in
Remark 3.24 is embedded into it, too, i.e. (n/(n—1)+€)* =q¢<n/(n—2)if e >0
is taken small.

Lemma 3.30 (W 2-ESTIMATE). If ¢ : Q x R — R satisfies (3.44), g € L*(Q)
and h € L2#l(F), then the conventional weak solution u € W2(Q) of the equation
—div(A(z)Vu) +c(x,u) = g with the boundary conditions v A(x)Vu+by(x)u = h
satisfies, for any A < 2 —n/2, also the a-priori estimate

ullwxz) < CllglLi@) + 1hlziay + 1ollei@) + Inllie))- (3.50)

Proof. Use the test v := sign_(u), € > 0, see (3.23) for the regularized signum
function. Passing ¢ — 0, we get e, [, [e(u)|dz + bo [i [u] < |lgllLr) + Al @) +
[71llL1(q); realize that c(x,r)sign(r) > ecle(x,r)| — y1(x) and cf. Step 2 in the
proof of Proposition 3.22. In particular, [|g—c(u)|[ 1) < [|9llz1@) +llc(w)li@) <
(I +e.Ylgller + ez Il @y + €2 HnllLi)- Then one can use Lemma 3.29
for p:=g—c(u) and n := h. O

Proposition 3.31 (EXISTENCE AND STABILITY). Let Q be a C*-domain, A €
CH(Q; R ™) satisfy (2.170), by € Wwi2%2/(2% -2) (T), by(x) > by > 0, and c satisfy
(3.44). Then the problem (3.43) has a distributional solution. Moreover, for any
sequences {gi tren C L2 (Q) and {hy}ren C LQ#/(F) converging respectively to the
measures ji and 1 weakly*, the sequence {ux}ren C W1H2(Q) of the correspond-
ing weak solutions contains a subsequence converging weakly in W>2(Q) for any

A< 2—n/2 to some u and any u obtained by this way is a distributional solution
to (3.43).

Proof. Tt suffices to select a subsequence converging weakly in W*2(Q)
and to make a limit passage in the integral identity [, (c(z,ur) — gr)v —
updiv(AT (z)Vv)dz = [ hgvdS, which just gives (3.45); realize the compact
embedding W*2(Q) ¢ L™(™=2=¢(Q) for any ¢ > 0 and A < 2 — n/2 large
enough with respect to this ¢, and the continuity of the Nemytskii mapping
N LV =2)=5(Q) — LY(Q) provided ¢ :=n/(n—2) — q. O
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Remark 3.32 (The case p and 1 absolutely continuous). If u and n are absolutely
continuous (and g and h are the respective densities), and r — c(z, 1) — er nonde-
creasing for some € > 0, then the distributional solution is the “accretive” solution.
Moreover, (3.50) yields an additional estimate of .

3.3 Exercises

Exercise 3.33. Show that u+ A(u) = f has a unique solution if A is m-accretive.!?

Exercise 3.34. Show what the mapping (u,v) — sup <u, J(v)> =: <u,v>s is upper
semicontinuous with respect to the norm topology on X x X.2°

Exercise 3.35. Prove the formula (3.21), assuming the uniform convexity of
WhP(Q) known.?!

Exercise 3.36 (The comparison technique). Prove the estimate u < G for u solv-
ing (3.30) in the weak sense by testing v = (u — G)T with G as suggested in
Remark 3.19.%2

Exercise 3.37 (Maximal accretivity). Show that m-accretive mappings are maximal

accretive.?3

9Hint: Take u1 and ug two solutions, subtract the corresponding equations, test it by J(u1 —
u2), and use (3.8).

20Hint: Take ug, — u and vy, — v, and j; € J(vg) such that (j,ug) = sup(J(vg), ux) (such j;
does exist because J(vy) is weakly* compact), then take a subsequence j; — j* weakly™ in X*
(such a subsequence exists because {J(vy)} is bounded), and use Lemma 3.2(i), to show j* €
J(v). Then also sup(J (v ), ug) = (35, ur) — (5%, u) < sup(J(v), u). As this holds for an arbitrary
cluster point of {j; }, we proved the desired upper semicontinuity limsupy,_, o, sup(J(vg), ug) <
sup(J (v), u).

21Hint: The modification of (3.19) is routine, while (3.20) needs additionally the estimate

(JulP~2u — Apu, v) / |VulP~2Vu - Vo + |u|P~2uv da

< IV ko[98l 2oy + 125y Hollo ey

-1 1
< IVl gy + 15120 IVl iy + Il )
= Hunlp(Q)” HWl»P(Q)'

22Hint: First, consider rather the modified (but equivalent) equation (u — G) — Adiv a(Vu) +
Ae(u) = g — G with the boundary condition v - a(Vu) + b(u) = b(b~1(h)). Then test it by
v = (u—G)" and realize that Vv = x{,>¢} Vu, cf. (1.50). This yields

2
/ ((u — G)+) + Ae(u)(u — G)Tdz + / Aa(Vu) - Vudz
Q {z€Q; u(z)>G}
+/ b(u) — b6~ () ) (u — G)*dS = /gf Yu— G)Fdz < 0.
Note that (b(u) — b(b=1(h)))(u — G)t > 0 since b(z, -) is monotone. Also note that p* > 2 is to

be used.
23Hint: Take an m-accretive mapping Ag, some other accretive mapping A and (u, f) such that
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Exercise 3.38 (Accretivity of Laplacean in W), Show the m-accretivity of A =
—A with dom(A) == {u e W, UQ); Aue W, %Q)} in X := W UQ) if Qis a
C?-domain and if ¢* > 2 and ¢ < 2*.%*

Exercise 3.39 (Renorming of LP(Q;R™) and W,*(£2)). Consider an equivalent

norm on LP(2;R™) given b}i ||'UHLIJ/(Q;]RM) = ([, 2o |vi|Pdz) /P and derive that

[0l o@mmy-=(fo, orey [0i[P’dz)'/?" and that the duality mapping J is given by
-2 —2 ,

[J(u)] (x) = ul(x)‘ul(x)’p /||ul ir(Q;Rm) , i=1,...,m. (3.51)

Moreover, consider W, (Q) normed by ||vHW01,p(Q) = ([ o0 [V [Pd2)'/P and
derive that J now involves the “anisotropic” p-Laplacean, cf. Example 4.31, namely

. Ou |P=2 Ju
J(U)le(’a—wl 8—1:17...7

Exercise 3.40. Derive the very weak formulation (3.45)—(3.46) by applying Green’s
formula twice to (3.43).

ou

oxy,

P=2 Ju —2
@) /el (3.52)

Exercise 3.41. Considering f € L'(Q), show that the infimum of the functional
u [o, 3Vul?> — fudz on W, *(Q) is —co if and only if f ¢ L?7(9).20

Exercise 3.42 (Selectivity for the distributional solution). Show that, if the data
are smooth enough, then any u € C?({2) satisfying (3.45)—(3.46) solves (3.43).27

(u, f) € graph(A) D graph(Ap), and take v € dom(Ap) such that v + Ag(v) = u + f, and then
from (3.8) for A = 1 deduce that [[u —v|| < |lu+ A(u) —v—AW)|| = lu+ f —v —Ao(v)|| =0,
hencefore u = v and also (u, f) € graph(Ap).

24Hint: Taking into account (3.18), show that (J(u—v), A(u)—A(v)) = [odiv(|V(u —
)92V (u—v))A(u—v) dz = (g—1)|V(u—v)|9"2|A(u—v)|?dz > 0. Further, show that the weak
solution tou—Au =g € Wol’q(Q) isin WOI’Q(Q) because, by Proposition 2.104 used for g € L?(Q)
if ¢* > 2 and modified for zero-Dirichlet boundary condition, it holds u € W?22(Q) N WOI’Q(Q) C
wha(Q) if 2* > q.

5Hint: Derive the corresponding Hélder inequality as in (1.19) but now from the Young
inequality of the form [, > | usvide < [, Z;’;l(%hmp + I%|vi|p/)dw. From this, derive the
norm of the dual space. Eventually, modify the calculations in Proposition 3.13.

26Hint: Assuming inquWOI’Q(Q) Ja %|Vu|2 — fudxz > —C > —oo0, realize that

1 1
HfHW1=2(Q)* = sup / fudx < sup / —\VU\2d€E+C=—+C<+oo
0 lull 1,2 gy <1792 el 1,2 oy <1702 2 2
0 0

and therefore necessarily f € L2”'(Q). B
2"Hint: Assume in particular the measures y and 7 to have respectively densities g € C(Q) and
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3.4 Bibliographical remarks

The concept of accretivity for nonlinear mappings was invented essentially by
Kato [225, 226]; independently Browder [74] invented it in a stronger variant re-
quiring (3.6) to hold for any f € J(u—wv). Although in the theory of partial dif-
ferential equations the accretivity concept is not the dominant one in comparison
with monotonicity, there are a lot of monographs fully or at least partly devoted
to accretive mappings, mainly Barbu [37], Browder [76], Cazenave and Haraux
[90, Chap.2-3], Cioranescu [95, Chap.VI], Deimling [118, Chap.13], Hu and Pa-
pageorgiou [209, Part I, Sect.II1.7], Ito and Kappel [212, Chap.1]|, Miyadera [287,
Chap.2], Pavel [326], Showalter [383, Chap.4|, Vainberg [414, Chap.VII], Yosida
[425, Sect.XIV.6-7], and Zeidler [427, Chap.31 and 57]. A generalization for set-
valued accretive mappings?® exists, too; cf. [118, 209].

The duality mapping was introduced by Beurling and Livingston [51], cf. also
[22, 64], and the above listed monographs.

The transposition method exposed in Section 3.2.5 was invented by Stam-
pacchia [393], and thoroughly developed especially by Lions and Magenes [262]
for linear problems. Semilinear equations with measures in the right-hand side
are investigated by Amann and Quittner [16], Attouch, Bouchitté, and Mambrouk
[24], or Brézis [67]. A counterexample of nonuniqueness is due to Serrin [381].

Quasilinear equations with measures in the right-hand side were attacked
by Boccardo and Gallouét [56, 57], showing that there is a unique weak solution
u € Wh4(Q) with ¢ < n(p—1)/(n—1) with p referring to the growth of the principal
part. In particular, for the problem (3.43) it gives u € Wh4(Q) with any ¢ <
n/(n—1) which is just embedded into LP(Q2) with p < n/(n—2) as taken in (3.44).
A nonexistence result for ¢ of a growth bigger than (3.44) in case n > 3 is due
to Brézis and Benilan [67] while a counterexample of nonstability is in [24]. Other
definitions of solutions have been scrutinized by Boccardo, Gallouét and Orsina
[58], Dal Maso, Murat, Orsina, and Prignet [117], and Rakotoson [345]. For this
topic, see also Dolzmann, Hungerbiihler, and Miiller [125] or the monograph by
Maly and Ziemer [271, Sect.4.4].

h € C(T'), apply the Green formula twice to the residuum in (3.45), and use (3.46) to obtain:
0= [g(c(u) — g)v—udiv(ATVv)dz — [ hvdS
= [ (c(u) — g — div(AVw)vdz + [ (AVur — h)v — u(AT Vo) dS
= [qo(c(w) — g — div(AVu))vdz + [ (AVu-v + biu — h)vdS.

Then use v € Cp(Q2) to get c(u) — div(AVu)) = g on €2, and eventually a general v to get the
boundary condition v AVu+biu=honT.

28 A set-valued mapping A : dom(A4) = V, dom(A) C V, is called accretive if Yu,v € dom(A)
Yup € A(u), v1 € A(v) 35* € J(u — v): (j*,u1 —v1) > 0. Moreover, an accretive mapping
A :dom(A) =V, dom(A) C V, is called m-accretive if I 4+ A is surjective, i.e. Vf € V Jv € V:
v+ A(v)  f. It holds that A is m-accretive if and only if I 4+ AA is surjective for some (or for
all) A > 0.



Chapter 4

Potential problems: smooth case

Again, we consider V a reflexive and separable Banach space. Here we shall deal
with the case that A : V' — V* has the form

A= (4.1)

for some functional (called a potential) ® : V — R, having the Gateaux differential®
denoted by ® : V — V*. The methods based on the hypothesis (4.1) are called
variational methods.?

4.1 Abstract theory

Definition 4.1. Let @ : V — R. Then:
(i) @ is called coercive if lim |00 ®(u)/|ul| = +o0.
(ii) ®:V — Ris called weakly coercive if limjj,||— 00 ®(u) = +00.
(iii) w € V is a eritical point for ® if &' (u) = 0.
Obviously, solutions to the equation A(u) = f are just the critical points of

the functional u — ®(u) — (f,u). The coercive potential problems can be treated
by a so-called direct method based on the Bolzano-Weierstrass Theorem 1.8.

Theorem 4.2 (DIRECT METHOD). Let ® : V' — R be Gdteauzr differentiable and
weakly lower semicontinuous, and A = ®'. Then:

ILet us recall that, by definition (1.10), ® has Gateaux differential at wu if the directional
derivative D®(u, h) = lim\ o(®(u + h) — ®(u))/e does exist for any h € V' and D®(u,-) is a
linear and continuous functional, denoted just by ®'(u) € V*.

2Sometimes, the notion “variational methods” is used in a wider sense for the setting using
an operator A : V. — V* in contrast to non-variational methods as in Chapter 3 where, e.g.,
even the direct method may completely fail in general, cf. Exercise 3.41.

T. Roub(8ek, Nonlinear Partial Differential Equations with Applications, 115
International Series of Numerical Mathematics 153,
DOI 10.1007/978-3-0348-0513-1_4, © Springer Basel 2013
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(i) If © is weakly coercive, the equation A(u) =0 has a solution.
(ii) If ® is coercive then, for any f € V*, the equation A(u) = f has a solution.
(iii) If @ is strictly convex, then A(u) = f has at most one solution.

Proof. Take a minimizing sequence {ug }ren for @, i.e.
lim & = inf ®(v); 4.2
k:—)l 9] (Uk) vIGV (’U>’ ( )

such a sequence does exist by the definition of the infimum?3. As ® is weakly
coercive, {uy}ren is bounded. As V is assumed reflexive and separable (hence
also V* is separable, cf. Proposition 1.3), by the Banach Theorem 1.7 it has a
weakly convergent subsequence, say ur — u. As ® is weakly lower semicontinuous?,
O(u) < liminfy_ oo P(ug) = limg_yoo P(ur) = min,ey P(v). Suppose &'(u) # 0,
then for some h € V we would have (®'(u),h) = D®(u,h) < 0 so that, for a
sufficiently small ¢ > 0, we would have

P(u+eh) = ®(u) +e(P'(u),h) + oe) < ®(u), (4.3)

a contradiction. Thus A(u) = &’ (u) = 0.

If @ is coercive, then u — ®(u) — (f,u) is weakly coercive for any f € V*.
Yet, this functional obviously has the gradient A — f.

If @ is also convex, then any solution to A(u) = f must minimize ® — f.
Having two solutions u; and ug and supposing uy # ug, then, by strict convexity,
we get

[®— 1] (%ul n %m) < %[@—f] (uy) + %[@—f] (uz) = min [0—f](v),  (44)

a contradiction showing u; = us. O

Corollary 4.3. Let ® := @1 + ®5 be coercive with ®1 convex, and Gateauz differen-
tiable, and with ®o weakly continuous, and Gateaur differentiable. Then, for any
f € V*, the equation A(u) = f has a solution.

Proof. ®1 convex and smooth implies that ®; is weakly lower semicontinuous:
indeed, by convexity always ®;(u) + (@) (u),v —u) < ®1(v), cf. (4.12) below, so
that

Dy (u) < limjnf (<I>1(11) + (@ (u),u — v}) = limjnf Dy (v) (4.5)

because limy, ., (] (u),u — v) = 0. Thus &1 + P, is weakly lower semicontinuous.
Then one can use the previous Theorem 4.2(ii). O

3Note also that inf,cy ®(v) > —oo otherwise, by weak coercivity and weak lower semiconti-
nuity of ®, there would exist v such that ®(v) = —oo, which contradicts ® : V — R.

4Recall our convention that by (semi)continuity, see (1.6), we mean what is sometimes called
“sequential” (semi)continuity while the general concept of (semi)continuity works with general-
ized sequences (nets). For our purposes, the sequential concept is relevant. Additionally, as ®
is coercive and V separable, both modes of lower semicontinuity of ® coincide with each other
because the weak topology on bounded sets is metrizable.
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Theorem 4.4 (RELATIONS BETWEEN A AND ®). Let ® : V. — R be Gditeaux
differentiable, and A = ®'. Then:

(i) If A is coercive and monotone, then also ® is coercive.
(ii) If A is pseudomonotone, then ® is weakly lower semicontinuous.

(iil) If A is (strictly) monotone, then ® is (strictly) convex, weakly lower semicon-
tinuous and locally Lipschitz continuous.

(iv) Conversely, if @ is convex (resp. strictly convex), then A is monotone (resp.
strictly monotone).

Proof. The point (i): First, let us realize that®
1
szym+/<mmpga (4.6)
0
because, denoting ¢(t) = ®(tu), one has

dt

B(u) — 0(0) = (1) — p(0) :/O (1) dt :/0 iy 2(uten) — @(tu)

:ABmmwﬁzﬂ@ﬁwwa:A@wwwm. (@7)

Then, supposing for simplicity ®(0) = 0, one gets®

MW=A@WW@M=A<MW—MWW_m&+M@m>

t
> [/Z(M (A(0), >)d+<A<o> u)
_ [ (A, m ), [ GGl (AQ)
[ et w0, ! e, 4
> [ S <A(?’“> > %(C(H%uu) ~IA©.) .

where ((+) is a nondecreasing function with lim,_, ;. ((s) = 400 from Definition
2.5. Thus we proved a super-linear growth of ®.
The point (ii): Suppose the contrary, i.e. ® is not weakly lower semicontinuous
at some point, say at 0; i.e. there are some § > 0 and a sequence {uj}reny C V,
up, — 0, such that:
VEeN: §<®(0)— D(ug). (4.8)

5Note that, as ¢ : t = ®(tu) is convex and finite, hence ¢’ : t — (A(tu), u), being nonde-
creasing, is a Borel function, hence measurable. The integral is finite as ® is finite, cf. (4.7).
6Note that fol t=1(A(tu)— A(0), tu—0) dt > f11/2 t~1(A(tu) — A(0), tu—0) dt as A is monotone.
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For v,u € V, put ¢(t) = ®(u + tv). By the mean value theorem, there is ¢t € (0,1)
such that p(1) — ¢(0) = (1), i.e.
P(v+u) — P(u) = (' (u+ tv),v). (4.9)
Take € > 0. By (4.8) and using (4.9) with v := euy, and u := 0, we have
6 < ®(0) — P(eur) + Pleug) — P(up) = P(eup) — P(up) — (P’ (etp,cur), ur ),

where tg . € (0,1) depends on € and on k. As {uy}ren, being weakly convergent,
is bounded” and ®’, being pseudomonotone, is bounded on bounded subsets, the
last term is &'(¢). Consider € > 0 fixed and so small that this last term is less than
6/2 for all k € N, hence, for a suitable t;, € (0,1), one has

o (6_1><(I)/(wk)7 wk>

- <d - ={(®’ -1 = 4.1

5 < Pleun) — P(uk) (@' (wy), (e=1)uy,) Tt (1—0) (4.10)
where we abbreviated wy, = up — tx(1—¢)uy, and where (4.9) was used for v :=

(e = Duy and u := uy. From (4.10), we have

=

L 1e029) () — () < 1—; ()0

lim sup (@' (wy,), wi ) = lim sup
k— o0 k— o0
As up, — 0, we have also wy — 0. By using the pseudomonotonicity (2.3b) for
A =9 v:= 0, and the sequence {wg}ren, we have liminfy_, o (P’ (wy), wr) >

(®(0),0) = 0, which is the sought contradiction.

The point (iii): Monotonicity of A implies its local boundedness, see
Lemma 2.15, and thus ®, having a locally bounded derivative, is locally Lips-
chitz continuous. Denote ¢, (t) := ®(u+tw). As A is assumed monotone, ¢, (t) =
(A(u+tw), w) is nondecreasing because obviously, for to > t1,

P (t2) — (1) = (A(uttaw) — A(uttiw), w)

Then we have
B(v) = D) = puu(l) = @u_u(0) = / ()t
> / o0yt = @, (0) = (A(w),v—u).  (412)

Put z := 1u + 1v. By (4.12) we have

D(u) > ®(2) + (A(z),u—2z) and @(v) > 0(2)+ (A(z),v—2). (4.13)

"Here we use the Banach-Steinhaus principle, see Theorem 1.1.
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Adding these inequalities and recalling the lower semicontinuity of ® (cf. Exer-
cise 4.18), one gets the convexity of ®:

D(u) + P(v) > 20(2) + (A(z), u—z) + (A(2),v—2) = 20(2). (4.14)

Strict monotonicity of A implies that ¢,, is increasing for w # 0, and then (4.12)
and (4.13) hold with strict inequalities provided v # u. Eventually, from (4.12),
the weak lower semicontinuity of ® has already been proved in (4.5).

The point (iv): ® convex implies @, : t — ®(u + tw) convex, and therefore
., () = (A(u + tw),w) is nondecreasing. Thus, for w = v — u, we get

(Aw) = Aw),v—u) = ¢, (1) — @, (0) 20, (4.15)

so that A is monotone. If ® is strictly convex, so is ¢, if w # 0, and thus ¢/, is
increasing, hence A strictly monotone. O

Remark 4.5. The coercivity of ® does not imply coercivity of A.8

Corollary 4.6. Let A = @', and one of the following two sets of conditions holds:
(i) A is pseudomonotone and ® is coercive, or

(ii) A is monotone and coercive.

Then the equation A(u) = f has a solution for any f € V*.

Proof. As to (i), Theorem 4.4(ii) implies the weak lower semicontinuity of the
coercive potential ® of A. Then use Theorem 4.2(ii).

As to (ii), Theorem 4.4(i) and (iii) implies the coercivity and the weak lower
semicontinuity of the potential ® of A. Then again use Theorem 4.2(ii). 0

Remark 4.7. Comparing Corollary 4.6 with Theorem 2.6, we can see that now we
required in addition the potentiality, but got a more constructive proof avoiding
the Brouwer fixed-point Theorem 1.10. Similarly, comparison with Browder-Minty
Theorem 2.18 yields that potentiality makes no need for any explicit assumption
of radial continuity” of A.

Remark 4.8 (Potentiality criteria). If A is hemicontinuous and Gateaux differ-
entiable, it has a potential (given then by the formula (4.6)) if and only if
([A"(w)](v),w) = ([A(u)](w),v) for any u,v,w € V. In the general case, the fol-
lowing integral criterion is sufficient and necessary for potentiality of A:

/0 (A(tu),u)dt — /o (A(tv),v) dt = /0 (A(v+ t(u—v)),u—v) dt. (4.16)

8Indeed, any ® coercive can be changed in a neighbourhood of {nu; u # 0, n € N} to be
locally constant; then A(nu) = 0 so that A will not be coercive while ® remains coercive.

91n fact, this is just an “optical” illusion as every monotone and potential mapping is even
demicontinuous, cf. e.g. Gajewski at al. [168, Ch.III,Lemma 4.12].
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Remark 4.9 (Iterative methods). The existence of a potential suggests iterative
methods for minimization of ® to solve the equation A(u) = f. E.g., if V is
uniformly convex and V* strictly convex, the abstract steepest-descent-like method
looks as

Ukt1 = uk—l—ekJ_l(f— <I>’(uk.)) (4.17)
with e > 0 sufficiently small; e.g. e := min (1,2/(e + £||ug|| + £||Aur—f||.)) for
¢ the Lipschitz constant of A and € > 0 guarantees global strong convergence in
case A is strictly monotone and d-monotone, Lipschitz continuous, and coercive.'°
Note that, if V' = V* is a Hilbert space, J 1(f — ®(ug)) = f — ®'(uy) is just
the steepest descent of the landscape given by the graph of ® — f, which gave the
name to this method; cf. also (4.17) with (2.43) or with Example 2.93.

Remark 4.10 (Ritz” method [350]). Assuming {V}}ren is a nondecreasing sequence
of finite-dimensional subspaces of V' whose union is dense, see (2.7), we can consider
a sequence of problems

Find up € Vi : ®(ug) = min (v) . (4.18)

veEVE

Note that wuy, is simultaneously a Galerkin approximation to the equation A(u) =0
with A = @', see (2.8). The Ritz method can be combined with (4.17) to get a
computer implementable strategy, although much more efficient algorithms than
(4.17) are usually implemented.

Remark 4.11 (Quadratic case). A very special case is that ® is quadratic:

O(u) = <%Au - f,u> (4.19)

with A € Z(V,V*), A* = A. Then A is weakly continuous, so the existence of
a solution to Au = f follows simply by Section 2.5 if A (or, equivalently, ®) is
coercive, which here reduces to positive definiteness of A, i.e. (Av,v) > &|v]?
for some € > 0 and all v € V, cf. also the Lax-Milgram Theorem 2.19 where
however A* = A was redundant. Here, alternatively, Au = f is just equivalent
with ®'(u) = 0 and a direct method can be applied, too.

4.2 Application to boundary-value problems

The method of mappings possessing a potential has powerful applications in
boundary-value problems. However, the requirement (4.1) brings a certain restric-
tion on problems that can be treated in this way. Considering again the boundary-
value problem (2.49) for the quasilinear 2nd-order equation (2.45), i.e.

—div(a(z, u, Vu)) + c(z,u, Vu) = g in Q,
ulp = up  on Iy, (4.20)
v-a(z,u,Vu) +b(z,u) = h on I,

10Gee Gajewski at al. [168, Thm.II1.4.2] using the (S)-property which is here implied by d-
monotonicity with uniform convexity of V, cf. Remark 2.21.
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we will assume a;(z,-,-), i =1,...,n, and ¢(x, -, -) smooth in the sense I/Vli)c1 (R x
R™), and impose the symmetry conditions

Oai(x,r,s)  Odaj(x,r,5) ai(z,r,5) _ Oc(a,r, ) (4.21)
ds; s or s .

forall 1 <i<n,1<j<mn,and for a.a. (z,r,8) € Q2 x R x R™. In other words,
(4.21) says that the Jacobian matrix of the mapping

(r,s) — (0(9077“7 s),a(x,r, s)) c RV 5 R (4.22)
is symmetric for a.a. € Q. Let us emphasize that (4.21) is not necessary for A

to have a potential*!. Yet, we will prove that, if (4.21) holds, then the mapping A
defined by (2.59) has a potential ® : W1P(Q) — R in the form

Q(u) = /cp(x,u,Vu)dx + [ Y(z,u)dS, where (4.23a)
Q T
1
o(x,r,s) z/ s-a(xz,tr,ts) + rc(z, tr,ts) dt, (4.23Db)
0
1
Y(x,r) = / rb(x,tr)dt; (4.23¢)
0

for the derivation of (4.23b,c) from the formula (4.6), cf. Exercise 4.22. In this
situation, (4.20) is called the Euler-Lagrange equation for (4.23).

Lemma 4.12 (CONTINUITY OF ®). Let (2.55) with ¢ = 0 hold. Then ® is contin-
uous.

Proof. The particular terms of ® are continuous as a consequence of the continuity
of the mapping u +— Vu : WHP(Q) — LP(Q;R"™), of the embedding W1?(Q2) into
LP () and of the trace operator u + ulp : WHP(Q) — " (Tx) provided the
continuity of the Nemytskifl operators 4, : LP () x LP(Q;R") — L'(Q2) and
N LP" (Ty) — LY(Iy) would be ensured. As to ¢, the needed growth condition
on ¢ looks as

FHeL'(Q) ICeR: lp(z, 7, s)| <F(x) + Clr[P" + C|s|P. (4.24)

In view of (4.23b), the condition (4.24) is indeed ensured by (2.55a,c) even weak-

UE.g if n =1 and a = a(x,s) and ¢ = c(z,r), then the basic Carathéodory hypothesis is
obviously sufficient; ¢(z, -, -) is just the sum of the primitive functions of a(z,-) and ¢(z,-). In
general, (4.21) holding only in the sense of distributions suffices, see Necas [305, Theorem 3.2.12].
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ened by putting € = 0 because of the estimate

1 1
lo(z, 7, s)] < / |s - a(x, tr,ts)|dt +/ |re(ax, tr,ts)|dt
0 0

IN

1
| (1late) + Clerp# 4 clesp?)
0

+ 17| (e() + Clts?/™) Jat
P P’ P’ P
< 2@ N va(u’r;‘) /C C|s|
2 P p'(pr+1) P
P ()P cr'|slp
+2 + , 4.25
p* p* p* p*'(p+1) (4.25)

which obviously requires v, € LP(Q) and v, € LP"(Q) as indeed used in (2.55a)
and (2.55¢), respectively. Then (4.24) obviously follows.

The growth conditions for 1, i.e. [¢(z,r)| < F(z) + C|r[P” with some 7 €
LY(T'), can be treated analogously, resulting in (2.55b) with € = 0. O

Lemma 4.13 (DIFFERENTIABILITY OF <I>) Let (2 55) for e =0 and (4.21) hold,
let a(z,-,-) € Wi (R x R™;R™) and c(x, -,-) € Wb (R x R™) for a.a. © € Q. Then
D is Gateauaﬂ differentiable and ®' = A wzth A given by (2.59).

Proof. The directional derivative D®(u, v) of ® at u in the direction v is

d -
D& (u,v) := lim (u+ EZ) W _ d%@(u + ev)
E—r
= i </ o(z,u+ev, Vu+ Vo) dr +

e=0

(x,u+ev) dS)

1_‘N e=0

ooz, u,Vu) dv  dp(z,u, Vu) / 0Y(x,u)
/Z 0s; Ox; + or vdz + e or vdS,

(4.26)
where we have changed the order of integration and differentiation by Theo-

rem 1.29. This requires existence of a common (with respect to ¢) integrable ma-
jorant of the collections { ¢/ (u+ev, Vu+eVv)- VU}O<E<EO and {¢].(u+ev, Vu+

6V'U)”U}O<E<Eo and {¢].(u + 6v)v}0<5<80 for some €9 > 0, where we abbreviated
dp/0s; =: ¢, etc. Assume, for a moment, that

Iy e LP(Q) 3CeRT: |g.(z,r,8)| < y(x)+Clr[P /P +Cls]P~",  (4.27a)

Jyel?"(Ty) ICERT . |Yl(z,r)| < ~A(z)+ClrP” 1, (4.27b)
IyeL? () ICERT:  |pl(z,rs)| < y(x)+ ClrP" ~t+Cls[P/P. (4.27¢)
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As for the first collection, for any € € [0,¢¢] and a suitable C}, depending on p and
C from by (4.27a), we have the estimate

| (utev, VuteVo) - Vo| < (y(x) + Clutev|P /?" + C|VuteVoP~1)| Vol
< (v(@) + Colul?” /7 5 P C ol P 4 Oy [ VulP 4 Gl VoY) [V

which is the sought integrable majorant. The other two terms can be handled
analogously, exploiting respectively (4.27b,c).

Moreover, D®(u,-) : WhP(Q) — R is obviously linear and, by (4.27), also
continuous. Hence ® has the Gateaux differential.

The required form of the Gateaux differential follows from the identities

890(377 T, S) ! - 8aj Oc
B P /Oai(nmtr, ts) +t z_: sja—Si(x,tr, ts) + 7"((9—821(gc,tr7 ts) ) dt

1
/al(x tr,ts) +t<2836 (x,tr, ts>+T8_a(x tr, ts))dt
0 0s; or

1
d 1
:/ —(tai(:c,tr, ts))dt = {tai(x,tr, ts)} =ai(z,rs), (4.28)
0 dt t=0
where (4.23b) with (4.21) has been used; note that by Theorem 1.29 the
change of the order of integration fol dt and differentiation 8%1- in (4.28) re-

quires a common integrable majorant of {|t — 2 [s-a(z,tr,ts)]|}|sj<m and of

{|t — a%[rc(x tr,ts)][}s)<am in L'(0,1) for any M € R, which holds because
a(z,r,-) € WLHR™R) and c(z,r,-) € W (R") is assumed. Similarly also

1
L:(g;ns) :/0 c(x7tr7ts)+t< 8 (x,tr,ts) +ZSZ (@, tr, t3>>dt

1
oc
= / c(x, tr,ts) +t< (z,tr,ts) +Zsl (x,tr ts))dt
0

1

!
= / T <t c(x, tr, ts))dt = [t ez, tr, ts)} o c(x,r,s). (4.29)
The fact that 0y (x,r)/0r = b(x,r) can be derived by the easier way, realizing
that (4.23c) defines, in fact, the primitive function of b(z,-), cf. (4.6). Note that
(4.27a) then coincides with the former condition (2.55a), while (4.27b), (4.27c) is
(2.55b,c) but weakened with € = 0, as indeed assumed. O

In the following lemma, we will distinguish whether lower-order terms have
critical growth (and then their monotonicity helps) or whether their growth is
sub-critical (the cases (i) and (ii) in the following lemma).
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Lemma 4.14 (WEAK LOWER SEMICONTINUITY OF ®). Let the assumptions of
Lemma 4.13 and one of the following conditions be valid:

(i) (2.55) holds for € > 0 and the assumptions of Lemma 2.32 hold,

(ii) (2.55) holds for € > 0 and a(x,r,-) : R™ — R™ is monotone,

(iil) (2.55) holds with e=0 and the mappings (4.22) and b(z, -):R—R are monotone.

Then ® s weakly lower semicontinuous.

Proof. As to the case (i), by Lemmas 2.31-2.32, the gradient A of ® is pseu-
domonotone; here we used also Lemma 4.13. By Theorem 4.4(ii), ® is weakly
lower semicontinuous.

The case (ii): by (4.28), monotonicity of a(z,r,-) is just monotonicity of
@ (z,r,-) from which convexity of o(z,r,-) follows as in the proof of Theo-
rem 4.4(iii). Likewise in (4.25), ¢ satisfies the growth condition (4.24) but now
with p* — € instead of p*. Hence, considering ux — u in WHP(Q2), by the compact
embedding W?(Q) € LP ~¢(Q), ¢(ug, Vu) — @(u, Vu) in L'(). Similarly, by
(4.28) and (2.55a) with € > 0, we have ¢/ (uy, Vu) — ¢ (u, Vu) in LP(Q;R™).
Altogether, by the convexity of ¢(x,r,-),

liminf/ o(x,ug, Vug)de > lim | o(x,ug, Vu) dz
Q

k—oc0 k—oo Jq

+ lim [ ¢L(z,ug, Vu)-(Vug, — Vu) dz = / o(x,u, Vu)dz. (4.30)
Q Q

k—o0

Moreover, by compactness of the trace operator u s ulp : WhP(€) — LP* —¢(I")
and by the continuity of the Nemytskil mapping A4} : L”#*C(FN) — LY(Iy),
we get the weak continuity of the boundary term in (4.23); the growth of 1,
ie. |¢(x,r)| <H(z) + C’\|r|p#_€7 can be estimated as in (4.25).

As to the case (iii), monotonicity of [c,a](z,-,-) : R — R implies
convexity of ¢(z,-,-) : R1*" — R, which can be seen similarly as in the proof of
Theorem 4.4(iii). By monotonicity of b(z, ), the overall functional ® is convex. By
Lemma 4.13, ® is smooth so, by (4.5), also weakly lower semicontinuous. d

Lemma 4.15 (COERCIVITY OF ®). Let us assume meas,_1(Ip) > 0 and 2

a(x,rys) s+ c(x,r, s)r > e1|s|P + ea|r|? — ko(x)|s| — k1(z)|r|, (4.31a)
b, r)r 2 —Fa(a)lr] (431b)

with some gg,e1 > 0, p > ¢ > 1, and kg € Lpl(Q), ki € L”*/(Q), and ko €
L (T'). Then ® is coercive on W1P(Q). Besides, ® is coercive on V = {v €
WhP(Q); vlr, =0} even if ¢ = 0.

12Cf. (4.31) with (2.92). Note that if one assumes, e.g. b(z,r)r > —ka(z), one would have
fol k2(x)/t dt which is not finite, however.
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Proof. In view of (4.23b), one has

Yts-a(x, tr,ts)+tr c(x, tr ts)
t

dt

1
o(x,r,s) :/ s-a(x,tr,ts) + re(x, trts)dt :/
0 0

1
ts|P tr|? — kolts| — k1]t
> [ el el ol =B g — g 24— ko] — il
0

Similarly, (4.31b) with (4.23c) implies ¢ (z,7) > —ka|r|. Then

O(u) > / (5—1|vu|r' + 22 |uf? — ko| V| — k1u|> da — / ko |uldS
Q\P q r
> ellullfyrny — C = llkoll Loy I Vull Lo oimn)

~all gy el oy = Ikall sy el o oy
> elfullr O (Ioll ot Na sl oyt NallRall s )l ey

with ¢ and C' depending on p,q,c1,e2 and C, from the Poincaré inequality
(1.55), where Ny and N, stand here respectively for the norms of the embed-
ding W?(Q) C LP'(€) and of the trace operator u — ulp : WhP(Q) — LP” (I).
As g > 1, the functional ® is coercive in the sense that ®(u)/|u|lw1.r) — +00
for |lullw.p ) — +o0.

For ¢ = 0, we get coercivity on V by using Poincaré’s inequality (1.57). O

Proposition 4.16 (DIRECT METHOD FOR BOUNDARY-VALUE PROBLEM (4.20)).
Let (4.21), the assumptions of Lemmas 4.13-4.15 hold, and f be defined by
(2.60), i.e. (f,v) = [ogvdx + [ hvdS. Then ® — f has a minimizer on
{v e WHP(Q); vlr, = up}, and every such minimizer solves the boundary-value
problem (4.20) in the weak sense.

Proof. Let us first transform the problem on the linear space V := {v €
WhP(Q); vl = 0}, cf. (2.52), as we did in Proposition 2.27: define ®g : v
O (v +w) with w € WHP(Q) such that w|r, = up and f € V* again by (2.60). De-
noting Ao := ®f, we have Ag : V — V* and Ap(v) = A(v + w) with A := ®’. The
reflexivity® of W1P(Q) ensures also reflexivity of its closed' subspace V. The
weak lower semicontinuity and coercivity of ®, proved respectively in Lemma 4.14
and 4.15, is inherited by ®(, and therefore the existence of a minimizer uy of ®¢
on V follows by the compactness argument. Then, in view of (4.26), D®(ug,v) =0
for any v € V just means that ug € V solves Ag(ug) = f. Then u := ug + w solves
A(u) = f, i.e. it is the sought weak solution to the boundary-value problem (4.20)
cf. Proposition 2.27.

Observing that V + w = {v € WYP(Q); v|r, = up}, one can see that u
minimizes ® — f on V 4+ w. O

3Recall that 1 < p < +oo is supposed.
1 Closedness of V follows from the continuity of the trace operator u — u -
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Remark 4.17. In contrast to the non-potential case, Lemma 4.14(ii) allows us to
treat nonlinearities of the type ¢(Vu) without requiring strict monotonicity (2.68a)
of a(z,r,-). Of course, the price for it is the severe restriction (4.21).

4.3 Examples and exercises

Exercise 4.18. Show that lower semicontinuous function f : X — R U {+o0o}
satisfying %f(ul) + %f(U2> > f(%m + %uQ) is convex.!?

Example 4.19 (Duality mapping'®). If V* is strictly convex, the duality mapping
J:V — V* has a potential ®(u) = 1|/u/|?. Indeed, we have

1
loll* =l ol = 1oll* = 5 (lull® + [lv]*)
2

(J(v),v —u)

v

1 1
= Slloll? = Slull® = el ol = lel® > (J(w),0 —w). (4.32)

Then put v = u + th. We get (J(u + th),th) > L|ju+ th||* — L|ul|* = (J(u),th).
Divide it by t # 0, then let ¢ — 0. By the radial continuity!” of J, we come to

e 5 1 2\ .
(J(u).h) = lim £ (5 lu+ ]2 = Sllul?) = DO(u, h). (4.33)

Exercise 4.20. Consider (4.21) and the situation in Exercise 2.89 with (2.153), i.e.
¢, < min(1,e.)/N?. Show that ® is strictly convex.

Exercise 4.21 (Abstract Ritz approzimation). Consider the Ritz approximation
(4.18) and show that up — wu (for a subsequence) where u solves A(u) = 0,
A = @' and, in addition, minimizes ® over V. Besides, show that ®(uy) — ®(u).'®
Moreover, assuming ® = ®; + &y with &3 weakly continuous and ®; such that
1 (ug) — ®1(u) and ugp — u imply uy — u, show that u, — u.t9

15Hint: By iterating, show that Af(u1)+(1—X)f(u2) > f(Aui + (1—X)uz) not only for A = 1/2
but also for A = 1/4 and 3/4, and then for any dyadic number in [0,1], i.e. A = k27! | € N,
k=0,1,...,2". Such numbers are dense in [0,1], and the general case A € [0,1] then uses the
lower semicontinuity of f.

16 The observation that J has a potential is due to Asplund [22].

17Recall that we proved even the (norm,weak*)-continuity of J if V* is strictly convex, see
Lemma 3.2(ii).

I8Hint: For any v€V take v, €V}, such that vy — v. Then ®(uy) < ®(vi) and, by weak lower
semicontinuity and strong continuity of ®, it holds that

®(u) < liminf ®(ug) < liminf ®(vg) = lim P(vg) = D(v).
k—roc0 k—roc0 k—o0
For a special case v := u, it follows that ®(ug) — ®(u).

9Hint: From ®(uy) — ®(u) (already proved) and ®g(us) — ®o(u) (which follows from weak
continuity of ®¢), deduce ®1(ur) — ®1(u).
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Exercise 4.22. Derive (4.23) from (4.6), assuming existence of a potential and
using Fubini’s theorem 1.19.20

Example 4.23. (p-Laplacean.) The operator A(u):=—div(|Vu[P~?Vu) on Wy (Q)
has the potential

B(u) = % /Q V()P de. (4.34)

It just suffices to evaluate (4.23b) with ¢ = ¢(s):

1 1 1 P 1 ‘5‘1)
cp(s):/su(:c,ts) dt :/ s-|ts|P~2ts dt :/ |s|PtP~tdt = |s|? {—} = —.

0 0 0 Pli—g P
Exercise 4.24. Verify (4.21) for a;(z, s) := |s[P~2s;.2! Show that a € W} (R").?2

Example 4.25 (More general potentials?3). Consider a coefficient o : RT — R
depending on the magnitude of Vu and the quasilinear mapping

u— —div(o(|Vul*)Vu). (4.35)

In application, the concrete form of the function o(-) > 0 may reflect some phe-
nomenology resulting from experiments. Obviously, it fits with our concept for
ai(z,r,s) = o(|s|?)s; and ¢ = 0. The symmetry condition (4.21) is satisfied and

[s]
olx,r,s) = p(s) = 5/0 o(&)dg. (4.36)

The monotonicity of the mapping (4.35) is related to positive definiteness of the
second derivative ¢’ (s), i.e. ©”(s;3,5) = 20’(|s]?)(s - 5)? + o(|s]*)|3]*> > 0 for any
5,5 € R™. This is trivially true if o’(|s|?) > 0. When estimating (s-5)? > —|s|?|3|?,
one can see that this condition is certainly satisfied if

VE>0:  o(§) > 26max(—0'(€),0). (4.37)

Hence o may increase arbitrarily but must have a limited decay.

20Hint: fol (tu),u fo (Jq altu, tVu)-Vutc(tu, tVu)udz+ fF (tu)udS) dt= fQ (fol a
(tu, tVu)-Vudt + fo c(tu, tVu)udt)dx+ fF fo (tu)udtdS = [, o(u, Vu)dz + fF u)dS.
21Hint: The symmetry of the matrix a/,(z, s) follows by the direct calculations:
dai(w,s) _ O|s|P~2s;

=s;(p — 2)|s|P"%s; + |s|P726;,.
e e, = =D s

22Hint: Indeed, s;(p — 2)|s|P~%s; = O(|s|P~2) for s — 0. Hence this term is integrable also
around the origin if p > 1, as assumed.
23Cft. also Malek et al. [268, p.15] or Zeidler [427, Vol.II/B, Lemma 25.26].
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Exercise 4.26 (Regularizations of p-Laplacean). Having in mind (4.36) with the
coefficient ¢ in the analytical form

o(&) =e1+ (e24+¢) =272 o (4.38a)

o(€) i=e1+ (e2+ VB>, e1,62>0, (4.38b)

show that ¢ (s;5,3) > 0 so that (4.35) creates a monotone potential mapping.?*
One obviously gets the p-Laplacean when putting e; = g2 = 0 in (4.38) while
€9 > 0 makes its regularization around 0 as shown on Figure 9. The effect of £1 > 0
is just a vertical shift of o and has already been considered in Exercise 2.89.

p=12/5

0+ t t t t t

: 0 : : : : : |
0 3 §:|Vu\26 0 3 §:|vu‘26

Figure 9. Various dependence of the coefficient o as a function of |Vul|*;
(a) = the case (4.38a) with 1 =0 and 2 = 2,
(b) = the case (4.38b) with 1 =0 and 3 = 2,
(c) =the case (4.38) with e1 = €2 = 0, i.e. the p-Laplacean.

Exercise 4.27 (Convergence of the finite-element method). Consider the boundary-
value problem (2.147). Show that it has the potential

D(u) = /Q <W +/Ou(x)c(x,r) dr> dar:—&—/F </Ou(x;)(x,r) dr)dS (4.39)

and note that no smoothness of b(z, -) and ¢(z, -) is required for (4.39). Assume
polyhedral, take a finite-dimensional Vj, as in Example 2.67, and consider further
an approximation by the Ritz method: minimize ® on Vi to get some up € Vi
satisfying the Galerkin identity (2.8) with A = ®'. Show that u; — w where u
minimizes ® over V.= W1?(Q).2° Assume a subcritical growth of b(z, -) and ¢(z, -)
and deduce the strong convergence (in terms of subsequences)?%

up —u  in WHP(Q). (4.40)

24Hint: Realize that, for p > 2, the coefficient o is nondecreasing and positive (hence (4.37)
holds trivially) while, for p < 2, (4.37) can be verified by calculations.

Z5Hint: Combine Exercise 4.21 with density of ey Vi in WP () as in Example 2.67.

26Hint: Use Exercise 4.21 with ®(u) = %fg |Vu(z)|Pdz and then just use Theorem 1.2 and

uniform convexity of LP(Q;R™).
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Exercise 4.28 (Nonmonotone terms with critical growth). Consider the equation
—Au-+c(u) = g with ¢(r) = 7° —r? in Q C R? with Dirichlet boundary conditions,
n = 3, and show existence of a weak solution in W12().27

Remark 4.29 (Strong convergence of Ritz’ method). In fact, only a strict convexity
of the nonlinearity s — a(z,s) is sufficient for (4.40).2® This is a nontrivial effect
that, in this concrete potential case, the d-monotonicity needed in the abstract
non-potential case, cf. Remark 2.21, can be considerably weakened.

Example 4.30 (Advection v-Vu does not have any potential). Following Ex-
ercise 2.91, we consider A : WbH2(Q) — W12(Q)* defined by (A(u),v) =
Jo(U-Vu) vdx with a given vector field ¢ with, say, dive = 0 and ¥|p = 0. Using
Green’s formula, we can evaluate

1 1 1 2 2
/<A(tu),u>dt :/ / tu17~Vudxdt:/ t/ﬁ-vu—dxdt: 7/(div17)u—dx =0.
0 0.Ja o Ja 2 Q 4

By (4.6), a potential ® of A would have to be constant so that ® = 0, but
obviously A # 0. This shows that A cannot have any potential. Realize that, of
course, the condition (4.21) indeed fails.

Exercise 4.31 (Anisotropic p-Laplacean). Consider ®(u) := X fQ %uﬁ’dx
on V := W, "?(Q). Show that

p— 202u

P—2 Ju ou
a_x) P=1) Z‘axz

29

, n a a
') = _2 £y (‘a;

and that ®’ is monotone and, if p > 2, uniformly monotone.

Exercise 4.32 (Higher-order Euler-Lagrange equation). Consider the 4th-order
equation as in Exercise 2.98, i.e.

div div(a(z, u, Vu, V2u)) — div(b(z, u, Vu, V) + c(z,u, Vu, V:u) = g (4.41)

here naturally with (a,b,¢) : QXRxR"XR"*" — R™"*"xR"XR, and show that

2"Hint: Realize that 2* = 6 for n = 3 and combine convex continuous functional ®1(u) :=
é Jq ubdz with nonconvex but weakly continuous functional ®2(u) := f% o uddz on WH2(Q),
and realize coercivity of ®(u) := 3 fﬂ |Vul?dz + &1 (u) + P2 (u).

28The proof, however, is rather nontrivial and uses so-called Young measures generated by
minimizing sequences (here {uk }ren) which must be composed from Dirac measures if a(z, -) is
strictly convex; cf. Pedregal [331, Theorem 3.16]. See also Visintin [417].

29Hint: Modify (2.139). For (uniform) monotonicity, modify (2.141) or (2.142).
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the symmetry condition like (4.21) now looks as

daij(x,r,8,S)  Oapl(x,r,s,S) Odaj(x,r,s,S)  Oby(x,r,s,S)

= 4.42
95 as,; Ry, as, 0 (A
Oa;j(z,r,s,5) _ dc(x,r,s,S) 7 Ob;(x,r,s,5) _ ob;(z,r,s,5) o (4.421)
8r 35” GRJ GRZ
dbi(x,r,s,8)  Oc(x,r,s,9)
- = =2 (4.42¢)

for i,j,k,l1=1,...,n, i.e. symmetry of the Jacobian of the mapping
(C(:Ev RS ‘)7b($7 RS ~),CL(£L’, RS )) t RXR"xR™*"™ — RXRnXRnxnv

and then the potential is [, ¢(2, u, Vu, V?u) dz with ¢ given as in (4.23b) now by
1
o(x,r,s) :/ S:a(xz,tr,ts, tS) + s-b(x,tr,ts, tS) + rc(x, tr,ts, tS)dt.  (4.43)
0

Exercise 4.33 (p-biharmonic operator). Consider a;; in the previous Exercise 4.32
given by (2.113) and b; = ¢ = 0, verify (4.42), and evaluate (4.43) to show that the
p-biharmonic operator A(JA[P=2A) on V := WZP(Q2) has the potential ®(u) :=
%fQ |Au[Pdz. For p = 2, consider also ®(u) = 3 [, |[VZu|?*dz.*

Exercise 4.34 (Singular perturbations). Consider the problem (2.167), use the es-
timates (2.168) and the potentiality of the operator e diviv? — A, and show the
weak convergence by passing to the limit in the underlying minimization prob-
lem.?! Modify it by considering a quasilinear regularizing term as in Example 2.46.

4.4 Bibliographical remarks

Calculus of variations and related variational problems have been cultivated in-
tensively since the 17th century by Fermat, Newton, Leibniz, Bernoulli, Euler,

30Hint: Realize that Oa;j/0Sk = 0 for i # j or k # [, and that (4.43) gives ¢(S) =
| > R_1 Skk|P/p. Further realize, for p = 2, that [, |V2u|?dz = [, |A|?dz under the Dirich-
let boundary conditions, cf. Example 2.46.

31Hint: Using that uc minimizes the functional u — [, %\Vu\p + £|V2u|? — gudz and that it

converges weakly to some u in WP (Q), show
1 . 1 o 1 €2, |2
—|Vu|Pdz <liminf | —|Vuc|Pde <liminf | —|Vu|P + =|VZuc|“da
Qp e=0 Jop e=0 Jop 2

1 1
< lim [ —|Vv|P + E\V2v|2 —g(v—ue)dz = / —|VulP — g(v—u) dz
QP 2 QP

e—0

for any v € WOQ’Q(Q) NWLP(Q). By continuity, [, %|Vu|p —gudz < [, %|V’U‘p — gvdz holds
for any v € Wol’p(Q).
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Lagrange, Legendre, or Jacobi, often related to direct applications in physics and
always bringing inspiration to development of mathematics.

The exposition here is narrowly focused on coercive problems leading to
elliptic boundary-value problems. As to the abstract theory presented in Sect. 4.1,
for further reading we refer to Blanchard, Briining [53, Chap.2,3], Dacorogna [112,
Chap.3], Gajewski, Groger, Zacharias [168, Sect.II1.4], Vainberg [414, Chap.II-IV],
Zeidler [427, Parts II/B & III]. Reading about the problems having the potential
of the type fQ ©(u, Vu) dz may include in particular Dacorogna [112, Chap.3],
Evans [138, Chap.8], Gilbarg and Trudinger [Sect.11.5][178], Jost and Li-Jost [218],
Ladyzhenskaya and Uraltseva [250, Chap.5].

Vectorial problems leading to systems of equations requiring special tech-
niques, cf. also Sect. 6.1, are addressed e.g. by Dacorogna [112, Chap.IV], Evans
[138, Chap.8|, Giaquinta, Modica and J. Soucek [177, Part II, Sect.1.4], Giusti
[180, Chap.5], Morrey [291], Miiller [297], and Pedregal [331, Chap.3].

There are many other variational techniques relying on critical points dif-
ferent from the global minimizers used here and more sophisticated principles,
sometimes able to cope also with side conditions. Let us mention the celebrated
mountain-pass technique by Ambrosetti and Rabinowitz [17] or Lyusternik and
Schnirelman theory [263]. The monographs devoted to such advanced techniques
are, e.g., Blanchard and Briining [53], Chabrowski [91], Fu¢ik, Necas, Soucek [158],
Giaquinta and Hildebrandt [176], Giaquinta, Modica and J. Soucek [177], Giusti
[180], Kuzin and Pohozaev [247], Struwe [400], and Zeidler [427, Part III].



Chapter 5

Nonsmooth problems;
variational inequalities

Many problems in physics and in other applications cannot be formulated as equa-
tions but have some more complicated structure, usually of a so-called comple-
mentarity problem. From the abstract viewpoint, the equations are replaced by
inclusions involving set-valued mappings. We confine ourselves to a rather simple
case (but still having wide applications) which involves set-valued mappings whose
“set-valued part” can be described as a subdifferential of a convex but nonsmooth
potential. Recall that we consider, if not said otherwise, V' reflexive.

5.1 Abstract inclusions with a potential

A set-valued mapping A : V = V* is called monotone if, for all f; € A(uy) and
f2 € A(uz), it holds that (fi — fa,u; —us) > 0. We admit A(u) = ) and denote the
definition domain of A by dom(A):= {u € V; A(u) # 0}. Naturally, A : V = V*is
called mazimal monotone if the graph of A is maximal (with respect to the ordering
by inclusion) in the class of monotone graphs (i.e. graphs of monotone set-valued
mappings) in V' x V*. By the Kuratowski-Zorn lemma, any monotone set-valued
mapping admits a maximal monotone extension, cf. Figure 10a,b. Besides, we call
AV =3 V* coercive if

(fru) _ +o0. (5.1)

lul—oo feA) Jlull

~ Here we shall consider some functional (again called a potential) ® : V' —
R:= R U {400, —00} such that the (set-valued) mapping A represents a certain

T. Roub(8ek, Nonlinear Partial Differential Equations with Applications, 133
International Series of Numerical Mathematics 153,
DOI 10.1007/978-3-0348-0513-1_5, © Springer Basel 2013
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a) Alu) b) Au) c) Alu)

-1 u IE— | u | ‘ 1 uw

Figure 10. a) a monotone but not mazimal monotone mapping A : R — R,
b) a mazimal monotone extension A : R = R of the mapping from a),
¢) another mazimal monotone A : R = R, inverse to the mapping from b);
note that it is a normal-cone mapping to the interval [—1,1],cf. (5.3).

generalization of the gradient of ®. We call ® : V — R proper if it is not iden-
tically equal to +00 and does not take the value —oco. Except Remark 5.8, we
confine ourselves to the case that ® is convex, and then A : V = V* will be the
subdifferential of ®, i.e. A = 0P, defined by

OB (u) = {fev*; YoeV : ) + (f,u—uv) > c1>(u)}, (5.2)

cf. Figure 11. It is indeed a generalization of the gradient because, if A is also the
Gateaux differential, then 0®(u) = {®'(u)}.! If ® is finite and continuous at u,
then 0®(u) # 0, otherwise emptiness of 9®(u) is possible not only on V' \ dom(®)
but also on dom(®) as well as situations when dom(9®) is not closed, cf. Figure 11.

+ooT ————o
] ¢ _ . - e
i lane
ting ByPEPET o
S-SUpporting N i 1 4
IYPerplane - “— -
I IRy i1
u

0 T
u1

Figure 11. Subdifferential of a convex lower semicontinuous function;, an eram-
ple for 0®(u1) = 0, 0P(uz) = [f1, f2] D f3, and dom(P)=[u1,+0c0)
# dom(0®)=(u1, +00) because limy~,; ¥ (u) = —oo.
Example 5.1 (Normal-cone mapping). If K is a closed convex subset of V and
O(u) = 0x(u) is the so-called indicator function, ie. dx(u) = 0 if u € K and
Ok (u) = +o0 if u ¢ K, then, by the definition (5.2), we can easily see that

065 (u) = Nic(u) i= { {feve; VUEK;D (f;v—u) <0} for Z;? (5.3)

where Nk (u) is the normal cone to K at u; cf. Figure 1 on p. 6.

Example 5.2 (Potential of the duality mapping). For ®(u) = i|ul?, it holds

0®(u) = J(u), the duality mapping.® For V* strictly convex, cf. Example 4.19.

LCf. Exercise 5.34 below.

2This can be proved by the Hahn-Banach Theorem 1.5.

3The inclusion 9®(u) D J(u) follows from %HvHZ - %H’U,HQ > ol )l = JJull? > (f,v — u)
for f € J(u), cf. also (4.32). Conversely, f € J(u) implies %Hu +th|]? — %H’U,HQ > t(f, h). Then,
likewise (4.33), D®(u, h) > (f, h) for any h € X, hence inevitably f € 0®(u).
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Theorem 5.3 (CONVEX CASEY). Let A:V = V* have a proper convex potential
:V >R, ie. A=00. Then:

(i) A is closed-valued, convex-valued, and monotone.
(i) If @ is lower semicontinuous, then A is mazimal monotone.

(iii) If @ is also coercive, then A is surjective in the sense that the inclusion
A(u) > f (5.4)
has a solution for any f € V*.

Proof. Closedness and convexity of the set 9P () is obvious. To show monotonicity
of the mapping 0P, we use the definition (5.2) so that, for any f; € 90®(u;) with
1 =1,2, one has

(I)('UQ) > ‘I’(’Uq) + (f17u2—u1> and <I>(u1) > q)(UQ) + <f2,U1—’U,2>. (55)

By a summation, one gets (f; — fa,u; — ug) > 0.

As to (ii), take (ug, fo) €V xV* and assume that (fo — f,ug —u) > 0 for any
(f,u) € Graph(A). As V is assumed reflexive, we can consider it, after a possible
renorming due to Asplund’s theorem, as strictly convex together with its dual.
Then, we consider (f,u) such that J(u) + f = J(uo) + fo, f€A(u), J: V = V*
the duality mapping, i.e. [J+A](u) 3 J(uo)+ fo; such u does exist due to the point
(iii) below applied to the convex coercive functional v — ||v||> + ®(v), cf. also
Example 4.19. Then 0 < (fo — f,uo —u) = (J(u) — J(ug), up —u) and, by the strict
monotonicity of J, cf. Lemma 3.2(iv), we get ug = u so that (fo,uo) € Graph(A).

The point (iii) can be proved by the direct method: ® convex and lower
semicontinuous implies that ® is weakly lower semicontinuous; cf. Exercise 5.30.
Then, by coercivity of ® and reflexivity of V', the functional & — f, being also
coercive, possesses a minimizer u, see Theorem 4.2. Then 9®(u) > f because
otherwise 0®(u) Z f would imply, by the definition (5.2), that

FeV: D)+ (fiu—v) < P(u) (5.6)
so that [P—f](v) = ®(v) — (f,v) < ®(u) — (f,u) = [®—f](u), a contradiction. [

Theorem 5.4 (SPECIAL NONCONVEX CASE). Let ® = ®; +®5 : V — R be coercive,
®, be a proper convexr lower semicontinuous functional and ®5 be a weakly lower
semicontinuous and Gdateaux differentiable functional, and let Ay = 091 and Ay =
Y. Then, for any f € V*, there is u € V solving the inclusion

Ay (u) + Ax(u) > f . (5.7)

Remark 5.5 (Alternative formulations: inequalities). The inclusion (5.7), written
as 0Pi(u) > f — Az(u), represents, in view of (5.2), a problem involving the
variational inequality

FindueV: YweV: @1(v)+ (A2(u),v —u) > @1 (u) + (f,v—u). (5.8)

4In fact, (i)-(ii) holds even for non-reflexive spaces; see Rockafellar [352].
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Proof of Theorem 5.4. Coercivity and weak lower semicontinuity of ® with reflex-
ivity implies the existence of a minimizer v of ® — f. In particular, ®(u) < +00
and hence also @4 (u) < +o0.

Suppose that (5.7) does not hold, i.e. 9®1(u) Z f — P4(u). By negation of
(5.8), this just means that

JueV: &1(v) + (f — Ph(u),u —v) < ®1(u). (5.9)

For 0 < ¢ < 1, put v = u + e(v—u). As ®; is convex, it has the directional
derivative D®q (u,v — u) and

D1 (ve) — D1 (u) D1 (ve) — @1 (u)

D®q(u,v —u) = h{% = igf(;
€ 3 € 9
< (1)1(1}1) — <I>1(u) = @1(’[}) — <I)1(u) < +00. (510)

Note that D®; (u, v —u) is finite because it is bounded from below by —D® (u, u—
v) > —oco by similar argument as (5.10). In particular,

Dy (v.) = Py (u) +eDPy (u,v — u) + 01(g) (5.11)

with some o1 such that lim.\ g 01(¢)/e is 0. Moreover, as @4 is smooth, hence
(P4 (u), v — u) = DPy(u,v — u), by the definition of Gateaux differential, it holds
that

Py (v:) = Po(u) + (P (u), v — u) + 02(e) (5.12)

with some o2 such that lim._,g02(¢)/e = 0. Thus, adding (5.11) and (5.12) and
using (5.10), we get

D1 (ve) + Po(ve) — (f,02) = Pa(u) + Pa(u) — (f, u)
+€<D¢1(U,U7u) + D®s(u, v—u) — <f,v—u>) + 01(e) + 02(e)
< @1 (u) + Po(u) — (f,u)
+5(<I>1(v) — @y (u) + (Ph(u), v—u) — <f,'ufu>) +o1(e) + 02(¢). (5.13)
By (5.9), the multiplier of ¢ is negative, and therefore this term dominates o1 (g) +

02(¢) if e>0 is sufficiently small. Hence, for a small £>0, the functional ®; + ®5 — f
takes at v, a lower value than at u, a contradiction. O

Remark 5.6 (Special cases). If ®1:= ®y + dx with both &p: V - Rand K CV
convex, then, for A = Ay, (5.8) turns into the variational inequality:

FindueK: YoeK: (A(u),v—u)+ Po(v) — ®o(u) > (f,v—u).  (5.14)
Often, ¢ = 0 and then (5.14) can equally be written in the frequently used form
f—A(u) € Nk (u), (5.15)

which is a special case of (5.7).
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Corollary 5.7. Let A= Ay + As : V =2 V* have the set-valued part Ay : V = V*
monotone, coercive, and possessing a proper weakly lower semicontinuous potential
&1, and the single-valued part As : V. — V* be pseudomonotone and possessing a
(smooth) potential ®o with an affine minorant. Then, for any f € V*, the inclusion
(5.4) has a solution.

Proof. Denote ®; and ®, the respective potentials. Then A; coercive and mono-
tone implies ®; coercive; cf. Exercise 5.32. Moreover, as ®5 has an affine minorant,
®1 4+ @5 is also coercive. Furthermore, ®5 is weakly lower semicontinuous, see The-
orem 4.4(ii). Then we can use Theorem 5.4. O

Remark 5.8 (Hemivariational inequalities). In case of a general nonconvex locally
Lipschitz @, the so-called Clarke (generalized) gradient is defined by:

Do®(u) = {feV*; YoeV . D°®(u,v) > (f,v)} (5.16)

where D°®(u, v) denotes the generalized directional derivative defined by

P (u — o(u
D°®(u,v):= limsup (itev) - 2(@) ; (5.17)
U—u 3

eN\0

see Clarke [96] for more details. Inclusions involving Clarke’s gradients are called
hemivariational inequalities. In the special case of Theorem 5.4, we have 0c® =
0Py + P}, provided P is locally Lipschitz continuous.

5.2 Application to elliptic variational inequalities
We will illustrate the previous theory on the 2nd-order elliptic variational in-

equality forming a so-called unilateral problem with an obstacle (determined by a
function w) distributed over 2 and with Newton-type boundary conditions:

—diva(z,u, Vu) + c(z,u, Vu) > g,
u > w, in Q,
(div a(z,u, Vu) — e(z,u, Vu) + g) (u —w) = 0 (5.18)
v-a(u,Vu) + b(z,u) > h, '
u > w, on I
(v-a(z,u, Vu) + b(z,u, Vu) — h)(u —w) = 0

The equalities in (5.18) express transversality of residua from the correspond-
ing inequalities, while the triple composed from these two inequalities and one
transversality relation is called a complementarity problem.



138 Chapter 5. Nonsmooth problems; variational inequalities

An interpretation illustrated in Figure 12 in a two-dimensional case is that
u is a vertical deflection of an elastic membrane® elastically fixed on the contour
I' and stretched above a nonpenetrable obstacle given by the graph of w.

a contact zone

a membrane
u = u(zr1,x2)

an obstacle
w = w(x1,x2)
T2

a free boundary

Figure 12. A schematic situation of unilateral problems on Q C R?: a deflected
elastic membrane being in a partial contact with a rigid obstacle.

The abstract inequality (5.14) with &y = 0, A given by (2.59) and f by (2.60)
leads to the weak formulation, resulting in a variational inequality:

Find veK: YeK: / a(u, Vu) - V(v—u) + c(u, Vu)(v—u) dz
Q

+/Fb(u)(fufu) ds > /Qg(vfu) dz +/ h(v—u)dS (5.19)

r
where

K:={veW"?(Q); v>winQ}. (5.20)

Assuming the symmetry condition (4.21), in view of Lemma 4.13, we can con-
sider the abstract inequality (5.14) alternatively with A = 0, f from (2.60), and
@ defined as in (4.23a) and ¢ and ¢ are defined by (4.23b,c), which results in
minimization over WP (Q) of the potential

D — f:u > Po(u) — (f,u) + ok (u)
= /Q(Lp(u,Vu) - gu) dx—i—/ (¥(u) — hu)dS + 6k (u). (5.21)

r

An important question is whether the weak formulation (5.19) is consistent
and selective; in other words, whether (5.18) contains enough information and is
not overdetermined. The positive answer is:

Proposition 5.9 (WEAK VS. CLASSICAL FORMULATIONS). Let w € C(Q) and u €
C?(Q). Then the inequality (5.19) is satisfied if and only if (5.18) holds.

Proof. Let us denote
Qpi={ze®; ulx) > w(=)}, Qo:= {ze®; u(z) = w(x)},
Iyi={z€el; u(z) > w(z)}, Lo:= {zel; u(z) = w(z)},

5To be more precise, this interpretation refers to a(z,r,s) = as with a > 0 the elasticity
coefficient, ¢ = 0, and g a tangential outer force per unit area.
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cf. Figure 12. For u solving (5.18) and for any v € W1P(Q) such that v > w, by
Green’s formula, we can write

/ a(u, Vu) - V(v — u) + c(u, Vu) (v — u) dz + / b(u)(v —u)dS
Q r

= /Q (div a(u, Vu) — c(u, Vu)) (u—v) dz + / (v-alu, Vu) + b(w)) (v—u) dS

T

= / (div a(u, Vu) — c(u,Vu))(U—U) dw

/ (diva(u, Vu) — c¢(u, Vu)) (u—v) dz

Qo

+/I‘+ v-a(u, Vu) + b(u ))(vu)dS+/FO(1/~a(u,Vu)+b(u))(vu)dS

::/Q L(z) dx—i—/QOIg(x)dx—i—/F Ly(x) dS+/FOI4(x)dS.

Now, by (5.18), we have I} = g(v—u) in Q4, Ir > g(v—u) because div a(u, Vu) —
c(u,Vu) < —gand u —v =w —v < 01in Qp, I3 = h(v — u) on Ty, and finally
I, > h(v—u) because v -a(u, Vu) +b(u) > hand v —u = v—w > 0 on I'y. Hence,
altogether

/ Ildx—l—/lgdm—i—/ IgdS—l—/L;dSz/g(v—u)dx—i—/h(v—u)dS
Q, Q0 r, To Q r

so that (5.19) has been obtained.

Conversely, if the solution u to (5.19) is regular enough, we can take z smooth
such that supp(z) C Q4. Then, for a sufficiently small ||, v:=u+ez € K so that,
by putting it into (5.19), one gets

/ a(u, Vu) - Vz + c(u, Vu)z dx > / gzdz. (5.22)
Q Q

Considering also —z instead of z, we get an equality in (5.22). Then, by using the
Green formula, we get diva(u, Vu) — ¢(u, Vu) + g = 0 a.e. in Q4. The inequality
u > w is directly involved in (5.19). Since, for z > 0 with supp(z) C Qo, always
v =u+z € K, we get by putting such v into (5.19) the inequality fQ gzdx <
fQ a(u, Vu) - Vz + ¢(u, Vu)zdz = [, (—=diva(u, Vu) + c(u, Vu))z dz, which gives
div a(u Vu) c(u, Vu)+g < 0 a.e. in Q. Altogether, the complementarity relations
in Q constituting (5.18) have been verified.

The complementarity relations on I' can be verified analogously by taking
test functions having nonvanishing traces on I'. If u(z) > w(z) for some z € T,
then, taking a sufficiently small neighbourhood N of x, we have u > w on 2 N N
(i.e. NN Qo = 0), and then v:= u + ez € K for a sufficiently small |e| provided
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supp(z) C QN N. Putting it into (5.19), one gets
/ a(u, Vu)-Vztc(u, Vu)z dz + / b(u)zdS > / gzdz + hzdS.
Q r Q

NN NN NN I'nN

By using the Green formula, we get

/ (—diva(u, Vu) + c(u, Vu) — g)zdzx
QNN

+/ (v-alu, Vu) 4+ b(u) — h)zdS > 0. (5.23)
rnN

Considering also —z instead of z, we get equality in (5.23). As we already know
that div a(u, Vu)—c(u, Vu)+g = 0in QNN C Q4 , we get v-a(u, Vu)+b(u)—h =0
on 'N N. In general, we can take z > 0 arbitrary but such that it will be small in
Q yet still with prescribed values on I'. This will push the first integral in (5.23)
to zero while the second one then yields v - a(u, Vu) + b(u) —h >0 on T O

A theoretically and to some extent also numerically® efficient method of reg-
ularization (or approximation) for problems like (5.18) is the so-called penalty
method. In the potential case, its L*-variant leads to approximation of the func-
tional from (5.21) by the functional

. (u) = /Q ((p(u,Vu) + W)dx —i—/rw(u) ds (5.24)

where v* := max(0,v). The idea is then to minimize ®. — f over the whole

W1P(Q), which corresponds to the boundary-value problem

a—1

1
—diva(u, Vu) + c(u, Vu) — B (w—u)") = g inQ,
v-a(u,Vu) +b(z,u) = h onl.

(5.25)

Now, we need to modify the coercivity (A(v),v —w) > (5||UH€V1,I,(Q) +C with§ >0
and some C (depending possibly on w). E.g., we can modify (4.31) to

a(z,r,s)-(s—Vw(z)) + c(z,r, s)(r—w(z))
> e1|s]P + ea|r]? — ko(z) — k1(z)|s| — ka(2)|r, (5.26a)
b(z,r)(r—w(x)) > —ks(z) — ka()|r| (5.26Db)

’

with some €g,e1 > 0, p > g > 1, and ko € LY(Q), k1 € LPI(Q), ko € LP
kse LY (T), and ky ELp#l(F) depending on a fixed w.

(Q)’

6If also a discretization as in Exercise 4.27 is applied, one can implement the resulting min-
imization problem on computers although its numerical solution is not always easy if € > 0 in
(5.24) has to be chosen small.
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Proposition 5.10 (CONVERGENCE OF THE PENALTY METHOD). Assume 1 < a <

p*, and a, b and c satisfy the qualifications in Lemmas 4.13-4.14, in particular the

symmetry (4.21) and coercivity in the sense (5.26) hold. Let also w € W1P(Q).

Then:

(i) The boundary-value problem (5.25) has always a weak solution u. € WHP(Q).

(i) The sequence {uc}eso is bounded in WP(Q). If ® is convex, then the
values of ®y converge, i.e. limg_,q <I>O(u5) = lim._,o fQ o(ue, Vue)dr +
Jpth(ue)dS — [ o(u, Vu)dz + [ p(u)dS =: ®o(u), and {u:}>0 converges
for e = 0 (in terms of subsequences) weakly to a solution u of (5.19).

(iil) If, in addition, the mapping A induced by (a,c) is d-monotone with respect to
the seminorm v — ||[V| Lo (rn), then ue — u (a subsequence) in WP (Q)
strongly.

Proof. For ¢ > 0 fixed, existence of a weak solution u. € W?(Q) to (5.25) follows
by the direct method by using Proposition 4.16.

To prove a-priori estimates, put v := u. — w into the weak formulation of
(5.25). Using also (5.26) and the estimates as in the proof of Lemma 4.15, for a
suitable § and C, one gets

1 a
e 2y + 01y — €

[ @

w—ug )T
= / alue, Vue) - V(ue—w) + c(ue, Vue) (ue—w) + ICCDOMS
Q

9

—|—/Fb( e — w)dS = / dx—i—/rh( —w)dS.  (5.27a)

The integrals on the right-hand side can be estimated as

/g(ua—w)dx—i—/h(ug—w)dS:<f,ug—w>
Q r
< [ llwr - €

dx

HW1=P(Q) + HwHW1=P(Q))

5.27b)

) ’
< 5”“8”3{/1”9) + C‘;H-fH{II/Vl»P(Q)* + HfHWLP(Q)* wHWLP(Q) (

with f determined by (and estimated through) the data (g, k), cf. (2.60) and (2.62),
and with Cs = ¢’ 7/qd/2, cf. (1.22). In this way, we show {uc}.~0 bounded in
WhP(Q) and, up to a subsequence, u. — u in WHP(Q).

We have also 2| (w—ue)"[|faiq) < C so that [[(w—ue)*|La) = O(¥/E).
Using the weak continuity of v — [[v"]|La(q) if & < p* (or the weak lower semi-
continuity if o = p*, cf. Exercise 5.30 below), one gets

J(w—u)*legoy < liminf | (w=ue)* (o) < limsup | (w=1)* (0 = 0.

Thus u € K has been proved.
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The convergence of ®g(u:) to ®o(u) can be seen from the estimate
[0 f] ) < it [0 1] (uc) < limsup [Bo-)(ue) < [Bo-)() (.29
€ e—

because @, is weakly lower semicontinuous (see Lemma 4.14) and always
[Po—f](ue) < [Pe—f](ue) < [Pe—fl(u) = [Po—f](u) because u. minimizes ®.— f
with @, = ®g + = ||(w — ~)+H%Q(Q) and because u € K; here we used the as-
sumption that ®( is convex so that each solution to the Euler-Lagrange equation
minimizes its potential ®o— f. Then (5.28) yields lim._,o[®o—f](ue) = [Po— f](u),
from which lim._,o ®o(u.) = ®o(u) follows.

The fact that u solves (5.19), i.e. minimizes (5.21), follows directly from the
proved facts that v € K and [®g—f](u) < min(®g — f + dk ), proved in (5.28) if
one realizes also

[@o—f(ue) < [P=f(ue) < min[®.—f] < min(Pg — f + dx) (5.29)

because u. minimizes ®.— f and because always ®. < &g+ Jx.

Now, we are going to prove the strong convergence. By multiplying the equa-
tion in (5.25) by (u — u.), applying Green’s formula and using the boundary
conditions in (5.25), one gets

/Qa(us, Vue) - V(u—ue) + c(ue, Vue) (u—us) — é’(wfug)ﬂafl(ufug) dz

+/Fb(u5)(ufu5)d5:/Qg(ufus)der/h(uqu)dS. (5.30)

r

Since u > w, the term |(w—u.)*[* ! (u—u.) > 0 a.e. on  and, by omitting it,

one gets
/Qa(ua, Vue) - V(u—ue) + c(ue, Vue ) (u—u.) da
+ /1‘ b(ue)(u—ue)dS > /Qg(ufug) dz + /1“ h(u—ue)dS. (5.31)

Then, if (a,c) induces a d-monotone mapping as assumed, by (5.31) we get
<d(HVUEHL1’(Q;R")) - d(”quLP(Q;R"))) (IVuel Lo @rny — VUl Lo(@rny)
< /Q(a(u87 Vue)—a(u, Vu)) - V(ue—u) + (c(ue, Vue)—c(u, Vu)) (ue—u) dz
< /Q (9 — clu, Vu)) (ue—u) — a(u, Vu) - V(us—u) dz
+/F (h = b(ue)) (ue—u) dS — 0, (5.32)

because subsequently u. —u — 0 in LP(Q), h — b(u.) — h — b(u) in LP#I(F) and
ue—u—0in LP” (T), and Vue — Vu — 0 in LP(Q; R™). From (5.32), one deduces
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Vel rirny = [Vl Lr(oirny- From Vu, — Vu in LP(€; R™) proved above, and
from the uniform convexity of L?(Q2; R™), by Theorem 1.2 we get Vu, — Vu. O

In case ¥ is not convex, weak solutions u. to the boundary-value problem
(5.25) do not necessarily minimize ®.— f. Anyhow, the proof of the strong conver-
gence in Proposition 5.10(iii) holds, while the proof of mere weak convergence is
to be made through the Minty trick. For example, if (¢, a) is monotone but b not
(hence @ indeed need not be convex), one can prove:

Proposition 5.11 (CONVERGENCE OF THE PENALTY METHOD II). Let 1 <a<p*,
and a, b and ¢ satisfy the qualifications in Lemmas 4.13—-4.14 and let (¢, a) induce
a monotone mapping (4.22) for a.a. x € Q. Then u. from Proposition 5.10(i)
converges for e — 0 (in terms of subsequences) weakly to a solution u of (5.19).

Proof. We now want to use the Minty trick. To this goal, we multiply (5.25) by (v—
ue ), apply Green’s formula, and use the boundary conditions in (5.25) to get (5.30)
with v in place of u. Considering v > w, one can see that L|(w—u.)*[*~! (v—u.) is
non-negative a.e. on 2. Thus we arrive at (5.31) with v in place of u. Then, using
monotonicity of [c, a](x, -, ), we obtain

0< /Q(a(us, Vue)—a(v, Vv))-V(ue—v) + (c(te, Vue)—c(v, V) (ue—v) dz

< /Q (g — (v, Vv)) (ue—v) — a(v, Vv)-V(u.—v) dz + /F (h = blue)) (ue—v) dS

%/Q(gfc(v,Vv))(ufv)fa(v,Vv)V(ufv) dx+/r(hfb(u))(ufv) ds;
(5.33)

here we used compactness of the trace operator W1P(Q) — L”#*(F) for b(u.) —
b(u) in L”#/(F). Then we modify Minty’s trick: instead of v := u + nz used for
equations with 7 > 0, cf. the proof of Lemma 2.13, we now put v:=nz + (1-n)u
for n € (0,1] and z > w; note that such v lives in K. As v—u =nz+ (1-n)u —u =
n(z—u), this gives

0< /Q(g —c(nz+(1-n)u, nVz+(1-n)Vu)) (nu—mv)

—a(nz+(1-n)u, nVz+(1-n)Vu)-V(nz—nu) dz + /F(hfb(u))(nzfnu) ds.

Then we divide it by n > 0, and pass to the limit with n — 0. It gives just the
desired inequality (5.19). O

Remark 5.12. Strenghtening the growth condition (2.55) and the qualification of
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w e.g. by considering w € W1>°(Q) and
la(z,7,8)| < y(x) 4+ Clr|7 ¢+ C|s[P~! for some e L () , (5.34a)
|[b(z,7)| < ~y(x)+ C|r|?™¢ for some VGL”#,(F), (5.34b)
le(x,rys)| < v(x) + Clr|T ¢+ C|sP~¢ for some ’yELp*/(Q) (5.34c¢)
and for some € > 0, one can replace the optimal but rather cumbersome coercivity

condition (5.26) depending on w by the former condition (4.31). Then, instead of
(5.27), we can estimate for some ¢ > 0:

8 ue HZ&(Q) -C

1
HWlp EH(wqu)"'

p a_ _ Jw—ue) ™™
< e1|Vue|P + ealue| ko|Vue| — kilue| + - dz koluc|dS
Q T

|(w—ue)* |

< / a(te, Vue) - Vue + c(ue, Vue )ue + dz —I—/ b(ue)us dS
Q r

= /a(ua7 Vue)-Vw + c(ue, Vue )w + g(u.—w) dz + /b(ua)w + h(u.—w)dS
Q r

<G+ /Q [Vae]? + |uc|? de + HfHWLp(Q)*( ’uEHWLP(Q) + Hwme(Q))

for any small 6; and Cs, depending on ¢; and 4’s and C from (5.34) with &1,
€2, ko, k1, and ko from (4.31). Then the a-priori estimates ||uc|lw1.r(o) < C and
[ (w—ue)t|| Loy < C/ {/€ easily follow.

Remark 5.13 (Free boundary problems). The boundary Q. N o, which is not
known a-priori and is thus a part of the solution to (5.18), is called a free boundary,
cf. Figure 12. We thus speak about free-boundary problems, abbreviated often as
FBPs.

Remark 5.14 (Dual approaches). Having in mind the constraint v > w as in (5.18),
one can write dx used in (5.21) as

dx(u) = sup / (w —u)Xda. (5.35)
0<AELPY ()
Then, defining the so-called Lagrangean L(u,\) := ®(u) — (f,u) + [, (w —u)Adx

and realizing that L(-, A) is convex while L(u,-) is concave, we have

min[® — f] = min <<I>(u) —(fyuy+  sup /(w —u)A dx)

ueK ueWe(Q) 0<AeLP(2) /0

= min sup (@(u) —(f,u) Jr/ﬂ(wfu))\dx)

uEWLP(Q) o< xeLr'(Q)

Y

sup min  L(u, \);
o< eLr*/(q) uEWHP(Q)
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the last inequality holds because always min,ew1.r0) L(v,A) < L(u,\) <
supg<¢ L(u,§) = ®(u) for any u and .7 Thus the problem now consists in seeking
a saddle point of the Lagrangean L. The problem of finding a supremum over
{A > 0} of the concave function

U(\):= min_ L(u,\ 5.36
(V)= oin L) (5.36)

is referred to as the dual problem and can sometimes be easier to solve or/and gives
useful additional information; e.g. the constraint in the dual problems are simpler
and, having an approximate maximizer \* > 0 of ¥ and an approximate minimizer
u* > w of ®, we have a two-sided estimate ¥(A\*) < min,ex[® — f] < P(u*).
Cf. Exercise 5.51 for a concrete case of .

5.3 Some abstract non-potential inclusions

In this section we will again come back to the abstract level and deal with the
inclusion of the type
0P(u) + A(u) > f (5.37)

with ® convex and with A pseudomonotone but not necessarily having a poten-
tial. We will thus generalize Corollary 5.7 for the case that the smooth part has
no potential. Simultaneously, we will illustrate a general-purpose regularization
technique for the nonsmooth part of (5.37).%

Theorem 5.15. Let @ : V — R U {400} be convex, lower semicontinuous, proper,
and possess, for any € > 0, a convex, Gateauz differentiable reqularization ®. :
V — R such that L : V — V* is bounded and radially continuous and &, — P
in the sense

YoeV: lim sup ®.(v) < ®(v), (5.38a)
e—0

ve = v == lim iglf D (ve) > ®(v), (5.38b)
E—r

and A:V — V* be pseudomonotone (non-potential, in general) and let, for some

¢ : RY — RT such that lims_,, o ((s) = +o0, the following uniform coercivity

hold:

D (u) + (A(u),u—v)
[l

Jvedom® Ve >0 VueV : > C(||lul))- (5.39)

Then, for any f € V*, there is at least one u € V' solving the inclusion (5.37).

"Let us remark that the opposite inequality would require a constraint qualification, here
p > n so that K from (5.20) would have a nonempty interior.
8For a usage of the regularization to potential problems see also Proposition 5.10. In (5.25),

one uses ||-[|¢o-penalty term instead of ||- ”‘2/V1,P implied by usage of the formula (5.49), however.
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Proof. By the coercivity (5.39) and the previous results, see Theorem 2.6 with
Lemmas 2.9 and 2.11(i)?, the regularized problem possesses a solution u. € V, i.e.

O (ue) + Alue) = f. (5.40)

Moreover, we show that the coercivity (5.39) is uniform with respect to e, and
hence u. will be a-priori bounded. Indeed, as ®. is convex, in view of (5.8), the
equation (5.40) means equivalently

D (v) + (A(ue) — f,v — ue) > Po(ue). (5.41)

Moreover, for v € dom(®) and € > 0 small enough, ®.(v) < ®(v) + 1 by (5.38a).
Using subsequently (5.39), (5.41), and ®.(v) < ®(v) 4+ 1, we get the estimate

CluelDlluell < @e(ue) + (Alue), ue —v)
< Pe(v) + (frue —v) S @) + 1+ [ fll (luell + llvll). (5.42)
Hence, the sequence {uc}c~¢ is bounded and, after taking possibly a subsequence,
we can assume u. — u.
Now, for v € V arbitrary, we will pass to the limit in (5.41). The right-

hand side of (5.41) can be estimated by (5.38b) while (5.38a) can be used for the
left-hand side to get:

®(v) = (f,v—u) + lirgjgpM(us),vfuJ

> timsup (B2(0) + (A(ue)—f,v-u2)) > liminf B (ue) > B(u).  (5.43)

e—0

Passing to the limit with ¢ — 0, we get ®(v) + (A(u),v —u) > (f,v — u) + ®(u),
which is just (5.37), provided we still prove

lim sup(A(ue), v — ue) < (A(u),v — u). (5.44)
e—0
To do this, we use the pseudomonotonicity of A: we are then to verify
lim inf(A(ue), u — ue) > 0. (5.45)
e—0

Using (5.41) for v:= u, we have
(A(ue),u—ue) = (f,u—ue) + e (ue) — Pe(v) (5.46)
so that, by using again (5.38),

Y

lim inf(A(ue), v — u.) lim inf ((f, u—ue) + Po(ue) — <I>E(u))

e—0 e—0
lim (f,u — ue) + lim inf & (u.)
e—0 e—0

— limsup ®.(u) > 0+ @(u) — (u) =0, (5.47)
0

E—r

Y

which proves (5.45). O

9The coercivity of ®. + A (even uniform in & > 0) follows via the test of (5.40) by us — v
from (5.42) below.
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Remark 5.16 (Mosco’s convergence). One can weaken (5.38a) tot?

YoeV Fv. v = limsupP.(ve) < ®(v) (5.48)

e—0

and then (5.38b) with (5.48) is called Mosco’s convergence [293] of @, to ®; cf. Ex-
ercise 5.35 below. This is advantageous in particular if the regularization is com-
bined with the Galerkin method.

A concrete regularization ®. of ® can be obtained by the formula

2
O, (u):= inf ]

Inf — + &(v); (5.49)

here ®. is called the Yosida approrimation of the functional ®. Note that, for
® = §x, we have obviously ®.(u) = 5-dist(u, K)?. Realize the coincidence with
the penalty method (5.24) for ¢ = 2 and for || - || being the L?-norm.

Lemma 5.17 (YOSIDA APPROXIMATION). Let ® : V — R be convex, proper, lower

semicontinuous. Then:

(i) Each ®. is convex and lower semicontinuous and the family {®.}.~o approz-
imates @ in the sense (5.38).

(ii) If V and V* are strictly conver and reflexive, then each ®. is Gateaux differ-
entiable and the differential ®. : V — V* is demicontinuous and bounded.

Proof. Denote W, (u,v) = 5-|lu —v||? + ®(v).
(i) The lower semicontinuity: take ux — u and consider a minimizer vy, for
U (ug, ), iel!
2
Huk — ’UkH = 26(@5(1%) - @(Uk)) (550)
As {®.(uy)}ren is bounded from above!? and ®, being proper, has an affine mino-

rant, (5.50) implies that {vy }ren is bounded. Considering v, — v (a subsequence),
by estimating the limit inferior in (5.50) we obtain

u— vlI? " . up — 0|2 ~ ..
|| o H +<I>(v) _ khﬁnolo% _|_<I)(U) > lirggfq)a(uk)
e = P lu —v]?
=1 f—————+ > P 5.51
it T e 2 T ) (63D

0By weakening (5.38a) to Jv. — v : limsup,_,, ®e(ve) < ®(v), we would get the so-
called T'-convergence. This would, however, not be sufficient for passing to the limit in (5.47).
Instead of the recovery sequence for {®c}.>0 itself, we should rather use recovery sequences
for {®:}e>0 together with {A:}e>0 in the spirit of [281], namely here we might impose the
condition: for all ue — w and v € V there is a “mutual recovery sequence” {ve}e>0 such that
limsup,_,o ®c(ve) + (A(ue)—f,ve—ue) — Pe(ue) < @(v) + (A(u)—f,v—u) — ®(u). The limit
passage in (5.41) is then obvious.

HExistence of vy follows by coercivity of We(ug,-) (because ®, being proper, has an affine
minorant) and by its weak lower semicontinuity, cf. Exercise 5.30 and the proof of Theorem 4.2.

12Note that ®c(ug) < |lup —w||?/e+®(w) = |[Ju—w||? /e + ®(w) < +oo for w € dom(P) fixed.
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for any v € V. Hence v minimizes W (u,-) so that |[u — v||?/(2e) + ®(v) = ®.(u),
which showes the lower semicontinuity of ®..

We now prove that ®. is convex: taking ui,us € V and v; a minimizer for
U, (u1,-) and vy a minimizer for ¥, (uz,-), we have

@E(“1+“2> — inf \1:5(“1+“2,v> gxys(“l*“{w)
2 oty 2 2 2

1 1 1 1
< 5‘115(%111) + §\Ifa(u27v2) = §<I>g(u1) + §<I>a(uQ). (5.52)

By the obvious fact ®. < ®, (5.38a) immediately follows. To prove (5.38b),
let us realize that ®. > ®45 provided 0 < € < §. Then, for v. — v and for any
6 > 0, the convexity and lower semicontinuity of ®s implies

liminf ®.(v.) > liminf ®s5(v.) > Ps(v). (5.53)
e—0 e—0

Now, (5.38b) follows if one shows lims_,o Ps5(v) = ®(v). First, let v € dom(®P). Let
vs be a minimizer for ¥s(v,-), i.e.

v —vs]|* = 26(Ps(v) — D(v5)). (5.54)
As {®5(v)}s5>0 is bounded from above by ®(v) < 400 and ® has an affine mi-

norant, (5.54) implies {vs}s~o bounded. Then one can claim that {®(vs)}sso is
bounded from below, and then (5.54) gives vs — v. By (5.54), always

D(v) > Ps(v) > P(vs). (5.55)

By the lower semicontinuity of @,

®(v) > limsup @5(v) > liminf P5(v) > liminf ®(vs) > D(v), (5.56)
§—0 6—0 6—0
showing that lims_o ®5(v) = @®(v). Second, consider v ¢ dom(®P). Assume

lims_,o ®(vs) # ®(v), i.e. Ps(v) < C for some C < +o00. Yet, then (5.54) again
gives vs — v and (5.56) implies ®(v) < C, a contradiction.

(ii) Let ue be a solution to the minimization problem in (5.49). From the
optimality conditions, we get

éj(ug —u) 4 0B(u) 50, (5.57)

cf. Examples 4.19 and 5.2. This gives u. = (I+eJ10®) 1 (u) and also ®(u.) —
®(w) < L(J(u—u.),u.—w) for any w. In particular, considering some v, we will

g

use it for w := v := (I+eJ10®) "1 (v) to estimate (while abbreviating . = u—u.
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and T, = v—v,):

U |2 U2
@) — @.(v) = B(u.) — o(o.) + Ll I
- = 112 =112
. <J<:E>’ug ) ||z;5€|| - ”U;g”
() J(a) el |l
= c umo) = p ’“f”6>+2—5*2—5
J (i) lael®  [ol? | el ol _ /J ()
< {2 u—v) — — < —
_< € U v> 2¢ 2¢ * € _< € U v>. (5.58)

In particular, 1 J(u—u.) € 8®.(u). By the same arguments, ®.(v) — P (u) <

(LJ(u—uc), v—u). Denoting

As(u) == éJ(uqu), (5.59)

we obtain
(Ac(v) = Ac(u),v —u) > @.(v) — Pe(u) — (Ac(u),v —u) >0, (5.60)

the last inequality being due to just (5.58). By putting v = u + tw and dividing it
by t and assuming that A. is demicontinuous, one would get A.:
lim O, (uttw) — P (u)
t—0 t

which would show that &, is Gateaux differentiable.

It thus remains to prove the demicontinuity and also the boundedness of A..
Taking some ug € dom(®) and f € 9P(ug), testing (5.59) by u. — ug, and using
(5.57), i.e. Ac(u) € 9®(u.), and the monotonicity of 9P, we get

<J(uE —u), Us — uo> = €<A5(u),u0 — ua>
< €(<A5(u),uo — ua> + <f — A (u),ug — u5>) = <€<f7 Uy — u5>. (5.62)

= (Ac(u), w) (5.61)

Hence
lue —ul|* = <J(ug—u)7u5—uo> + <J(u5—u),u0—u>
< el flls lfuo = uell + flue — ull flu — uol|- (5.63)
This implies that u — u. is bounded (i.e. maps bounded sets into bounded sets)
and, in view of (5.59), also A, is bounded.

Now consider ux — u in V' and the corresponding uge := (uy)e. Again by
(5.59), we have J(upe — ug) + €Ac(ur) = 0 and also J(uge — w;) + €A (u;) = 0.
Subtracting it and testing by ug. — uje, we obtain

Ly + L7 = (J upe—ur) = I (we=w), (g —up) = (=)
+ e(Ac(ur)—Ac(w), uge—uic)
= <J(uk5—uk) — J(ulg—ul),ul—uk> =: Ry . (5.64)
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We have L,S) > 0 because J is monotone and also L,(j) > 0 because A.(ux) €
0P (ure) and 0P is monotone. Moreover, limy, ;_, o R = 0 because limy, ;o0 (U, —
u;) = 0 while both J(uge—ur) and J(uwie—w;) are bounded because the map-
ping u — u. has already been shown bounded. Thus limy; L]S) = 0 and
lika_)OO Ll(fl) =0.

Considering (if needed) a subsequence, indexed for simplicity again by k, such
that upe = @inV, Ac(ug) — f and J(uke —ug) — 5% in V*, and (Ac(uk), uge) — &
in R for k — oco. From limy, ;s L,(j) =0 we get

0 = lim ( lim <A5(uk)fA5(ul),ukgfulg>>

=00 \ k—o0
= lim (&= (fowe) = (Aclw),i—ui) ) = 26— 2(f, ). (5.65)

Hence (A.(uk),ure) — (f,a). Since ® is monotone and A.(ur) € P(uke), we
have 0 < (A, (ug) — y,uke — 2) = (f —y,u — z). As it holds for any (y, z) such
that y € 9®(z) and as 0P is maximal monotone, cf. Theorem 5.3(ii), we have
feod(a).

Furthermore, from A, (uy) = J(uy — uge)/e and from the definition (3.1) of
J, we obtain

(€A (ur), uke — ur) = lure — url|* = || Ac (ur)| . (5.66)

In the limit, || — u||? < lminfy_ oo [|uge — ugl|® = limp_ oo (A (ur), Uke — ug) =
(ef,u—u) < el f|l<]|a—u|. Hence, in particular, ||a—u|| < ]| f]|«. Conversely, again
by using (5.66), || f]|? < eliminfg_ oo ||Ac(ur)||? = limg_s oo (Ac(ug), ur — ue) =
(fiu—a) < |[fll<]lw — @, hence €| f]l« < ||u — a||. Hence altogether we proved
ellfll« = |lu— @] and thus also

ENFIE = llu—al® < (ef,a—u) < el fllllu—all = 2| fII? (5.67)

hence (ef, i — u) = || f||?. Altogether, we proved J (i — u) +ef = 0.
Therefore, & = u. and f = A.(u). Since this limit is identified uniquely, we
have A.(ux) — f = A.(u) for the whole sequence. O

Remark 5.18 (Yosida approzimation of monotone mappings). The differential ®.
can be understood as the so-called Yosida approximation of d®. In general, a
monotone mapping A, : V — V* defined by'?

A(u) = J(u— (I—l—si_lA)_l(u)) ’ (5.68)

is called the Yosida approximation of the monotone (generally non-potential set-
valued) mapping A : V = V*; for V = R" see also (2.164b). Let us note that in the

13 Note that J is single-valued as V* is supposed strictly convex; cf. Lemma 3.2(ii).
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proof of Lemma 5.17, we actually proved that, if V' is strictly convex together with
V* and if A is maximal monotone, then A, : V' — V* is monotone, bounded, and
demicontinuous. Moreover, it can be proved that w-lim._,o Ac(u) is the element
of A(w) having the minimal norm, and that, if V' is a Hilbert space, A. is even
Lipschitz continuous.

Corollary 5.19. Let V be reflexive, ® : V. — RU {400} convex, proper, and lower

semicontinuous, A : V. — V* be pseudomonotone and

(i) @(v) > ||v]|* for some a > 1, and %
v€Dom®, or

(ii) @ be bounded from below and A be coercive in the sense:

be bounded from below for some

(A(w),u —v)

l[ul| =0 ]

Jv € Dom(®) : = 4o0. (5.69)

Then for any f € V* there is at least one uw € V' solving (5.37).

Proof. By Asplund’s theorem, V' can be renormed (if needed) so that both V' and
V* are strictly convex. Then, by Lemma 5.17, ® possesses the smooth regularizing
family {®.}.~¢ with the property (5.38) and with a bounded and demicontinuous
O’ Let us verify (5.39):

The case (i): for any 0 < ¢ < &g with g¢ fixed, one gets!*

e —of? o (el = ol
d >d = inf —— + ®(v) > inf ——— @
(> @) = jnf P ) > g ULy
> “ . ‘O‘]EO(”U“) >, where TEOJrasor?O*l = |lu||, (5.70)
where [| - %], is the Yosida approximation of the scalar function | - |*; the

last estimate follows likewise the second estimate in (5.55) while the equa-
tion for 7., is an analog of (5.57). This relation allows for an estimate r., >
go|u|min(1/(@=1)) _ 1 /eq for some g9 > 0, hence (5.70) yields a uniform (and
superlinear) growth at least as [ul|™®(®®) Then, adding it with the assumed
estimate (A(u),u — v)/||u| > —C yields (5.39).

The case (ii): Without loss of generality, we can assume ¢ > 0. Then ®. > 0,
too. Then, adding ®.(u) to the numerator in (5.69) gives (5.39).

Then the assertion follows by Theorem 5.15. d

Theorem 5.20 (MONOTONE CASE: UNIQUENESS AND STABILITY). Let the assump-
tion of Corollary 5.19 be valid with A monotone and radially continuous. Then:

(i) If A is strictly monotone or ® is strictly convez, then the solution u to (5.37)
is unique and the mapping f — u is demicontinuous.

(ii) If, in addition, A is d-monotone and V wuniformly convex, then f — wu is
continuous.

(iil) If A is uniformly monotone, then f — w is uniformly continuous.

M We used [|lu — v]| > max(||ull — [[v]l, [[v]| — [lull) so that also [lu —v|[* > ([|ull — [lu]|)*.
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Proof. Take uy,us € V two solutions to (5.37), i.e., for i = 1,2,
D(v) + (A(ui), v — ui) > @(u;) + (f,v — ug). (5.71)
For i = 1 take v = ua:
D(uz) + (A(ur),ug —u1) > ®(ur) + (f,uz —u1) . (5.72)
Analogously, for i = 2 take v = u;. Adding the obtained inequalities, we get
(A(u1) — A(ug), ug —u1) >0, (5.73)

from which we get u; = uso if A is strictly monotone.
If A is merely monotone, we can use strict convexity of ® as follows: we
consider again (5.71) but now for v = %U1+%U2, and use monotonicity of A to get

Q(u;) — @(v) + (f,v—us) < (A(u;), v—uy)
= (A(v), v—u;) + (A(us)—A(v), v—u;) < (A(v),v—u;)

for ¢ = 1,2. Summing it together yields
D(uy) + P(uz) — 20(v) < (A(v) — f,2v —up —ug) =0 (5.74)

because obviously 2v—u;—us = 0. Yet, (5.74) implies u;=us if ¥ is strictly convex.

For the demicontinuity, we use again the Minty trick: take f; — f and u; the
solution corresponding to f;. By the a-priori estimate as in Corollary 5.19, {u; }ien
is bounded. Then u; — u (for a moment, possibly as a subsequence). Then, by the
monotonicity of A, by (5.71) written for f; instead of f, and by the weak lower
semicontinuity of ®, we get

0 < limsup(A(v)—A(u;), v—u;)

< limsup ((A(w),v—u) = @(u) +2(v) — (i, v-u)
< (A(v),v—u) — ®(u) + ®(v) — (f,v—u). (5.75)

In particular, u € dom(®). Then, for w € dom(®), the convex combination v, :=
ew + (1 — &)u belongs to dom(®). Similarly as in the proof of Proposition 5.11,
using (5.75) with v := v, and realizing that, by the convexity of ®, we have
D(ve) — P(u) < e(P(w) — P(u)), we obtain

0 < <A(v5), vg—u> + ®(ve) — P(u) — <f7 vE—u>
(A(ve), e(w—u)) + e(®(w) — @(uv)) — (f, e(w—u)). (5.76)

Dividing it by € > 0, we come to

IN

(A(ve),w —u) + P(w) — P(u) > (f,w — u). (5.77)
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Then, for € N\, 0 by using the radial continuity of A, we get that u solves (A(u), w—
u) + ®(w) — ®(u) > (f,w — u), i.e. u solves (5.37). As we proved such u to be
unique, even the whole sequence {u;};cn converges weakly to w.

The norm (resp. uniform) continuity in the d-monotone (resp. uniform-
monotone) case is a simple modification of (5.71)—(5.72) for f = f12 so that
(5.73) turns into (A(u1) — A(uz),us — u1) < (f1 — f2,u2 — u1) and then one can
proceed as in (2.33) (resp. in (2.34)). O

Remark 5.21. A special case: & = dx, K C V convex, closed. Then (5.37) turns
into (5.15), i.e. into the problem

Findue K: Yve K: (A(u),v—u) > (f,v—u). (5.78)

Remark 5.22 (Another penalty functional). Considering the constraint of the type
u € K, one may be tempted to consider another norm than L%(£2) used in (5.25).
Inspired by (5.49), one can consider the functional u — o (infuex [, [u — v[P +

[V (u — v)\p)2/p, which however leads to a nonlocal term in the approximating
equation related, in fact, to the formula (5.68) for A = Nk. A certain caution is
advisable: e.g. penalization of K = {v >0 on Q, v|r = 0} by 5= [, [V(u™)[*dx is
not suitable because this functional is not convex.

Remark 5.23 (Abstract Galerkin approzimation of variational inequalities!). We
can adapt the finite-dimensional approximation from Section 2.1. Considering
(5.78), instead of uy € Vi solving If(A(ux) — f) = 0, we will now start with
ug € Ky C K solving ux = Py(ug + J,;IIZ(f — A(uy))) where Ij, : Vi, = V is the
inclusion, Jy : Vi — V;* is the duality mapping, Py : Vi — K}, is the projector
with respect to the Euclidean inner product in Vj, (which is thus considered as
possibly renormed) and Kj, C Vj is a convex closed approximation of K whose
union is dense in K, cf. also Exercise 5.42 below. In other words, u; € K}, satisfies

Yo € K, : (A(uk),v —ur) = (f, v — ug). (5.79)

The existence of uy again follows by the Brouwer fixed-point Theorem 1.10. Thus
one can show that, if A is pseudomonotone and coercive on K in the sense

e K: lim = +o00, (5.80)

cf. (5.69), then, for any f € V*, (5.78) has a solution. Actually, this is an alternative
proof of Corollary 5.19 in the special case & = §.

Remark 5.24 (Epigraphical approach). In fact, (5.78) is a universal form for (5.8)
if one makes the so-called Mosco transformation [292]: replace V by V x R, put
K :=epi(®1) C V x R, define the pseudomonotone mapping A: V xR — V* x R

153ee Brézis [65] or Lions [261, Sect. I1.8.2].
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by A(u,a):= (Az2(u), 1), and the right-hand side (f,0). Indeed, if (u,a) € K solves
the problem (5.78) for such data, i.e. if ®;(u) < a and, for all (v,b) € V x R,
Pi(v) <b = ((A2(u),1), (v,b) — (u,a)) > {(f,0), (v,b) — (u,a)), (5.81)

then a = ®1(u) and u solves (5.8).16 The previous Remark 5.23 allows us to give
an alternative proof of Corollary 5.19 under the following coercivity condition:

D1 (u) + (Az(u),u — v)

llul| =00 ]

Fv € dom(Pq) : = 400, (5.82)

which covers (and generalizes) both cases (i) and (ii) in Corollary 5.19.

5.4 Excursion to quasivariational inequalities

There is a sensible generalization of (5.8) by allowing the convex functional ®; to
depend on the solution w itself, i.e. 1 = ®(u, -) for some ® : VxV — R. For A =
As monotone (not necessarily potential) we come to a so-called quasivariational
imequality

YoeV: ®(u,v)+ (Alu),v —u) > ®(u,u) + (f,v —u). (5.83)

To prove the existence of a solution to (5.83), various fixed-point theorems
are usually used. Here, we use the Kakutani’s Theorem 1.11. We denote by M (w)
the set of the solutions u to the following auxiliary variational inequality:

YoeV: ®(w,v)+ (Au),v —u) > ®(w,u) + (f,v — u). (5.84)

Lemma 5.25. Let A be monotone, bounded, radially continuous, w — ®(w,-) be
weakly continuous in Mosco’s sense, i.e. for all v,w € V,
Ywr = w Jup — v:  limsup ®(wg,vr) < ®(w,v), (5.85a)

W —w
Vi —V

Ywp, = w Yo = v liminf ®(wg,v;) > ®(w,v), (5.85b)

vl;:év
and, for any w € V, ®(w,-) > 0 be convezr, dom(®(w,-)) 30, and A be coercive.
Then M(w) := {u € V; u solves (5.84)} is nonempty, closed and convex, and

M :V =V is weakly upper semicontinuous, i.e.'”
W — w,
up — u, = u€ Mw). (5.86)
U € M(wk)

16Indeed, choosing (v, b) := (u, ®1(u)) in (5.81), we get ®1(u) > a, hence ®1(u) = a. By this
and by putting (v, b) := (v, 1(v)) into (5.81), we get just (5.8) with v arbitrary.

I7Let us recall the generally applied “sequential” concept, i.e. (5.86) defines “sequential” weak
upper semicontinuity. This is because the generally assumed separability and reflexivity of V
(hence of V* too) makes the weak topology metrizable if restricted to bounded sets and then
the “sequential” concept can be applied equally as the usual general-topology concept.
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Proof. By (5.85b), in particular, ®(w, -) is weakly lower semicontinuous and then,
by pseudomonotonicity of A and the coercivity, (5.84) has a solution; cf. Corol-
lary 5.19. Hence M (w) # 0.

Take u; and ug two solutions to (5.84), i.e. after a trivial re-arrangement:

P (w,v) — P(w,ur) + (f,u1 — v)
P (w,v) — P(w,uz) + (f,uz — v)

> (A(ur),ur — vy, (5.87a)
> (A(uz),us — v). (5.87b)
Then we add it together, divide it by 2, and subtract the trivial identity (A(v), u—
v) = 1(A(v),u1 — v) + 1(A(v), uz — v) where u = uy + Sus. Using subsequently
the convexity of ®(w,-), (5.87), and the monotonicity of A, we get

®(w,v) — ®(w,u) + (f — A(v),u —v) > ®(w,v) — %@(mul) - %@(wﬂm)

+<f, %ul + %uz — v> — %(A(v),ul — v> — %<A(U),U2 ffu>

> L) - AW, - o) + 2 (Awz) ~ A0}, — ) 20

This is essentially the desired inequality if one replaces A(v) by A(u), which can
be however made by Minty’s trick by putting v = ez + (1 —e)u with 0 <e <1
and proceed as in (5.76)—(5.77). This shows that v € M(w). As u; and us were
arbitrary, by Proposition 1.6, M(w) is shown convex if closed. This closedness
follows from (5.86). To show it, take wy — w and u; — w such that ux € M (wg).
In view of (5.84) for wy, instead of w, this means for any v, € V:

@(wk7vk) + (A(uk), Vi — ’U,k> > @(wk,uk) + <f7 Vi — uk>. (5.88)

Now we consider v € V' arbitrary and a suitable sequence {vj}ren converging to
v so that (5.85a) holds. By Lemma 2.9, A is pseudomonotone, and thus we can
pass to the limit in (5.88) entirely similarly as in the proof of Theorem 5.15 with
Remark 5.16, which gives (5.84).1® Hence u € M(w), as claimed in (5.86). In
particular, for wy, = w we get that M (w) is closed. O

Theorem 5.26. Let the assumptions of Lemma 5.25 be fulfilled with ®(w,0) <
C(1+ ||wl||]) with C < 4+o00. Then (5.83) has a solution.

Proof. By (5.84) with v = 0 and by the assumed coercivity of A, for any u € M (w),
w €V, we have the a-priori estimate:
CUlulDllull < (Alw),u) < ®(w,u) + (Au), u)
< ®(w,0) + (f,u) < C(1+ [[wl) + £l ]ull

18To make this limit passage more direct without using the pseudomonotone argument, one
needs additionally continuity of A, cf. Exercise 5.38 below.
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with some ¢ : RT — R such that lim,_,o ((r) = +oco. Divided by |lul|, this gives

1+ [Ju]]
[l

C(lul) <€ + 171 (5.89)

from which we can see that M (B) C B for a sufficiently large ball B C V.

By Lemma 5.25, we can thus use the Kakutani fixed-point Theorem 1.11 for
the ball B endowed with a weak topology to show the existence of u € V such
that M (u) > u. Such u obviously solves (5.83). O

Example 5.27. For the typical case ®(w,u) = g (u), (5.83) turns into the
quasivariational inequality:

Find ueK(u): YveK(u): (A(u),v—u)> (f,v—u). (5.90)

Then (5.85a) means that the set-valued mapping K : V = V is so-called
(weak,norm)-lower semicontinuous in the Kuratowski sense'® while (5.85b) is just
(weak,weak)-upper semicontinuity2°.

Example 5.28. Let us consider V = Wol’Z(Q), A=—-A, and

®(w,v):= / oz, w(z),v(z))dx (5.91)

Q
with ¢ : 2 X R xR — R a Carathéodory mapping satisfying the growth condition
Jac L' (Q), beRY :  |p(x,7r1,70)| < alz) + b(|r1\2*_6 + ‘7’2‘2*_6). (5.92)

Then & : W12(Q) x WH2(Q) — R is (weak xweak)-continuous; use the compact
embedding W1?(Q) € L? ~¢(Q2) and then the continuity of the Nemytskii mapping
Nt L2 76(Q) x L2 74(Q) — LY(Q).

Supposing additionally that ¢(z,71,-) > 0 is convex and ¢(z,71,0) < v(x) +
C|r1| with some v € L'(Q) and C € R, we can prove the existence of a solution
uGW()l 2(Q) to the quasivariational inequality

/ o(x,u,v) +Vu-V(v—u)dr > / oz, u,u) + g(v —u)dz (5.93)
Q Q

for any v e VVO1 -2 (©) which corresponds, in the classical formulation, to the problem:

onlI.

At lplun) >0 o } (5.94)
u

9This is, by definition: Yuy, — u € V Vo € K (u) 3vy, € K(ug): vp — v.
20This is, by definition, just (5.86) with K in place of M.
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5.5 Exercises

Exercise 5.29. Specify the potential ® of A from Figure 10b and c.?!

Exercise 5.30. By using Proposition 1.6, show that any convex lower semicontin-
uous functional ® : V' — R U {+o00} is weakly lower semicontinuous.??

Exercise 5.31. Show 9(®1+®2)(u) C 9P (u)+0Ps(u) for @1, P5 : VR convex.?

Exercise 5.32. Show that ® convex and 9® : V = V* coercive imply ® coercive.?*
Exercise 5.33. Assuming ® convex and lower semicontinuous, prove that the graph
of the multivalued mapping 0% : V' = V* is (weakxnorm)- and (normxweak)-
closed.?’

Exercise 5.34. Show that, if ® : V — R is Gateaux differentiable and convex, then
0P (u) = {®'(u)}.?°

Exercise 5.35. Modify the proof of Theorem 5.15 if ®. — ® only in Mosco’s sense,
i.e. (5.38b)—(5.48).27

Exercise 5.36. Modify Theorem 5.20(i) for the case A = A;+ A with A; monotone
and radially continuous and A, totally continuous, to obtain upper semicontinuity
of the set-valued mapping f — {u € V; u solves (5.37)} as (V*,norm)= (V,weak).
If Ay =0, show that this set-valued mapping has convex values.

Exercise 5.37. Verify the convergence ®. — ® in the sense (5.38) for & = dx and

®_(u) = 5-dist(u, K)? directly, without using Lemma 5.17.

Exercise 5.38. Strengthening the assumptions in Lemma 5.25 by requiring A not
only demicontinuous (as Lemma 2.16 says) but even continuous, perform the limit

21Hint: The absolute value |- | and the indicator function 8(—1,1)(*), up to a constant, of course.

22Hint: Assume the contrary, i.e. I := limy_, o ®(up) < ®(u) for some up — u, and realize
that the level set L = {v € V; ®(v) < I} is convex and closed because ® is convex and
lower semicontinuous. By Proposition 1.6, L is weakly closed, so that L Sw-limyg_,, up = u,
i.e. ®(u) <1, a contradiction.

23Hint: It follows directly from the definition (5.2).

24Hint: Modify the proof of Theorem 4.4(i).

25Hint: Assume either uy, — u and f;, — f or up — u and f, — f, and make a limit passage
in the inequality in (5.2).

26Hint: By (5.10), (®'(u),v — u) = D®(u,v —u) < ®(v) — ®(u), hence ®'(u) € 9P(u).
Conversely, consider f € 9®(u), i.e. ®(v) — ®(u) > (f,v — u) for all v, and in particular for
v :=u+ ew, hence (®(u + cw) — ®(u))/e > (f, w). For € \( 0, deduce D®(u, w) > (f, w). Since
D®(u, w) = (®’(u), w), hence f='(u).

2THint: Put ve instead of v into (5.41) to be used for (5.43), and then use lim sup,_, o (A(ue ), ve —
ue) = lime0(A(ue), ve —v) +limsup,_,5(A(ue), v — us) where the first right-hand-side term is
zero if v — v, as assumed in (5.48).

28 Hint: For two solutions uy and ug, write 2{ f—A(v), u—v) = (f—A(v), u1 —v)+{f—A(v), uz—
v) > (A(u1)—A), ur—v) +@(u1) — ®(v) +{A(uz) —A(v), uz—v) + & (u2)—@(v) > 2&(u)—2(v),
cf. also (2.28) for ® = 0, and the use the Minty trick as in the proof of Theorem 5.20(i).
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passage in (5.88) by Minty’s trick.2’

Exercise 5.39 (Two-sided obstacles). Consider wy,wy € WP(Q), w; < ws in
Q, K = {veWh(Q); w; < v < wy}, and the variational inequality (5.19).
Formulate the complementarity problem like (5.18) for this case and modify the
proof of Proposition 5.9 accordingly.

Exercise 5.40 (Obstacle on T'). For some w € W'~1/PP(T"); consider the so-called
Signorini-type problem, i.e. (in the classical formulation) a problem involving the
complementarity Signorini-type boundary conditions on I' only:

—div(|Vul[P=2Vu) + |[u|T?u = ¢ in Q,
p—20u >
u > w, on I’

I
o

(\Vu\pfzg—’; +b(x,u) — h) (u —w)

with b qualified as in (5.26b) and 1 < ¢ < p*. Assemble the weak formulation
which involves the convex set

K:={ueW"?(Q); u(z) > w(z) for a.a. z€T'} (5.96)

and show the relation with the classical formulation.?® Modify (5.25): consider ¢ <
p? and the penalty term in the form (ea)™' [, [(w—u)"|*dS. Show the a-priori
estimates [|uc||w1.0(0) = O(1) and ||(w—ue)*|| Loy = O(¥/€) and the convergence
for ¢ — 0.3 Perform the analysis for ¢ > p* by modifing the space V.32 Further,
modify the equation by adding ¢(u)-Vu or ¢(Vu) as in Exercise 5.46.

Exercise 5.41 (Dirichlet boundary condition). Instead of (5.96), consider
K:={ueW"P(Q); u>wonQ, ulp =u, onT}, (5.97)

which is nonempty if w|r < up. Modify Section 5.2.

Exercise 5.42 (Ritz’ method). Consider € polygonal, ® from (4.23), K = {v €
WhP(Q); v > win Q} as in (5.20), Vi a finite-dimensional subspace of W17 ()
constructed by the piece-wise affine finite elements, cf. Example 2.67. As in (2.61),

29Hint: Write 0 < (A(vg) — A(ug), vk — up) < (A(vg), v — ug) + B(w, vi) — ®(wy, ug), use
(5.85) together with A(vg) — A(v) so that (A(vg), v — ug) — (A(v), v — u) and finish by the
Minty trick as in the proof of Theorem 5.20(i).

30Hint: Just simplify the proof of Proposition 5.9.

31Hint: Use the test by v = uc — w with a suitable extension w € W1HP(Q) of the originally
given w € W1=1/P:P(T). Realize how (5.26a) can be verified, namely |s|?~2s-(s—Vw(z)) >
IsP —[s|P~HVw ()] 2 3 ls? = §|Vw(@)P and |r|9=2r(r—w(@)) 2 |r[? = |r|9 w(z)| > 5]~
%|w(m)\‘1. For convergence, modify the proof of Proposition 5.10.

32Hint: Like (2.128), consider V = W1P(Q) N LI(Q). Assuming w € V, make estimation like
in Remark 5.12; in particular, estimate [, |ue|?9"2ucw da < %HugH%q(Q) + %||w||%q(m.
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define ®y(u) = ®(u+w) and prove existence of a minimizer uy € Vi of ® subject
to ux > 0 a.e. in Q. Further, prove®?

Cl(kg {veVis v20}) = {veW#(Q); v =0}, (5.98)

derive a-priori estimates, and show convergence by a direct method, i.e. with-
out Minty’s trick, as in (5.28)-(5.29), of uy to wug, a minimizer of &5 on {v €
WirP(Q); v > O}. Show that u = ug + w solves the original variational problem,
more precisely it minimizes of ® on K.

Exercise 5.43 (Galerkin method). Consider A(u) := —div(AVu) with A € R**"
positive definite (but, in general, nonsymmetric hence the problem is non-
potential) on a polygonal domain €2, and the unilateral problem

—div(AVu)
on {2

IV IV

: (5.99)

SCogw

(div(AVu) + g) (u — w)
U onI'.

Use the transformation (2.61) to get a problem like (5.99) but with g + div(AVw)
and 0 in place of g and w, respectively. Make the approximation by a finite-
dimensional subspace Vi, of WP(€), use (5.98), derive a-priori estimates and
show convergence either by Minty’s trick or by a direct limit passage.®*

Exercise 5.44 (Regularization of the elliptic variational inequality I). Con-
sider (5.18) without symmetry (4.21), thus without any potential, and the regular-
ization (5.25). Assume a(x,r, ) monotone and b = b(r) and ¢ = ¢(r) having a sub-
critical growth, i.e. (2.56b,c) holds. Show a-priori estimates ||uc|/w1r) = O(1)
and |[(w — ue)¥||12() = (/€)% Further, show the convergence u. — u in
WhP(Q) with u being a weak solution to (5.18) by using the Minty trick.

33Hint: Realize density of smooth non-negative functions in {v€ W1P(Q); v > 0}, which can
be proved by applying a convolution with a mollifier (for n = 1 see also (7.11) in Sect. 7.1 and
Figure 16). Note that the general constraint v > w would not be preserved by mollifying v, which
is why the shift ®o(u) = ®(u + w) was made.

34Hint: Use limsupy,_, o, [o (Vv — Vug) TAVuy dz < [, (Vv — Vuo) T AVug dz if ug, — uo.

35Hint: This is essentially as in the proof of Proposition 5.10.

36Hint: modify the proof of Proposition 5.11. By a(x,, ), instead of (5.33), arrive to

0< /Q((Jb(ug7 Vue)—a(ue, Vv))-V(ue—v) dz
< /Q (g — c(ue)) (ue—v) — alue, Vv)-V(ue—v) dz + /F (h — b(ue)) (ue—v) dS
— /Q (g—c(uw)) (u—v) — a(u, Vv)-V(u—v) dz + /F(h — b(u)) (u—v) dS,

where the limit passage in lower-order terms used c(ues) — c¢(u) in LP*/(Q) and a(ue, Vv) —
a(u, Vv) in LPI(Q;R”) by compactness of the embedding WP(Q) € LP*~¢(Q) and continuity
’

of the Nemytskii mappings .#c and A5(.,. vy), and also b(ue) — b(u) in L I') by compactness

of the trace operator W1P(Q) — Lp#_e(F) and continuity of the Nemytskil mapping .45 .
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Exercise 5.45. Modify the approach from Exercise 5.44 by starting directly with
the monotonicity of

(rys) — <— %((w(x)—r)"‘)a_l,a(x,f, s)) : RxR™ — RxR" (5.100)

for any 7 fixed instead of the monotonicity of a(z,r,-) : R — R"™.

Exercise 5.46 (Regularization of the elliptic variational inequality II). Consider

1
—Auc + ¢(Vue) + guz‘ =g inQ,

(5.101)
ue = 0 onl,

where vt = max(0, u), with ¢ continuous of sub-linear growth, i.e. |c(s)| < C(1 +
|s|*7¢) as in Exercise 2.86 for p = 2. Show a-priori estimates [[uc||w1.2(q) = O(1)
and [[ul]|12(q) = O(v/€).3" Further show convergence to the weak solution to the

complementarity problem:3®

—Au+c(Vu) < g,
<

0, in €,
(5.102)
(Au—c(Vu) +g)u = 0,
u =20 on I
Exercise 5.47 (Bingham-fluid-like model). Consider the potential:°
B(u) = / £[Vul? + [Vu| + 8lu— a2 + fu dz (5.103)
Q

with € > 0 a regularization parameter, 4 € L?(£2) given. Show the existence of a
unique minimizer u € VVO1 (). Formulate the corresponding variational inequality.

37Hint: Test (5.101) by ue.
38Hint: By the a-priori estimates we can select a subsequence ue — w in leQ(Q), u < 0a.e. in
Q. For any v € W2(Q), v <0, by using (5.101),

1
/ |Vue — Vo|2de < / [Vue — Vo2 + = (u — o) (ue —v) dz
Q Q €

= / (g — c(Vue))(ue —v) = VorV(ug —v) — lv"’ (ue — v) daz.
Q 5

Note that the last term vanishes as v < 0. In particular, take v := u to see that ue — wu in
W(}’Q(Q). Thus pass to the limit in the nonlinear Nemytskil mapping ¢, i.e. ¢(Vue) = ¢(Vu).
Then, by (5.101) tested by v — ue, make a limit passage in

1
/VUg V(v —us)+ (¢(Vue) — g)(v —ug)de = —— / ul (v —ue)dz >0,
Q € Ja
provided v < 0, which gives the weak formulation of (5.102).

39For § = 0, this is a scalar version of a so-called Bingham-fluid model, while in case n = 2
and f = 0 this problem has another interpretation in image enhancement/reconstruction.
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Exercise 5.48 (Plasticity-like model*?). Consider the problem: find u € W, ()
such that |Vu| <1 a.e. in £ and

Yoe Wy (), Vol <1 (ae.): /QCL(VU)V(vfu)dx > /Qg(vfu) dz. (5.104)

Moreover, assume a(s) - s > [s|? and |a(s)| < C(1 + |s[’~!), and a(-) monotone,
and use a penalization by the functional u — [, ((|Vu|— 1)*)2dx/(25). Show that

it leads to the approximate problem (in the classical formulation):*!

—div( a(Vue) + MV%)

in
e|Vu,]| g ’

(5.105)
0 onl.

Ue

Further, assume g € Lmax(?’p*)l(Q), and show existence of a weak solution
Ue € Wg’max(Z’p)(Q) to (5.105), a-priori estimates by testing (5.105) by u.1? and
convergence u. — u in Wy ™ ™®P)/(Q) where u € W1™(Q) satisfies (5.104)%3,
Eventually, modify the whole procedure for a = 0.

Exercise 5.49 (Quasivariational inequality). Verify (5.85) for the case ®(w,u) =
O (w)(u) provided K (w) := {veWyP(Q); |Vu(z)| < m(w(z)) for a.a. x€Q} with
p>nand m: R — RT continuous, m(-) > ¢ > 0.* Assuming a(s) - s > |s|? and

40This complementarity problem is related to a stress field in an elastic/plastic (or, rather,
inelastic) bar undergoing a torsion via a Haar-Karman principle; n = 2 and Q C R2 is then
the cross-section. See e.g. Elliott and Ockendon [135, Sect.IV.6], Friedman [155], or Glowinski
et al. [182, p.6 & Chap.3|. Alternatively, the variant a = 0 is related to (a steady-state of) a
sand flow; in the evolution variant see Aronsson, Evans, Wu [19]. For the classical formulation
of (5.104) see (5.108) below.

41 Hint: The directional derivative at u. in the direction v is % Jo(IVue|=1)F \gZZI -Vodz.

42Hint: Test (5.105) by u. and realize the estimate s-s > (|s|—1)T|s| for s€R™, so that

(IVue| — 1)+ 1 2

43Hint: Test (5.105) by v — ue with |Vo| < 1 a.e. in Q, realize that

(IVue| - 1)F

Vue - (Vv —Vue) <0 a.e on Q
e|Vue|

and continue the proof as in (5.32) by showing the strong convergence in WP (Q). To show that
[Vu| <1 a.e. in Q, estimate the limit inferior in the estimate

||(|V“£‘ - 1)+HL2(Q) = ﬁ(\/g)

44Hint: For (5.85a), one needs to show: Ywy — w in Wol’p(Q) Yu € I/VOI’p(Q)7 [Vu| < m(w)
Jug: up — w in Wol’p(ﬂ) and |Vuy| < m(wy) for all & € N. By the compact embedding
Wol’p(Q) € L*°(Q), realize that m(wg) — m(w) in L*>(Q), take up := Apu with Ap :=
ming (m(wg)/m(w)) — 1. For (5.85b), one needs to pass to the limit in |Vu,| < m(wy) if
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la(s)] < C(1 + |s[P~1), show the existence of a weak solution in W1P(Q). Note
that, for m = 1, one arrives at Exercise 5.48.

Exercise 5.50. Modify Example 5.28 for ®(w,v):= [, ¢(x,w(x), Vo(z)) dz with
¢ = @(x,7,8). Thus solve the inclusion —Au — div(9s¢(u, Vu)) > g with the
boundary condition Zu + v - ds¢(u, Vu)) 3 0, which modifies (5.94).

Exercise 5.51 (Dual problem). Consider Exercise 5.41 with u, = 0 and the p-
Laplacean, i.e. the complementarity problem

—div(|Vul[P=2Vu) > g, u>w, } _
in €,

(div(|Vul[P~2Vu) + g) (u—w) =0
u=20 on I,

(5.106)

and, using (8.261) on p.299, show that the dual problem uses the convex functional
U from (5.36) in the form*®

1 .
T(\) = / WA — ;]VA;l(g—)\)]”dx, AeW,P(Q)F = WP (Q).  (5.107)
Q

Exercise 5.52 (Plasticity-like model IT). Consider the potential
O(u) := /cp(u,Vu) — gu+0r()(Vu)dz  with K(z) = {s€R"; |s| < m(z)}
Q

on Wy?(Q). Realizing that Ok (2)(8) = supyegn $:A —m(z)|A| and defining, like in
Remark 5.14, the Lagrangean by L(u,\) := [, p(u, Vu) — gu + A-Vu — m|A| dz,
identify the underlying variational inequality as the classical formulation of the
conditions for (u, \) to be a critical point of L,%0 i.e. the conditions L/, (u,\) = 0
and 9y L(u, A) 3 0, and show, in particular, that the classical formulation of (5.104)
looks like*”

—div(a(Vu) + A) =g,

A € Np, (Vu), in Q, (5.108)
[Vu| <1
u=0 on T,

with By denoting here the unit ball in R™.

(up, wi) = (u,w) in Wy'P(Q)2. Again, by Wol’p(Q) € L>(Q), m(wg) = m(w) in L>=(Q). More-
over, for every M C §2 measurable, by weak lower semicontinuity of convex continuous functions,
Sy m(wp)dz = limg_, o [, m(wg)de > liminfy_, o [3; [Vugldz > [, [Vu|dz, from which
m(w) > |Vu| a.e. in Q.

45Hint: Read (8.261) as ming, cpip o) Jo 2 VuP—éudz=—sup 1o Jo Eu—2t|VulPde=

0 P u€Wy P (Q2) Q P

fi ||VA1;1£HI]:1>(Q;Rn) and then substitute € := g — .

46Hint: L}, (u, A) = 0 means div(a(u, Vu)+A)—c(u, Vu)+g = 0 with a and ¢ from (4.23) while
OxL(u,A) 3 0 has a local character m|s|—Vu(x)-(s—A(z)) > m|A(z)]| for all sER™ and a.a. z€Q,
which equivalently means A € By, (Vu) a.e. with By, being the ball in R™ of the radius m.

4"THint: use just a special data m = 1 and ¢ = ¢(Vu) so that a = ¢’.
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5.6 Some applications to free-boundary problems

Variational inequalities are often directly fitted with various unilateral problems
naturally arising in sciences, as the unilateral contact problem on Figure 12. Some-
times, (quasi)variational inequalities arise from concrete free-boundary problems
only after sophisticated transformations, which is illustrated in this section in
concrete cases.

5.6.1 Porous media flow: a potential variational inequality

We consider the simplest model of a porous, permeable, isotropic, and homoge-
neous medium undergoing a flow (a seepage) of an incompressible fluid in a wet,
fully saturated domain while the rest is completely dry. Another simplification
concerns a geometry consisting in a cylindrical vertically oriented domain; to be
more specific, let us consider two reservoirs adjacent to this domain which can
be then considered as a dam. In addition, we consider nonpermeability of the flat
horizontal support and of the sides which are not adjacent to any reservoir, and
no source on the free boundary (i.e. no contribution by rain water).*® We use the
notation (cf. Fig. 13 on p. 165):

v velocity of the flow,

7 a piesometric head; we consider®® m = x5 + p, where p is a pressure,

¢ : R? = R a function whose graph is the free boundary x3 = ¢(z1,z2),

h, the altitude of the upper reservoir,

h,, the altitude of the lower reservoir,

k the permeability coefficient.
The seepage flow is then governed by Darcy’s law together, of course, with the
continuity equation, i.e. respectively®®

v=—kVr, (5.109a)
divov=0. (5.109b)

This gives kA7 = 0 so that
Ap =A(m —x3) = Ar =0. (5.110)

On the free boundary, whose position is not known a-priori, there are two condi-
tions
p=0 and wv-v=0, (5.111)

48See the monographs by Baiocchi and Capelo [30, Chapter 8], Chipot [99, Chapter 4], Crank
[111, Chapter 2], Duvaut and Lions [130, Appendix 2], Elliott and Ockendon [135, Sect. IV.4],
Friedman [155], Rodrigues [354, Sect. 2.3], where more general situations can be found, too.

49More generally, one should consider © = 23 + p/(0g) with ¢ the mass density and g gravity
acceleration. Here we put pg = 1 for simplicity.

50Note that (5.109) arises from the so-called Darcy-Brinkman system o(v-V)v — pAv +v/k +
Va =0 and div v = 0 when viscosity p and inertia by mass density p are neglected. This system
modifies the Navier-Stokes equation, see (6.49) below, for the flow in porous media where k
depends on porosity. Cf. also (8.208) on p. 281 for the evolution variant.
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which would seemingly create an overdetermination if it were not the fact that the
position of the free boundary itself is not determined in advance. In (5.111), v is
the unit normal to the free boundary oriented from the dry region to the wet one,
which, in terms of ¢, means

(8_90 s _1>

. Oz’ Oxa”’

v= IR
ol + a5+

Comparing (5.109a) with the second condition in (5.111) yields Zp = —Zxs =

—vs, so that (5.112) then results in

dp 0 dp 0 0

g9 [ 99 9P _ (5.113)

8:51 8x1 8952 31’2 8953
The other boundary conditions are outlined in the left-hand part of Figure 13.
We apply the so-called Baiocchi transformation:

(5.112)

e(w1,22)
w(x) = u(ey, xo, 3) = /z p(x1,22,€)d€  for 3 < p(x1,72), (5.114)

3

0 for x5 > ¢(z1,x3).
Obviously, ai%u = —p. In view of (5.110), we get:
Au = g(z) on Q4 = {ze®; u(z) >0}; (5.115)

where we implicitly assume p > 0 so that {2 represents the wet region. To deter-
mine g, let us apply a% and a% to (5.114), which gives

ou /ww) O, 2,8)
. g Ox;

0
+a£p($17 T2, p(21, xz)) = /c

3

3

F) op(as,va, §)
Oz;

d¢  (5.116)

for i = 1,2 because p(z1,x2, p(z1,22)) = 0. Applying again % and using both
(5.110) and (5.113), we obtain

Pu  Pu /*’(“v“) Ppley,2,8) | 0°plar, w2, €) de
ozt 023 J,, Ot O3
oo O do 0O
8—Za—£(x1,$274,0($17$2)) +8—;’;8—£(m1,x2,¢(x1,$2))
p(z1,22) 2
p(x1,22,8) Ip
= S e— 1 a.
/1.3 922 dé+1+ 95 (1,22, (21, 72))
9 w(z1,22) 0
= [—a—xp:s(.’lf17.'1,'27§):|€=x3 +1+a—£(l‘17$27¢(x17x2>)
2
:1+@:1 %u (5.117)

ey o
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Comparing it with (5.115), we get g = 1.

. u=0
! ~_| nonpermeable sides
. «L//
- -Elf_Y_r_egl?l},k free boundary " ¢0
—————— 1~ N =
_— =01 A L
upper ) X N p_o oo = -
reservoir i = 1/ N2 e e
h wet region A u=z(hy—as) N
U (saturated) , lovwer —r
T3 p=h,;—x3 reservoir /
1 Y
/x| | o= 15 h -
T ? P / L
nonpermeable bottom/ v-v=0 p=h, —x3 u=w u:%(hL—Jm)2

Figure 13. Geometric configuration of the dam problem and boundary conditions;
original (left) and transformed (right).

The boundary conditions on the vertical sides are either the Dirichlet or the

Neumann ones:?!

0 on the upper side,
" %((hU fx3)+)22 on the side adjacent to the upper reservoir, (5.118a)
2((h,—z35)*)"  on the side adjacent to the lower reservoir,
w on the bottom, nonpermeable side,
0
a—u =0 on the vertical nonpermeable sides. (5.118Db)
v

The Dirichlet boundary condition at the bottom part uses continuity of u
2 2
and %u + %u = 0,52 which implies that the function w = w(w1,z2) occurring
1 2
in (5.118) can be determined as the unique solution to the following 2-dimensional
boundary-value problem:

0? 0%w
=5 + 5 = 0 on the bottom side,
Ox{ = Ox;
w = %h% on the bottom edge adjacent to the upper reservoir,
w = %hi on the bottom edge adjacent to the lower reservoir, (5.119)
ow .
i 0 on the bottom edges adjacent
v
to the nonpermeable sides.

These boundary conditions are outlined in the right-hand part of Figure 13.

510n the upper-reservoir side, 82311 = —p = hy — x3 implies u = %(hU — z3)2, and similar
condition but with h;, instead of h; takes place on the lower-reservoir side.
2
52This follows from (5.117) by using %u = —%p = —%W-‘rl = 1 because %ﬂ' =vr=0
3

on the bottom side.
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As p > 0 should hold from physical reasons, u should be nonincreasing along
the xs-direction, hence u > 0. In the dry region one has u = 0, hence 1 — Au =
1 > 0, while in the wet region we derived 1 — Au = 0 in (5.117). Altogether, we
get the following complementarity problem®3

“Au+1>0, u>0, -
(Au—1)u =0, s

Zu>0, u>0, (5.120)
on nonpermeable vertical sides of T,
u(%u) =0

u|r prescribed in (5.118a) on the rest of T'.

The corresponding weak formulation admits a unique solution u € K := {v €
Wh2(Q); v|r satisfying (5.118a)}, which can be proved straightforwardly by the
direct method as in Theorem 5.3(iii) with ®(u) := [, [Vu|? — udz for u > 0
a.e. in ), otherwise ®(u) = +oo. Therefore, the original problem has a unique
(very weak) solution p = —3Z-u € L*(Q).

5.6.2 Continuous casting: a non-potential variational inequality

A great amount of steel is nowadays casted continuously: hot liquid steel is con-
tinuously filled from the top into a mold cooled by water (cf. Figure 14(left)),
partly solidifies but keeping still a hot liquid kernel, and continuously extracted
by rollers and further cooled down to a complete solidification and then cut to
a final product. We shall present only a very simple steady-state model of this
advanced technology.’® The following notation will be used, cf. also Figure 14
below:

0o temperature of the liquid phase (melting temperature),

6: final temperature of the cooled outlet,?

02 (x) temperature of the environment,

53Note that the Neumann condition (5.118b) is replaced by the complementarity condition on
the nonpermeable vertical sides of I', but these are equivalent with each other if w is regular
enough because, in the dry region, u = 0 implies Vu = 0 hence v - Vu = %u = 0 on the dry
boundary while on the wet boundary « > 0 and u (%u) = 0 imply (%u =0.

54Qur simplifications involve, in particular, calm liquid phase on the melting temperature
(i.e. we neglect convection in the liquid part like in Section 6.2), linear heat equation (i.e. we
neglect Stefan-Boltzmann radiation on the boundary like (2.125) and temperature dependence of
c and k), solidification at a single temperature (i.e. no over-cooling effects, no mutual influence of
the melting temperature and chemical composition of a steel which is, in fact, a mixture of iron
and other elements such as carbon, etc.), known temperature #2 at the mold side (temperature
distribution in the mold is not solved), etc. Besides a huge amount of papers, the reader is
referred to a monograph by Rodrigues [354, Sect. 2.5].

55This will represent a Dirichlet boundary condition on the bottom end (cf. Figure 14(left))
which, however, is rather artificial and simplifies the heat convection in the continuation of the
casted workpiece. Yet, this does not essentially influence the process in the upper part if vz is
large enough and the bottom end is far enough from the mold.
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b > 0 the heat-convection coefficient,

¥ = (0,0, v3) extraction velocity,

k > 0 the heat-conductivity coefficient,

¢ > 0 the heat-capacity coefficient,

¢ > 0 the latent heat,

x3 = ¢(x1,22) a free boundary between the liquid and the solid phases.
Naturally, we assume 61 < 6p, 02(z) < 6y, and vs, K, ¢ and £ positive. The equation
for the temperature # in the steady-state extraction regime is:

TV = kAD if 0 < 6. (5.121)

The so-called Stefan condition on the free boundary expresses that the normal
heat flux —kV6l-v = 5%9 is spent as the heat needed for the phase change, here
the solidification, £v - v:
ﬂf% =00 v, (5.122)
where v is the unit normal oriented from the liquid phase to the solid one. As also
0 = 0y on the free boundary, we have seemingly too many conditions on it but, as
in Section 5.6.1, again the position of the free boundary itself is unknown and is
to be determined just in this way that both (5.122) and 6 = 0 are fulfilled. As the
heat equation is considered only in one phase (here solid) while the temperature of
the other is assumed constant, this problem is called a one-phase Stefan problem.
The other boundary conditions are outlined in the left-hand part of Fig-
ure 14, in particular the conditions on the vertical boundary reflect the cooling by

convection:

00
—k=— = b(x)(0 — b2(z)). (5.123)
ov
CONTINUOUS REFILL ﬁ OF LIQUID STEEL u:O
Fxl —_—
LIQUID
z3 E ST(:QEEL h i
; 0=0y vu=0,
2 \ '

kS%+bu = bh(z) |\ Q!

MOLD

k240 = bo2(z)

\
[}
1
\
1
/7“
FREE / ]
BOUNDARY

SL

©)

DRIVING
ROLLERS

-
SOLID
\ _STEEL ‘ J/extraction _1;?0_
0=0, velocity ¥ = (0,0, v3) Koy =0

Figure 14. Geometric configuration (as a cross-section) of the continuous casting prob-
lem and boundary conditions; original (left) and transformed (right).
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In terms of the auxiliary function ¢ = (21, x2) describing the free boundary in
the sense that T, = {z = (21,22, 23) € Q; 23 = ¢(z1,22)}, the condition (5.122)
on the free boundary reads as

00 00 Oy 00 9o  fvs
= =X _3 5.124
Oxs Ox1 0x1  Oxzg Oxo K ( )

Formally, we have

KAO —ct- VO = £U3iXQS (5.125)
5:03

in the sense of distributions. Indeed, for Q, := Q\ Qg and Ty, := Qs N Q. (=the
free boundary), and for any v € 2(Q), by using Green’s formula twice and that
V6O =0 on €, it holds that

(AB, v) /V9 Vvde =— [ VO-Vude = AHde—/ %vdS (5.126)
Qs Qs TsL v

and, again by using Green’s formula twice,

0 ov ov
- _ — dx = — —dx = d 12
<8w3 XQS’U> /QXQS Dy /QS oms /FSLU v d5 (5.127)

so that, by using successively (5.126), (5.121), (5.122), and (5.127), one obtains

0
(KAG — cv-VO,v) = (KAQ — cU- VO)vdr — a—v ds
Qg IsL 2
7/ LivvdS = 76’1}3/ v3dS = €v3<ixgs,v>. (5.128)
Isp Isp O3

Then we use the Baiocchi transformation:

o(z1,72)
/ 0wy, 02,8) dE - for w3 < (w1, 22), (5 199
x

3

0 for 3 > p(x1, x2).
Then obviously 6§ = Bx u and, assuming that 6 > 0 in physically relevant situa-
tions, Q= {z€Q; u(x ) >0} ={zeQ; 0(x) < Oy}. Realizing that v = (0,0, v3),
(5.125) transforms by integration in the xs-direction to

kAU — ¢ - Vu = lugxqag- (5.130)

Altogether:

R | s >0 on Q,
kAu—c¥-Vu = { 0 < lvs and u{ ~0 onQ, (5.131)
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Since the Baiocchi transformation commutes with “a%” on the vertical lines, the
boundary condition (5.123) transforms to

b 0

78_(“ = b’LL*h(IIZ’), h(IEl,Zg,ZE;}) = / b92($1,$2,€) dga (5132)
v s

provided b is independent of x which we have to assume from now on. The other

boundary conditions are outlined on Figure 14(right). This means we get the

complementarity problem

—kAu + cv-Vu > —lvg, u >0,
(HA’U, —cv-Vu+ évg) u=0, in &,

5.133
% pu>n, w0, (5135)
agu on .
(%erU*h)u:O

As in Proposition 5.9, we arrive at the variational inequality formulation:

/ kVu - V(v—u) + (c0- Vu + lvg) (v—u) dz + /(bu —h)(v—u)dS >0 (5.134)
Q r

for v € K := {veW"2(Q); v > 0, v(z1,72,0) = 0}. This variational inequality
involves a pseudomonotone (non-potential) operator and has a solution v € K by
Corollary 5.19; thus we get w = a—ijsu € L3(Q) a very weak solution. Moreover,
this operator is even uniformly monotone because, by Green’s formula,

1
/ U V(ur—ug)(ui—ug)de = = / v - V(u17u2)2dx
Q 2 Ja

= —1/ div (7)) (ug —ug)?dx + 1 /(17 v)(u1—ug)*dS > 0; (5.135)
2 Ja 2 Jr
note that the last volume integral vanishes since div(¢') = 0 while the last boundary
integral is non-negative since (u; —uz2)? = 0 on top, (7-v) = 0 on vertical sides, and
both (7-v) > 0 and (u; —u2)? > 0 on the bottom. Then we can use Theorem 5.20
which gives even uniqueness of this solution and continuous dependence on ¢, vg,
and h. Example 4.30 showed that this problem is indeed non-potential.

5.7 Bibliographical remarks

Subdifferentials of convex functions has been scrutinized in many monographs
from so-called convex analysis, among them Hu and Papageorgiou [209, Sect.3.4],
Rockafellar and Wetts [353], or Zeidler [427, Chap.47].

Variational inequalities are addressed in many monographs: Baiocchi, Capelo
[30], Chipot [99], Elliott, Ockendon [135], Friedman [155], Glowinski, Lions,
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Trémolieres [182], Goeleven, Motreanu [183], Kinderlehrer, Stampacchia [232], Li-
ons [261, Chap.2,Sect.8 and Chap.3,Sect.5], Maly, Ziemer [271, Chap.5-6], Pascali,
Sburlan [325], Rodrigues [354], Ruzicka [376, Sect. 3.3.4], Troianiello [409], and Zei-
dler [427, Chap.54]. A fundamental paper is by Brézis [65, Chap.I]. Applications
to mechanics, in particular to contact problems, is in Duvaut, Lions [130], Eck,
Jarusek, Krbec [132], Hlavicek, Haslinger, Necas, Lovisek [204], Necas, Hlavacek
[308], or Kikuchi and Oden [231]. Variational inequalities in the context of their
optimal control are in Barbu [38, Chap.3] and Outrata, Koc¢vara, and Zowe [321].

Quasivariational inequalities have been thoroughly exposed in the mono-
graph by Baiocchi and Capelo [30], cf. also Aubin [27, Sect.9.11]. Important
application is the ground-water propagation through a dam of a general, non-
rectangular shape, see Baiocchi and Capelo [30, Chap.8], Chipot [99, Chap.8§], or
Crank [111, Sect.2.3.7]. A related subject (not mentioned here) is the so-called
implicit variational inequalities: find w such that, for all w € V, it holds that
A(u,w) — A(u,u) + F(E(u),w) — F(E(u),u) > 0. Typically, it involves problems
like mechanical contacts with friction that have a dual formulation as quasivari-
ational inequalities. Transformation between it and quasivariational inequality is
in Mosco [294].

For hemivariational inequalities, introduced essentially by Panagiotopoulos
[322] with a certain motivation in continuum mechanics, see also the monographs
by Goeleven and Motreanu [183], Haslinger, Mietinen, and Panagiotopoulos [199)
and Naniewicz and Panagiotopoulos [298].

A generalization for the monotone set-valued part being non-potential does
exist, too, being based on the concept of the maximal monotone set-valued map-
pings. An analog of Browder-Minty’s theorem says that any maximal monotone
and coercive A : V = V* is surjective, i.e. the inclusion A(u) > f has at least
one solution for any f € V*; cf. Hu and Papageorgiou [209, Sect.3.1-2] or Zeidler
[427, Chap.32]. Set-valued generalization does exist also for pseudomonotone map-
pings®%, being invented by Browder [76]. Set-valued generalization of mappings of
type (M)°" is due to Kenmochi [227]. For the surjectivity of pseudomonotone set-
valued mappings we refer to Browder and Hess [77]; a thorough exposition is in
the handbook by Hu and Papageorgiou [209, Part I, Chap.III].

56 A set-valued mapping A : V = V* is called pseudomonotone if
1) Vu € V: A(u) is nonempty, bounded, closed, and convex,
2) YU C V finite-dimensional subspace: A|y is (norm,weak*)-upper semicontinuous,
3) if ug—u, fr€A(ug), imsup(fi, ur—u)<0, then YoeV IfeA(u): l}gminf(fk,ukfv)zg, u—v).
k— o0 —o0

57 A set-valued mapping A : V = V* is called of type (M) if A|y is weakly™ upper semicon-
tinuous for all U C V finite-dimensional, A(u) is nonempty, bounded, closed, and convex, and if
fr € A(ug), and (ug, fr) = (u, f) in V x V* and limsupy,_, o (fx, ur) < (f,u), then f € A(u).



Chapter 6

Systems of equations: particular
examples

No general theory for systems of nonlinear equations exists. Systems usually re-
quire a combination of specific, sometimes very sophisticated tricks, possibly with
a fixed-point technique finely fitted to a particular structure. Although certain
general approaches can be adopted,! a pragmatic observation is that systems are
much more difficult than single equations and sometimes only partial results (typ-
ically for small data) can be obtained with current knowledge. Even worse, many
natural systems arising from physical problems still remain unsolved with respect
to even the existence of a solution; in particular cases, however, this may be related
with an oscillatory-like or explosion-like character of related evolutionary systems
which thus lack any steady states that would solve these stationary systems.

We confine ourselves to only a few illustrative examples having a straight-
forward physical interpretation and using the previously exposed theory in a non-
trivial but still rather uncomplicated manner.

6.1 Minimization-type variational method: polyconvex
functionals

For the “Lagrangean” ¢ : Q x R™ xR™*"™ — R we consider the system of nonlinear
equations (j =1,...,m):

n
0 dp 9o

(z,u, Vu) + r,u, Vu) = g; on 2

Z axl aS” ) aR ( ) gJ )
) (6.1)

Z ui—go(m, u,Vu) +bj(z,u) = h; onT,

AT
LCf. Ladyzhenskaya and Uraltseva [250, Chap.8].
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where, instead of the notation (r,s) € R x R™, we used here (R, S) € R™ x R™*"
and then ¢ = ¢(x, R, 5), like we already did in Sect. 2.4.4; thus S € R™*™ denotes
here a matrix, hopefully without confusion with S occuring in the surface measure
dS. The weak formulation of (6.1) is obtained by multiplying the equation in (6.1)
by v;, integrating over (2, summing it for j = 1,...,m, and using Green’s formula:

dy ) " Oy 4
/Q (%(x,u,Vu) : Vo + ; oF, (x,u,Vu)v]) dz

+;/Fbj(x,u)vj dS:jz_;(/ngvj dx+/rhjvj dS) (6.2)

for all v € C1(Q; R™), where S : §:= 3", > S;;Si;. Assuming still

ob;  Ob;
OR;  OR;’

,j=1,...,m, (6.3)
the left-hand-side of the boundary-value problem (6.1) has a potential

<I>(u):/Qap(%u,Vu)dx—i—/Fw(%u)d& (6.4)

where ¥ (z, R) is defined by the formula (cf. (4.23c)):
1
(@, R) :/ R-b(x,tR)dt | RER™, b:IxR™ R™  (6.5)
0

Although it is, in general, not possible to pass to a limit through a nonlinearity by a
weak convergence, cf. Remark 2.39, it is sometimes possible in special nonlinearities
(here the determinant) if special sequences (here generated by gradients?) are
considered:

Lemma 6.1. Let uy — u in WHP(Q;R™), p > n, n =m. Then
det Vuy, — det Vu  in LP/™(9). (6.6)

Proof. 1t is a well-known fact from matrix algebra that, for S € R™*™ with m = n,
it holds that
(det S)I = (cof S)"8, (6.7)

where the “cofactor” [cofS];; is the determinant of the matrix arising from S by
omitting the i*® row and j*® column but multiplied by (—1)**7. Putting S := Vu
and summing it for 7,7 = 1,...,n, this allows us to show

n n

ou’ i 9 i i 0 i
n det Vu = Z aTj(cofVu)j = Z oz, (u'(cof Vu)5) —u a—xj(cofVu)j. (6.8)

ij=1 ij=1

2Such sequences are rotation free due to the well-known fact that rot(Vu) = 0. This constraint
causes sometimes surprising effects, e.g. concerning higher integrability, cf. Miiller [296].
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The last term vanishes because of Piola’s identity Z?Zl %(cofVu)é- = 0 for all

i=1,...,n3

Then, by using subsequently (6.8), twice Green’s formula, and again (6.8),
one gets

n

lim [ (det Vug)vdr = = lim Z 9 (u}C (cofVuk);) v

k k ;
—© Jo n k—oo Qi,j:l 8xj
1 .. n ) i Ov
=—— lim E uj, (cof Vuyg) ', =— da
n k—oo “ 1 Ie) J axj
W=

1< ; ; Ov
—— "(cofVu)!:—dx = [ (det d 6.9
- Z /Qu (cof V)’ oz, x /Q( et Vu)vdz  (6.9)

ij=1

for any v € 2(Q) because up — u in L>®(Q;R™)  WIP(Q; R") and cof Vuy, —
cof Vu in LP/ (=1 (€; R"*™) which is obvious for n = 2 while it follows by induction
if n > 3. Il

Lemma 6.2 (WEAK LOWER SEMICONTINUITY). Let m = n, let ¢ be coercive in
the sense (x, R, S) > ¢|S|P for p > n and p(x, R, ) be polyconvex in the sense

o(z,R,S) = f(z, R, S, detS) (6.10)

with some f : @ x R™ x R™*" xR — R such that f(z, R, -, ) is convex and smooth?,
and satisfy the following growth conditions:

e INQ) ¢ el RS)| < Clr@) + BURD +1SP).  (6.11a)
3 € 17(9) I < c@) + B0RD + 15P7), (6.11b)
et (@) S <o)+ BIRD +ISP), (6110)

for some C € RT and 8 : R — R continuous (with arbitrary growth), and moreover
b(x,:) : R™ — R™ is monotone for a.a. x € T' and satisfies the growth condition

FyeL(D); [b(x, R)| < () + B(|R]). (6.12)

Then ® is weakly lower semicontinuous.?

3See Ciarlet [93, proof of Thm.1.7-1] or Evans [138, Sect.8.1.4, Lemma 1] for technical details.

4Differentiability of f(z,R,-,-) is just a technical assumption which can be avoided when
selecting (in a measurable way) subgradients of f(z, R, -,-) in place of partial derivatives used
here.

5Recall again our convention that by semicontinuity, see (1.6), we mean the “sequential”
semicontinuity. Here, however, it is even equivalent with general-topological semicontinuity which
uses generalized sequences (nets) since @ is coercive and V separable.
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Proof. Take a sequence u — u in W1P(Q). By Banach-Steinhaus Theorem 1.1,
{ur}ren is bounded. Without loss of generality we can suppose that ®(uj) —
liminfy_, o P(uk). We are to show that @(u) < limg_,eo P(ug).

By the compact embedding W'P(Q) € L>(Q;R™) (recall that n < p is
assumed) we have uy — v uniformly on Q. Let us put

0, = {er; Vu(z)| < é} (6.13)

Then lim._,gmeas, (2 \ Q) = 0. Using subsequently non-negativity of ¢, polycon-
vexity of ¢(z, R, ) hence convexity of f(z, R, -, ), one obtains

liminf/ go(a:,uk,Vuk)dleiminf/ o(xz,ug, Vuy) de
k—o00 Q Q.

k—o0

:liminf/ f(x, uk, Vug, detVug) de > klim / f(x, uk, Vu, detVu) dz
Q. =00 Ja,

k—oco

k—o0

+ lim / ﬁ(907u;€,Vu7detVu) s (Vug — Vu) dz
o. 08

k—o00

+ lim /QE 8daeftS (x, uk, Vu,detVu)(detVuy, — detVu) dz

:/ f(x,u,Vu,detVu)dx:/ o(x,u, Vu) dz;
Qe Qe

we used the convergences f(x,ux, Vu,detVu) —  f(z,u, Vu,detVu) in
L'(Q), a—asf(x,uk,Vu,detVu) — B—%f(x,u,Vu,detVu) in LP(Q.) and
%f(x,uk,Vu,detVu) — ﬁf(x,u,Vu,detVu) in L(p/”)/(QE) by continuity
of the respective Nemytskil mappings, and eventually Vuiy—Vu — 0 and, by
Lemma 6.1, detVup—detVu — 0. Finally we pass to the limit with ¢ — 0
by using Lebesgue’s Theorem 1.14 to show that the last integral approaches
Jo e(z,u, Vu) da.

As to the boundary integral, (6.12) makes u — [.9(x,u)dS with ¢ from
(6.5) continuous and even smooth, and monotonicity of b(z, -) makes ¢ (z, -) convex,
hence the weak lower-semicontinuity follows as in (4.5).

Altogether, the weak lower-semicontinuity of ® was thus proved. d

Proposition 6.3 (EXISTENCE: THE DIRECT METHOD). Let the assumptions of
Lemma 6.2 be valid and, moreover, b be coercive in the sense b(x, R)-R > ¢|R|1—k
with € >0 and ¢ > 1. Then (6.1) has a weak solution.

Proof. Analogous to Proposition 4.16 with f defined by (f,v) := [, g-vdz+ [ h-
vdS, but simplified due to absence of Dirichlet boundary conditions here. O

Remark 6.4 (Polyconvezity). The formula (6.10) gives a good generality only if
m =n = 2. In general, one should assume

o(@, R, S) = (0, R, (adj, 8™ ) (6.14)
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with some f : Q x R™ x [0 (™) RE(mm) R where k(i, n,m) is the number of
all minors of the i-th order, such that f(x, R, -) is convex, where adj,;S denotes the
determinants of all (ixi)-submatrices. Then, following Ball [31], o(z, R, -) is called
polyconver. In particular, adj; S = S and adjip(y,m)—15 = cotS and, if m = n,
adjimin(n,m)S = detS. Then Lemma 6.1 is to be generalized for adj;Vu, — adj; Vu
in LP/i(Q; RFEG™™)) provided p > i < min(m,n), and Lemma 6.2 as well as
Proposition 6.3 is to be modified for (6.14) in place of (6.10).

Remark 6.5 (Quasiconvezity). Polyconvexity of ¢(z, R, -) is only sufficient for the
weak lower semicontinuity of ® but not necessary if min(n,m) > 2. The pre-
cise condition (i.e. sufficient and necessary) is the so-called W1 P-quasiconvexity,
defined in a rather non-explicit way by

1
o(x,R,S) = inf —/ o(x, R, S+Vu(€)) d¢ (6.15)
vewlrorm) 0] Jo

where O C R"™ is a (in fact, arbitrary) Lipschitz domain. This condition, whose
inevitable nonlocality has been proved by Kristensen [242], cannot be verified
efficiently except for very special cases, as e.g. polyconvexity which is a (strictly)
stronger condition. Henceforth, another mode, a so-called rank-one convexity, was
introduced by Morrey [291] by requiring ¢ — ¢(x, R,S +ta ® b) : R — R to be
convex for any a € R", b € R™, [a ® bl;; := a;b;. Since Morrey [290] invented
quasiconvexity, the question of coincidence with rank-one convexity was open for
many decades and eventually answered negatively by Sverdk [401] at least if m > 3
and n > 2. For smooth ¢(z, R, -), the rank-1 convexity is equivalent with the so-
called Legendre-Hadamard condition ¢%(z, R, S)(§7 §) > 0 for all §,8 € Rmxn
with S = a®b, a € R™ b e R". Obviously, polyconvexity (and thus all mentioned
notions) is weaker than usual convexity, and for min(n,m) = 1 all mentioned
modes coincide with usual convexity of ¢(z, R, -).

Remark 6.6 (Symmetry conditions®). Considering the general system of m quasi-
linear equations

fdiv(aj(x,u,Vu)) +c (z,u, Vu) = ¢7, ji=1,...,m, (6.16)

the symmetry condition (4.21) which, here together with (6.3), ensures existence
of a potential in the form (6.4) bears now the form

daj(w, R, S) _ daj(z, R, S)

T a5, , (6.17a)
dal(z,R,S) 0c(z,R,9)
e = 6.17b
OR; 0S5y ’ ( )
dc(z,R,S)  Oc(x,R,S)
oR, = IE, (6.17c)

6See e.g. Necas [305, Sect.3.2].
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foralli,k=1,...,nand j,l =1,...,m and for a.a. (z,R,S) € Q x R™ x R™*",
Then, as in (4. 23b , p occurring in (6 4) is given (up to a constant) by the formula

o(z, R, S) / Z Za o, tR,15)S;; + ¢ (x,tR,tS)R; ) (6.18)

and (6.16) coincides with the equation in (6.1) because dp/dS;; = al and
dp/OR; = ¢’. Like (4.21)—(4.22), now (6.17) expresses just symmetry of the Jaco-
bian of the mapping (R, S) — (c(z, R, S),a(z, R, S)) : R xR™*"™ — R™ xR™*",
In this case, (6.16) is the Euler-Lagrange equation for the potential having the
“density” (6.18).

Example 6.7 (Elasticity: large strains). Systems (6.1) with ¢(z, R, S) = ¢(z, 1+ .5)
occur in steady-state elasticity where n = m, u : € — R™ means displace-
ment of a body occupying in an undeformed state the reference domain ) while
y(x) := = + u(z) defines the deformation at x € Q. The deformed body then oc-
cupies the domain y(2) C R™ and ¢(x, F') expresses the specific stored energy at
z €  and at the deformation gradient F' = [ + S. The direct method used in
Proposition 6.3 expresses minimization of overall stored energy and energy con-
tained in an elastic support on the boundary (through ) which is a variational
principle that sometimes (but not always) governs steady states of loaded elastic
bodies. The so-called frame-indifference principle requires ¢(z, -) in fact to depend
only on the so-called (right) Cauchy-Green stretch tensor

C=F"F=(S+D)T(S+D)=1+5"+5+S8'S. (6.19)
The often considered potential
1 1
oz, F) = 5ETCE, E = E(C -1, C=F'F, (6.20)

where E is called the Green-Lagrange strain tensor, describes the so-called
Saint Venant-Kirchhoff’s material with C = [C;;;] the positive-definite elastic-
moduli tensor. This 4th-order tensor C has a lot of symmetries leading to only few
independent entries.” Unfortunately, the choice (6.20) leads to ¢(z, R, -) which is
even not rank-one convex, however. An example of a polyconvex energy o(z, R, -)
is Mooney-Rivlin’s material described by®

¢(x, F) := c1tr(E) + catr(cof (C)—1) + ¢o(det(F)), (6.21

)
with C, E again from (6.20), ¢1,c2 > 0 and ¢¢ a convex function; tr(-) in (6.21)
denotes the trace of a matrix. This is a special case of a so-called Ogden’s material.”

"Number of independent entries of C in case of anisotropic crystals: 3 (cubic), 6 (tetragonal),
9 (orthorombic), 13 (monoclinic), or 21 (triclinic). Polycrystalic materials can be considered
isotropic and leads to 2 independent entries only, cf. (6.23).

8Note that det(F) = det(F ") = y/det(F T F) = y/det(C) actually depends only on C hence
(6.21) leads indeed to a frame-indifferent potential.

90gden’s material allows for more general nonlinearities, cf. e.g. Zeidler [427, Sect.61.8 and
62.14]. In this way, the coercivity in Lemma 6.2 can be satisfied.
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Example 6.8 (Elasticity: small strains). If the displacement u is small, one can
neglect the higher-order term STS in (6.19) so that the Green-Lagrange strain
tensor E from (6.20) turns into a so-called small-strain tensor e(u) := $Vu +
1 T
5(Vu) ', ie.
1 (91“ 1 8’11,]'
€ij (U) o 5 8xj 5 3@ ’

(6.22)

In fact, only the gradient of u is to be small rather than w itself. Then the
St.Venant-Kirchhoff’s potential ¢ from (6.20) with e(u) substituted for E turns ¢
into a quadratic form of the displacement gradient Vu. For isotropic material, it

looks as
2

A
+ §(tr(5)) , (6.23)
i.e. o(Vu) = ple(u)|? + $A(divu)?, where p > 0 and A > 0 stand here for the so-
called Lamé constants describing the elastic response on shear and compression,
respectively. In particular, ¢ is then convex and (6.1) reduces to a so-called Lamé

system of linear elasticity whose weak formulation (6.2) then results in'®

1. 1 2
¢(z,R,S) =p(S) = u‘55+ §ST‘

/ch(e(u)):e(fu) dz + /1‘ b(u) -vdS = /Qg ~vdx + /1‘ h-vdS (6.24)
where o(e(u)) denotes the stress tensor
[a(e(u))]ij = 2ue;;(u) + A(div u)d;; (6.25)

with d;; the Kronecker symbol.

Remark 6.9 (Bibliographical notes). In fact, polyconvexity provides existence
proof on W1P(Q;R3) even for p > 3 and faster growth of ¢ admitting ¢ — +oo
if det(I + Vu) N\, 0, see Ball [31]. For advanced study of deep and difficult topics
around quasiconvexity the reader is referred to monographs by Dacorogna [112,
Chap.IV], Evans [138, Chap.8|, Giaquinta, Modica and J. Soucek [177, Part II,
Sect.1.4], Giusti [180, Chap.5], Morrey [291], Miiller [297], and Pedregal [331,
Chap.3]. Existence of a minimizer of (6.4) on W1P(Q;R™) is due to Acerbi and
Fusco [2]. For mathematical aspects of nonlinear elasticity see monographs by
Ciarlet [93], Pedregal [332], or Zeidler [427, Vol.4]. Although elasticity theory has
received attention throughout centuries, there are still many open fundamental
problems in nonlinear elasticity especially when o(z, R, -) has faster growth than
polynomial'!, see [32]. E.g., a question about injectivity of y : Q — R™, in partic-
ular avoiding self-contact, has been pointed out by Ciarlet and Necas [94]. Linear
elasticity is exposed e.g. in Duvaut and Lions [130] or Necas and Hlavacek [308],
and related unilateral problems in Hlavdcek et al. [204].

0Note that o(e(u)):Vv = o(e(u)):e(v) + %U(e(u)) : (Vv — (Vo)) and the last term vanishes
because o(e(u)) is symmetric and thus orthogonal to antisymmetric matrices.
Tt is quite natural to assume especially p(z, R, S) — +oo when det(I + S) \, 0.
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6.2 Buoyancy-driven viscous flow

It is an every-day experience that a warmer fluid in the gravity field tends to
run up while a cooler fluid falls down, in special situations known as Bénard’s
problem!?. These processes obviously involve mutually coupled velocity and tem-
perature fields. Oberbeck-Boussinesq’s model for (a steady-state of) this process
involving incompressible viscous non-Newtonean fluid'® occupying a fixed domain
Q) is governed by the following system'?:

(u-V)u—divo(e(w)) + Vi = g(1 — ab), (6.262)
divu =0, (6.26Db)
u-V0—rAO=0, (6.26¢)

with e(u) := 3(Vu) " 4+ 1 Vu as in (6.22) and where we denoted

u: 2 — R"™ a velocity field,

7 : — R a pressure field,

0 :Q — R a temperature field,

x > 0 the heat-conductivity coeflicient,

a a coefficient of mass density variation with respect to temperature,

o =o(e) = the viscous stress tensor,

g = an external (e.g. gravity) force.
We have to specify boundary conditions. Let us consider, e.g., no-slip for v and
Newton’s condition for 6 with some b; > 0:

u=20, K% + b0 =nh onT. (6.27)
Let us assume that, for some 0 < ¢; < ¢3, 0 > ¢2, and q := 2*p* /(2*p*—p*—2*):
Ve € RO - ale):e > cilelP,  |o(e)| < eale|P +es, (6.28a)
Ver,ea € R, €1 # ea: (o(e1)—0o(e2)):(e1—e2) > 0, (6.28b)
g€ LYMRY),  heL¥(D), (6.28¢)

where R2X" denotes the set of n x n symmetric matrices. An example for (6.28a)—
(6.28b) is a(e) = |e[P~2e.

We will employ a fixed-point technique, which illustrates quite a typical ap-
proach to systems of equations and works here easily also for p < 2 in contrast to
techniques based on joint coercivity of this system, cf. Exercise 6.19 below. Let us
denote

Wk (4 R™) := {v € Wy P (4 R™); divw = 0} (6.29)

12Cf. Straughan [392, Chap.3].

13The adjective “non-Newtonean” refers to a non-constant viscosity; cf. Remark 6.15.

4 This model is derived from a full compressible system on assumptions of small wu, nearly
constant 0, and negligible dissipative and adiabatic heat. Non-Newtonean fluids in this context
have been used in Mélek at al. [270]. See [392] for an extensive reference list. For a more general
model see e.g. [223, 363].
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and consider a mapping M from WO L R™) to itself, defined by
M = Mgo(Mlxid) v u, Mo 60, Ms:(v,0) = u, (6.30)
with u and 6 being the weak solutions to
(v-V)u—divo(e(u)) + Vr=g(1—af), divu=0, ulr=0, (6.31a)

v-VO0—rkAO=0, KZ% +b0r=h. (6.31b)

Note that the system (6.31) is decoupled: first, one can solve (6.31b) to get 6 and
then, knowing both v and 6, one can solve (6.31a). If o is linear, then the problem
(6.31a) arising via the “frozen” velocity v in the convective term is also linear and
is then called the Oseen equation.

Lemma 6.10 (A-PRIORI ESTIMATES). Letp > 1, p > max(n/273n/(n+2)). There
18 R dependent on c1, co, c3, g and h but not on v € WO 2L R™) such that

||9HW1,2(Q) <R and ||u||W1,p(Q;Rn) < R. (6.32)

Proof. To estimate the temperature, we test (6.31b) by 6 and, for p > n/2,'° use
Green’s Theorem 1.31 and the identity

1 1
/(U~V0)9dx:—/U~V02dx:——/(divv)02dx:0 (6.33)
Q 2 Ja 2 Ja
so that, by the Poincaré inequality (1.56) considered with p =2 = g,
C ' min(x, bl)HQH%/VLZ(Q) < / (v-Vo)0dx + K}/ |VO|? dx + by / 92 ds
Q Q r

N2
- / B0AS < |11l o 1y 18] oy < G NI sy 00y, (639)

where C,, comes from (1.56) and N is the norm of the trace operator W2(Q) —

LQ#(F). For € > 0 small enough, it gives ||0||y1.2(q) < R with R independent of v.
To estimate the velocity, we test (6.31a) by w and use, for p > 3n/(n+2),
Green’s Theorem 1.31 and the identities [, V- udaz = — [, 7divudz = 0 and'®

/((v Vu) -udz = Zka ujdx

Qp—1j=1

/(Zzujavku]+ujﬂkg )dx**/((U'V)u)w_de (6.35)

Q

15To ensure integrability of (v - V6)#6 in (6.33) when 0 € L2 () and V6 € L2(€;R™), one
needs v € L™(Q; R™), i.e. one needs p* > n, which is just equivalent to p > n/2.
16Note that >_}_; Ovy/0z) = dive = 0.
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so that
/ ((v-V)u) -udz =0 (6.36)
Q
and, by Korn’s inequality (1.59) and by (6.28a),

O 0l 1y < Al ey < / o(e(u)):e(u) da

:/Q((U~V)u)~u+a(e(u)):e(u)+V7r~udx:/gg(1—a9)-udx

< llgllzaosmn) (measa (Y2 + a8l L2+ ) 1l Lo - (6.37)

From this, the second estimate in (6.32) follows by Young’s inequality and the
already obtained estimate of 6. d

Lemma 6.11 (UNIQUENESS AND CONTINUITY'?). Let p > 3n/(n+2). Given v, the
solution (u, ) to (6.31) is unique. Besides, M : v — u is weakly continuous.

Proof. Uniqueness of temperature 6 follows from the a-priori estimate (6.34)
because (6.31b) is linear in terms of §. The weak continuity of M; is obvi-
ous when one realizes that v*-V@;, — v-V@ weakly in L'(Q) because v¥ — v
weakly in W1P(Q;R"™) (hence strongly in LP"~¢(Q;R")) and V6, — V6 weakly
in L2(Q;R™<").

For the uniqueness of the velocity, we take u',u? two weak solutions of
(6.31a), and test the difference of the weak formulation of (6.31a) by u!? := u! —u?.
Using (6.36) for u!'? instead of u, it gives:

/Q (o(e(u)) = o(e(u?))):e(u'?) da = — / (v-V)u'?)-u'2dz =0

Q
so that, by strict monotonicity (6.28b), it holds that e(u'?) = 0 a.e. in © and then,
by Korn’s inequality (1.59), u'? = 0.

To show the weak continuity of My : (v, ) — u, one can use monotonicity of
o and consider a weakly converging sequence (v*,6)) — (v,0) and corresponding
solutions u*:

0 < [ (ote(u)) = ofe(w)se(u~u) da
= [ (61=06) = (0 D)) (=) = or(e(uw))e(u —uw) o
= /Q (91— ab) — (v V)u) (u—w) — o(e(w)):e(u—w) dz (6.38)
and then use Minty’s trick. Note that (6.38) used the compact embedding

WyP(Q;R") € LP ~9(Q;R") which allowed for the limit passage in the term
JoWF - VuF)uFda if p=t + 2(p* — €)7! < 1 which requires p > 3n/(n+2). O

17 A more involved technique allows for improving existence for non-Newtonean fluids (6.26a,b)
itself even for p > 2n/(n+2), cf. [122, 151].
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Proposition 6.12 (EXISTENCE). Let (6.28) hold. Then the system (6.26) has at
least one weak solution.

Proof. Tt follows from Schauder’s fixed-point Theorem 1.9 (cf. Exercise 2.55) for
M on the ball in B := {v € W(}’fiv(Q;R”); |vllw1.p(oirny < R} with a sufficiently
large radius R from (6.32) depending only on the data g, h, o, and «, endowed by
the weak topology which makes it compact. O

An alternative to the no-slip (i.e. u = 0) boundary conditions (6.27) is a
partial-slip condition (with 0 < ; < « phenomenological coefficients) which, in
our thermally coupled system, reads as:

Uy = 0, dy+yuy = 0, (6.39a)
00 2
ke 4010 = h+ |, (6.39b)
ov
where uy := u—uy is the tangential velocity and u, := (u-v)v is the nor-

mal velocity, and similarly for the so-called traction force & defined as [7]; =
Z;.L:l oi;(e(u))v;. The two conditions in (6.39a) form the so-called Navier bound-
ary condition.'® For v = 0, it expresses a no-stick (or ideally slippery) bound-
ary while for v — +oo it approximates the no-slip boundary. Instead of
Wol,ﬁ)iv(Q; R™) defined in (6.29), the weak formulation now uses the linear space
{veWtP(Q;R"); dive =0in Q, v-v =0 on I'} and leads to a weak formulation
of (6.26a,b) as the integral identity

/Q((u~V)u)~zJra(e(u)):e(z)d:c+/nyut~ztd5:/Qg(l—af))dx (6.40)

In contrast to the no-slip or the no-stick cases, for 0 < v < +o0o the condition
(6.39a) dissipates energy which may partly (namely with the ratio v1/v € [0, 1])
contribute to a heat production on the boundary. This just gives rise to the last
term in (6.39b). If 41 < 7, the resting portion 1—+; /v of the mechanical dissipated
energy is indeed lost from the system in this model.

For 71 > 0, we have an additional coupling, which might be not entirely
easy to treat and which may even cause doubt about existence of solutions if the
fluid is not dissipative enough (i.e. here if p < 3, which is related to the quadratic
growth of the boundary term 71 |u¢|?) and simultaneously if the external supply of
energy is not small. Let us confine ourselves to the gravity-type force g such that
curl g = 0, where the rotation is defined as curl- := Vx- where x : R3xR3 — R?
is the vector product on R3.

Proposition 6.13 (EXISTENCE WITH NAVIER'S BOUNDARY CONDITIONS). Let
(6.28) hold with p > 4n/(n+4) and let one of the following two conditions holds

18The Navier’s conditions (6.39a) are “mathematically” very natural in comparison with mere
Dirichlet condition w = 0, as pointed out by Frehse and M4élek [150].
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(i) p> 3 (i.e. the fluid is “dissipative enough”), or
(ii) 1 < p < 3 and the heat flur h be “small enough” in L2#/(F).
Then the system (6.26) with the boundary conditions (6.39) has weak solutions.

Proof. Again, use the Schauder fixed-point theorem based, instead of (6.31) on
two decoupled problems:

(v-V)u —divo(e(u)) + Vr = g(1-af), divu=0 on €, } (6.41a)

uy =0 and [U(e(u))u]t—i—'yut =0 on T,
vV — kA =0 on €,

(6.41b)
Iiay-i-ble‘r—h-i-’}q”l)t’ onl.

Note that, for v € W1P(Q;R"), the additional boundary heat source v;|v¢|? be-
longs to LP*/2(T) c L¥(T') provided p#/2 > 2#' which is fulfilled only if
p > 4n/(n+4), so that (6.41b) possesses a conventional weak solution § € W2(Q)
which is unique and depends continuously on v. Also, curlg = 0 means exis-
tence of a potential ¢ so that ¢ = Vi, and then ng~udx = fQ Vepudr =
Jrpu-vdS — [ edivude = 0. From (6.41a) tested by u, one gets

Huuwl P (R < ClHQHWLZ(Q) (642>

with Cy depending on ¢; from (6.28a) and on g and «. The estimate (6.34) is now
modified by using [.(h+y1]ve[?)0dS < 2(||h||L2#/ —I—’ylHU||L2#, ))H9||L2#(F) S0
that it gives

161w 2(2) < Co(IPl ]2ty + 10100 m)) (6.43)

for some Cy depending also on the norms of the trace operators W1P(Q) —
¥ 2(T) and WH2(Q) — LQ#(F). For p > 3, we can combine (6.42) and (6.43) to
obtain

el gy < CoCt (IR gy F 1011 0mm)) < Cot —IIU\lep (rn) (6:44)

with some (), depending on p, CyC1, and h. This suggests that we choose v from
the ball of the radius (2C,)'/ (=1 o0 obtain the property that M from (6.30) maps
it into itself. Thus (i) has been proved.

As to (ii), we can exploit the first inequality in (6.44) to see that, for suf-
ficiently small HhHLz#'(p)a we can again find r such that [[v|[w1rQrr) < r will
imply [Jullwrprn) <7 O
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Remark 6.14 (Coupling through dissipative/adiabatic heat effects). The Oberbeck-
Boussinesq model (6.26) is only one of various options and there are various modi-
fications appearing in literature.'® Typically, some enhancement of the heat equa-
tion (6.26¢) as

u-VO — kA0 = ajo(e(u)):e(u) — azbu (6.45)

is considered with some phenomenological coefficients a1 and ag; usually 0 <
a; < 1and 0 < as < « is considered. This makes another nonlinear coupling
which violates coercivity of the whole system, so that one can expect existence
of a solution possibly for small data only. Indeed, assuming p > n, n = 2 or 3, a
smooth domain €, and by (z) > by > 0 with by € Wh2"2/@*=2(T') and ¢5 = 0 in
(6.28a), one can use the fixed point of the mapping (v,9) — (u, ) determined by

(v-V)u—divo(e(u)) + Vr = g(1-ad), divu=0 onQ,
(6.46a)
u=0 on T,

vV — kAO = ay0(e(v)):e(v) — azdv on

H%—l—bﬂ\p:h onlI.

} (6.46b)

We need to use L'-theory for the heat equation from Chapter 3. Namely, we use
the interpolation for (3.47) with A := &I, and g := ayo(e(v)):e(v) —az¥v combined
with a bootstrap argument of the advective term v-V6 with v € W&’(ﬁv(Q; R™) to
obtain the estimate?’

161 gy < K (1101l sz ) (lara(e@))iew)—aztol| gy + 0]l o )
(6.47)

with ¢ < n/(n—2) and r > n/2—1 for a distributional solution 6 to the
boundary-value problem (6.46b). Combining (6.47) with the obvious estimate
HuH’l;llﬂ”(Q;R”) < C||9HLq(Q) and assuming (6.28a) with ¢35 = 0, one obtains an
estimate of the type

-1 +
Huugvl,p(g;mn) < alC||UH€V1,p(Q;Rn) + alC”UHgvlfp(Q;Rn)

+ aafjollwrsqome) (LI s @) ) 19120y + [0l e [l ooy - (6:48)

Cf. e.g. [223, 343] for a genesis of various possibilities. The starting point is always the
complete compressible fluid system of n+2 conservation laws for mass, impulse, and energy.
Then, the so-called incompressible limit represents a small perturbation around a stationary
homogeneous state, i.e. around constant mass density, constant temperature, and zero velocity.

20The mapping B used in the proof of Lemma 3.29 allows for the estimates
1Bl w12y« wt.2q)) < C and [|Bll (2 w2.2(q)) < C(L+[[v|[Leo (rn)) when realizing
that v€ L (Q;R™) and v-V6 € L2(Q). Thus, by interpolation, also 1Bl (wr .20y w2—r.2 ()
< C(1+H'U||LOO(Q;]RTL))1_A7 which yields (6.47) by transposition used for A < 2—n/2 as in the
proof of Lemma 3.29, together with the embedding W*2(Q) C L2/ (n=22)(Q).
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Then, if the external heating h is small in L!(I")-norm, one can find a sufficiently
small ball in Wol”fiv(Q; R™) x L4(T") mapped to itself by the mapping (v, ¥) — (u,0)
with u being the weak solution to (6.46a) and € being the distributional solution
to (6.46b). For such sort of existence analysis see also [299, 363] even for p < n.

Remark 6.15 (Navier-Stokes equations). For o(e) = 2ue, (6.26a,b) turns (when
neglecting buoyancy, i.e. @« = 0, and thus also temperature variation) into the

system?!
(u-Vu—pAu+Vr=g, divu=0, (6.49)

which is called a steady-state Navier-Stokes system.?? The coefficient p is called
a kinematic viscosity coefficient and fluids exhibiting such constant viscosity are
called Newtonean fluids. The no-stick boundary conditions (6.39a) have now an
alternative (though not fully equivalent) option: w-v = 0, (curlu)-v = 0, and
(curl?w)-v = 0 on T, see [42]. For other conditions we refer also to [105].

Exercise 6.16. Write a weak formulation for (6.31), use divergence-free test func-
tions.?? Similarly, derive the weak formulation (6.40) of the Navier boundary value
problem (6.26a,b)—(6.39a).24

Exercise 6.17. Prove Proposition 6.12 when assuming only mere monotonicity of
o instead of the strict monotonicity (6.28b).2°

Exercise 6.18 (Temperature-dependent viscosity2®). Modify the proofs of Lem-
mas 6.10 and 6.11 if 0 = 0(0, e) in (6.26a) and (6.31a), assuming continuity of o
and the properties (6.28a,b) holding for ¢(, -) uniformly for 6.

2Indeed, taking into account divu = >-7 ; du;/0z; = 0 and o(e(u)) = 2ue(u), one gets

_ "9 10u;  10uy 9 [ Oy " 9%,
div 2pe(u) :2/17;:1 o, (5Baﬁj + 5874) :H(Bix](z Bmi> +Zm) = pAu.

=1 i=1

22Cf. Constantin and Foias [106], Galdi [170], Sohr [391], or Temam [403] for a thorough
treatment.

Z3Hint: Realize that, by Green’s Theorem 1.31, [, Vr - zdz = [, —wdivods = 0 and that
symmetric and antisymmetric matrices are mutually orthogonal so that o symmetric implies

/n—div(o(e(u)))-zdx:/Qa(e(u)):Vzdx:/Qa(e(u)):e(z)dx.

cf. also (6.40). As to (6.31b), the advective term leads either to [, v-VOzdz or to [, —0v-Vzdz.
24Hint: After applying Green’s formula, treat the resulting boundary term as

/J(e(u)):(z@u) ds :/5~zdS :/(En—i-&‘t)-(zn—&—zt) ds :/En-zn—‘rﬁt-zt ds = —/'yut-zt ds
r r r r r

when realizing that normal and tangential vectors are mutually orthogonal, and when using
zn = 0 and the latter condition in (6.39a).

25Hint: Prove that the mapping Mz defined by (6.30), which is now set-valued, has convex
values (cf. Theorem 2.14(i)) and is upper semi-continuous, and then use Kakutani’s fixed-point
Theorem 1.11 instead of Schauder’s.

26For a non-Newtonean model with viscosity dependent also on temperature we refer to e.g.
[270]. The Newtonean case was treated in [300] even for the coupled system as in Remark 6.14.
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Exercise 6.19. Considering the boundary-value problem (6.26)—(6.27) and p > 2,
verify the assumptions of Brézis theorem 2.6 for V = Wol,ﬁ)iv(Q; R™) x Wh2(Q).27
Prove existence of u and of € solving (6.31) by the Galerkin method. Considering
o(e) = |e|P"te, show strong convergence of this Galerkin approximation.?® Do
the same for the problem (6.26)—(6.39) for p > 3 by considering V = {(v,0) €
WP (Q;R™) x WH2(Q); dive=0in Q, v-v=0onI'}.?

Exercise 6.20. Uniqueness of the obtained solution does not hold in general
by natural reasons. Nevertheless, prove uniqueness of the weak solution to
(6.26)—(6.27) for g and h small enough provided o is strongly monotone, i.e.
(o(e1)—0o(ez)):(e1—e2) > c3ler—ea|? for some c3 > 0, and provided also n < 4
and g > n/2 for (6.28¢).%°

Exercise 6.21 (Nonlinear heat transfer). Instead of (6.26c¢), consider the nonlinear
heat transfer ¢(0)u-VO —div(k(0)V0) = 0 with ¢ and x denoting the heat capacity
and heat-transfer coefficient depending possibly on temperature, cf. also (2.136).
Then apply the enthalpy transformation to replace it by uw-Vw — Af(w) = 0,
cf. Remark 3.25, and, denoting still by + the inverse of the primitive function to
¢, write the resulting system as

(w-V)u —divo(e(u)) + Vr = g(1 — ay(w)), (6.50a)
divu =0, (6.50b)
uwVw — Ap(w) =0. (6.50c¢)

2"Hint: Show the coercivity of the underlying operator on V by testing (6.31a) and (6.31b)
respectively by w and 6, imitating and merging the estimates (6.34) and (6.38). Realize that,
if the assumption p > 2 were not hold, there would be difficulties with estimating the term

fﬂzgoﬁu dx.
8Hint: Employ d-monotonicity of the highest-order parts of (6.31) together with uniform

convexity of the underlying space V.

29Hint: Imitate and merge the estimates (6.42) and (6.43).

30Hint: Consider two solutions (ul,61) and (u?,02), test the difference of weak formulations
of (6.26a,b) by ul? := u! —u? and of (6.26c) by 012 := 61 — 62, sum them up, realize that small
data imply both ||u2HW1,p<Q:Rn) and [|02][yy1,2 () small, and estimate

/ k[010]2 +C3\e(u12)|2dx+/b1\912\2dS
Q T
< / go¢912-u12 — ((ul~V)ul—(uQ-V)uQ)ul2 — (u1~V91—u2-V92)912 dx
Q
= / ga912-u12 — ((ul-V)u12+(u12-V)u2)u12 — (ul-V012+u12-V92)912 dx
Q
= / go¢912-u12 — ((u12~V)u2)u12 - (u12~V92)012 dx
Q

< O‘Hg”Lq(Q;R") H912”L2* () ||u12 HLZ* (QR™) + Cq ||u12 Hiz* (R™) ||V’U42HL1)(Q;R7LX7L)
+CQ||V92HL2(Q;R")Hu12||L2*(Q;Rn)HQIQHLZ* (Q)

with Cp, C2 depending on p and n, and finally by Young, Poincaré and Korn inequalities conclude
that 12 = 0 and u'2 = 0. The condition n < 4 is needed for Holder’s inequality leading to Co.
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Considering again the no-slip boundary conditions (6.27), now in the form u = 0
and % (w) 4 byy(w) = h, design suitably a mapping whose fixed point does exist
and is a weak solution to the system (6.50).31

6.3 Reaction-diffusion system

Let us investigate the so-called steady-state Lotka-Volterra system:>?

—d1Au=u(ay —bju—c1v) +¢1  in Q,
—doAv = v(ag — bov — cou) + g2 in Q, (6.51)

ulr =0, v[r=0 onT.

This system has applications in ecology:

u,v > 0 are the unknown concentrations of two species,

a1, ag are the birth (or, if a’s are negative, death) rates,

b1,ba > 0 are related to the carrying capacities of the environment,

c1, co are the interaction rates,

dy,ds > 0 are diffusion coefficients related to migrations,

g1, 92 > 0 are the outer supply rates.

If both ¢; and ¢y are positive, (6.51) describes a competition-in-ecology type model
while, if both ¢; and ¢y are negative, (6.51) refers to a cooperation-in-ecology type
model. Eventually, if ¢; > 0 and ¢o < 0, we get a predator/prey model; u is then
the prey species concentration while v is the predator concentration.

The peculiarity of this system is its non-coercivity similarly like in the case of
the systems in the previous section 6.2 for p < 2. Thus, again we will employ the
fixed-point technigue, specifically here by involving the mapping (@, ) — (u,v)
where (u,v) € W2(Q)? is the weak solution to the following two equations:

—diAu = u(a; —byu™ —c10) + g1 in Q,
—dyAv = v(ag — bovt — co) + g2 in (6.52)
ur=0, vr=0 onT.

Existence of a weak solution u and v to these de-coupled equations can be shown,

e.g., by a direct method, cf. Proposition 4.16, under assumptions made below. Let
us agree to consider Hv||W01,2(Q) = [V 2 (irn)-

31Hint: Consider the mapping (v, w) — (u,w) with (u,w) solving the system

(v-V)u — divo(e(u)) + Vr = g(1 — ay(w)), divu = 0, v-Vw — div (8 (w)Vw) = 0.
Realize that, for any (v,w), this system is decoupled and partly linearized, and (u,w) is indeed
determined uniquely. Then use Schauder’s fixed point theorem.

32QOriginal studies of oscillation in biological or ecological systems (not necessarily in the pres-

ence of diffusion) originated in Lotka [264] and Volterra [423] and later received intensive scrutiny,
cf. e.g. Pao [324, Sect.12.4-6).



6.3. Reaction-diffusion system 187

Lemma 6.22 (NON-NEGATIVITY OF u AND v). Let @i, > 0 a.e., and a; < di N2+
cresssup,cqt(z) and as < doN~2 + ¢y esssup, cot(x) with N the norm of the
embedding Wy () € L*(Q). Then u,v >0 a.e. in Q.

Proof. Let us first consider ¢; > 0 and test the first equation in (6.52) by v~ and
notice that byutu~™ = 0, which gives

d1\|u7||€V01,2(Q) S/le\Vufﬁ +c1o(u”)? — gru” dz = a1||u7\|%2(9). (6.53)

If N2a; < dy, we can absorb the last term in the left-hand side, which then

immediately gives u~ = 0 a.e., so u > 0 a.e. in . For ¢; < 0, we must estimate
il oy < [ alVe =g do= [a)
— co(u”)?de < (a1 + |ea] ||17\|Lw(9))||u_\|2,:2(9). (6.54)
Analogous considerations work to show v > 0. d

Lemma 6.23 (UPPER BOUNDS). Let, in addition to the assumptions in Lem-
ma 6.22, also g1,g2 € L™®(Q), by > —c] and by > —c5 . Then there is a con-
stant K sufficiently large such that @, € [0, K] a.e. in Q implies u,v < K a.e. in
Q.

Proof. We test the first equation in (6.52) by (u— K)T and use (1.50), which gives

A=) gy < [ I K1
+ (hiu® —aiu— g1 + o) (u— K)tde =0.  (6.55)
We take K so large that r — b1r? — ay;r — g1(z) + c19(x)r is non-negative on
[K,+00), namely by K? — a1 K — ess sup,ecqgi(z) + ¢, K? > 0 and 201K — a; +

2¢; K > 0. Such K does exist whenever by + ¢; > 0. Then (6.55) yields u < K
a.e. in . Analogous considerations are for v. O

Lemma 6.24 (CONTINUITY OF (@, ?) — (u,v)). Let
a <A N2+ K, ay<daN 24K, b >—cy, ba>—-c; (6.56)
)

with K so large that Lemma 6.23 is in effect. Then the solution (u,v) to (6.52
is unique and the mapping (u,v) + (u,v) is weakly continuous as L?(2)?> —
Wh2(Q)? if both arguments satisfy 0 <4 < K and 0 < v < K.

Proof. Uniqueness of the solution to (6.52): consider two solutions ui,us €

Wh2(Q) to the first equation in (6.52) and test the difference by u; — ug =: ujs.
It gives

d1 Hu12H‘2/V012(Q) S/le\Vuu\Z -+ b1 (ului"—wu;‘)uu -+ clﬁuidx = CLl/QU%QdJ'J7
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which gives w12 = 0if a; < diN? and ¢; > 0, orif ¢; <0 and a; —c1 K < dy N2,

Now, consider a sequence {oy }ren converging to v weakly in L2(£2). The cor-
responding solutions uy, are bounded in W2(Q), hence (up to a subsequence) ug
converges to some u weakly in W2(Q). Using the compact embedding W2(Q) C
L?(2) in the integral identity Jo VurVz —ug(ar — biuy — c10y)z — g1zdz = 0 for
any z € WH2(Q) N L>(Q), we get that u is the weak solution to the first equation
in (6.52). As this solution is unique, even the whole sequence {uy}ren converges
to it. The weak continuity of v — u : L?(Q) — W12(Q) has thus been shown. The
mapping u — v can be treated analogously. O

Proposition 6.25 (EXISTENCE OF A SOLUTION TO (6.51)). Let g1,g92 € L™(f),
and the birth rates a1 and az be small enough and the carrying capacities by and
by be large enough as specified in (6.56) with K sufficiently large as specified in
the proof of Lemma 6.23. Then there is a solution (u,v) to (6.51) such that 0 <
u() <K, 0<v(-) <K a.e onfd.

Proof. We apply the Schauder fixed-point theorem (cf. Exercise 2.55 modified for
the weak™ topology) to the mapping (u,v) — (u,v) defined by (6.52) on the
compact convex set {(u,v) € L>®(2)% 0 < u(-) < K, 0 < v(-) < K a.e. on Q}
equipped with the weak topology of L?(2)?. Note that this set is mapped into
itself if K is taken suitably as mentioned in Lemma 6.24. As the resulting fixed
point (u,v) is non-negative, it solves the original system (6.51), too. O

Remark 6.26. Existence of steady states especially in non-cooperative ecological
systems is not automatic hence it is not surprising that Proposition 6.25 works
only under rather strong data qualification.

Remark 6.27. It should be emphasized that the mere existence of solutions to the
steady-state Lotka-Volterra system (6.51) is only a basic ambition in this analysis.
The research in this area focuses on more advanced questions such as multiplicity of
the solutions, their stability both with respect to data perturbations and whether
they attract trajectories of the evolution variant of this system, cf. (12.57), etc.

6.4 Thermistor

We will address the steady-state of electric and temperature fields in an isotropic
homogeneous electrically conductive medium occupying the domain 2 whose con-
ductivity (both electrical and thermal) depends on temperature which is, vice
versa, influenced by the produced Joule’s heat. Electrical devices using these ef-
fects to link temperature with electrical properties are called thermistors. Anyhow,
a filament in each bulb, working with temperatures ranging many hundreds of de-
grees, is addressed by the following system, too:

—div(k(0)V0) = o (0)|Ve]*> onQ, (6.57a)
—div(a(0)Ve) =0 on Q, (6.57b)
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with the following interpretation:

¢ is the electrostatic potential,

0 is the temperature,

o the electric conductivity (depending on 6),

 the heat conductivity (depending again on ).
Therefore, (6.57a) is the heat equation, —x(0) V0 denoting the heat flux governed
by the Fourier’s law while (6.57b) is the Kirchhoff’s continuity equation for the
electric current j being governed by Ohm’s law j = 0(0)V¢. The (specific) power
of the electric current is the scalar product of j with the intensity V¢ of the electric
field, i.e. the so-called Joule heat j - V¢ = o(0)|V¢|? being the source term in the
right-hand side of (6.57a).

Of course, the system (6.57) is to be completed by boundary conditions:
e.g. the Dirichlet one on I}, with meas,_1(I';) > 0 (=electrodes) and zero Neu-
mann condition on Iy = I'\ I}, (= an isolated part), i.e.

90 09
v ov
Let us note that the right-hand side of (6.57) has higher homogeneity than
its left-hand side, so that again we meet the phenomenon of loss of coercivity of the
whole system. Inspite of this, we get existence of solutions under rather general
data qualification. The basic trick®3 relies on the special feature that the Joule
heat o(0)|Vo|* with ¢ € W12(Q) is not only in L*(Q) but also in WhH2(Q)* if
(6.57b) holds, and consists in the transformation of (6.57) into the system?!

div (k(0)V + o(8)pV ) = 0, (6.59)
div(a(0)Ve) = 0. (6.59b)

O, =05, lo, =0, onlp, on Ty. (6.58)

Now, again the crucial point is to design a fixed-point scheme suitably. Here,
an advantageous option is to decouple the system (6.59) as follows:

div(k(9)VO + o (9)pVe¢) =0, (6.60a)
div(o(9)Ve) =0, (6.60b)

this means we consider the mapping
M := Mo (Myxid) : 9 — 0, M :9—¢, My:(p,9)— 0, (6.61)

where, for ¥ given, ¢ solves in a weak sense (6.60b) and then 6 solves in a weak
sense (6.60b), considering naturally the boundary conditions (6.58). The existence
and uniqueness of such solutions has been proved in Chapter 2.

33Without this trick, one must use regularity to guarantee strong convergence of ¢’s in WP ()
and then |V¢|2 in a suitable LP/Q(Q) C WLP(Q)* or, possibly after Kirchhoff’s transformation,
the Ll-theory like in Remark 6.14 together with the strong convergence as in Exercise 6.33.

34Realize that, by the formula div(av) = adivv + Va - v and by (6.57b), one indeed has

div(c(0)¢Ve) = div(c(0)Ve)d + o(0)Ve - Vé = o(0)Ve - Vé = Joule’s heat.
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Lemma 6.28 (A-PRIORI ESTIMATES). Let us assume 0 : R = R and k : R - R
continuous, 0 < ¢, < 0() < CJ; 0<ce < H() < Cn; 013 = HO‘F; and ¢D = ¢O‘F
for some 0y, pg € WH2(Q) N L=(Q), and 9 € W12(Q) arbitrary, and let ¢ and 0
solve (6.60)—(6.58) in the weak sense. Then, for some constants Cy, Co, and Cs
independent of ¥,

H(bHLOO(Q) < Cr, (6.62a)
HV('ZSHL?(Q;]RN) S CQ, (662b)
HGHWL?(Q) < Cs. (6.62¢)

Proof. The estimate (6.62b) follows by using the test function v = ¢ — ¢g €
W12(Q) in a weak formulation of (6.60b); note that obviously v|r, = 0.

The estimate (6.62a) follows by testing (6.60b) by v = (¢ F ||dol|l = () as
in Exercise 2.76; note that again v|r, = 0.

The estimate (6.62c) can be obtained by using the test function v = 6 —
B € Wy*(Q) in a weak formulation of (6.60a); note that obviously v|r, = 0. By
Holder’s inequality, this leads to the estimate

cﬂ\|V9\|%2(Q;Rn) < / K(9)VO-Vldz :/ K(9)VO-Vly — o(9)pV -V (0—b6y) dz
Q Q

< [ g ) IV 22y V0| 2 20y
+ Ha(ﬁ)HLOO(Q) ’|¢HLO¢(Q)HV¢HL2(Q;R")Hv9 - VHOHLQ(Q;R”)

< (CKHVHQ )+C‘70102)HV9HL2 ) +CUC1CQHVQO O

HL2(Q;]R" HL2(Q;R")'
Proposition 6.29. The system (6.57)—(6.58) has a weak solution (0, ¢) € W12(Q)2.
Proof. We take a sufficiently large ball in W12(Q), namely

B = {9€W1’2(Q)§ 101lw1.2(0) < 03}7 (6.63)

(R™

and apply Schauder’s fixed-point Theorem 1.9 (cf. Exercise 2.55) for the mapping
M defined by (6.61) on B endowed by the weak topology which makes it compact.
For this, we have to prove the weak continuity of the mapping M : ¢ — 6 :
Wh2(Q) — W12(Q). Supposing ¥ — ¢ weakly in W2(Q) hence strongly in
LP"=¢(2), we get

b — @ (weakly in W'?(Q)) (6.64)

hence strongly in LP" ~¢(), from which we then get
0, =0  (weakly in Wh2(Q2)). (6.65)

For (6.64), we used o(¥;) — o(¥) in any L1(2), ¢ < +oo, and made the limit
passage in the identity

O:/0(19k)V¢k~Vvdx%/0(19)V¢~Vvdx (6.66)
Q Q
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for v € W1H°°(Q) which is a dense subset in W12(Q). Also, we used uniqueness of
¢ solving (6.60b) for ¥ fixed, which is obvious since (6.60b) is a linear equation.
Furthermore, for (6.65) we used x(9;) — k() in any L9(Q2), ¢ < +oo and in
strong convergence ¢ — ¢, cf. (6.64), and made the limit passage in the identity

0= / (ﬁk)Vé)k Vo + a(ﬁk)¢kv¢k -Vodx

R / 9)V0 - Vo + 0(9)$V6 - Vo da, (6.67)

which holds for v smooth enough, say W1:>°(Q). Again, we use also uniqueness of
0 solving (6.60a) for ¢ and ¥ fixed.

Then, by the Schauder theorem, M has a fixed point § € B, and then obvi-
ously the couple (0, ¢) with ¢ = M; () solves (6.57). O

Exercise 6.30 (Other boundary conditions). Assume s constant, and modify the
boundary conditions (6.58) as

Bl 9¢
Ha——l—bH—b@ and o(f )6V

with b > 0, and the external temperature 6. € L°°(T") and the prescribed elec-

tric current jo € L2#/(F). Show solvability of such a modified system provided
fr jedS = 0 and provided  is constant.?® Additionally, modify the linear heat
transfer by considering the Stefan-Boltzmann conditions, cf. (2.125); this would
apply, e.g., to a lamp filament working in high temperatures where the heat/light
radiation mechanism intentionally dominates the usual heat convection.

35Hint: For M, realize that the zero-current condition fI‘ jedS = 0 is necessary to ensure
existence of ¢ and that only V¢ is determined uniquely while ¢ is determined only up to
constants, and then this nonuniqueness is smeared out by Ma. Note that (6.60b) has a vari-
ational structure of minimizing the convex potential ¢ +— fQ U(ﬂ)\v¢|2dx — Jp e dS on
{veWwt2(Q); [, ¢dx = 0}. The zero-current condition is necessary to ensure that this functional
is finite. Show coercivity by estimating

1 2 . 1. 2 .
[ 5o@IveRds = [ Gsds = Sint sV q) Nl ey 9] 2%,
> inf 0I5 (161Bynay | [ 6d2]2) = Nljell g 19
=4 P w2(Q) a Jell po#/(ry 1Pllw1.2(Q)>

where C, is the constant from the Poincaré inequality (1.58) used for p = 2, and N is the norm of

the trace operator u — u|p : WH2(Q) — L2#(I‘). Thus we can see that this functional is coercive
on the mentioned subspace of W12(Q). Even it is strictly convex. As its differential is even
strongly monotone, the continuity of ¥ — V¢ follows. As the L°°-estimate of ¢ cannot now be
expected, proceed directly by using L!-theory for the linear equation div(k()V8)+o(1)|V¢|? =

0, use a-priori estimates of § € WA2(Q) € L™/ ("=2)=¢(Q) with A < 2—n/2, cf. Proposition 3.31,
and (not relying on uniqueness but only on convexity of the set of solutions for fixed ) employ
Kakutani’s fixed point theorem 1.11.
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Exercise 6.31. Prove (6.66) and (6.67) directly for v € W2(Q).36

Exercise 6.32. Again, from natural reasons, uniqueness of the weak solution to the
whole system (6.59) can be expected only for small data. Prove this uniqueness,
assuming o and x Lipschitz continuous and both 6, and ¢, are small enough.3”

Exercise 6.33. Prove strong convergence in (6.64) and in (6.65).3%

6.5 Semiconductors

Semiconductor devices, such as diodes, bipolar and unipolar transistors, thyristors,
etc., and their systems in integrated circuits, have formed a technological base of
fast industrial and post-industrial development of mankind in the 2nd half of the
20th century.?® Mathematical modelling of particular semiconductor devices uses
various models. The basic, so-called drift-diffusion model has been formulated by
Roosbroeck [355] and, in the steady-state isothermal variant, is governed by the
following system®°

div(eVe) =n—p+c, in Q, (6.68a)
div(Vn —nV¢) = r(n,p) in €, (6.68b)
div (Vp + pV(b) =r(n,p) in Q, (6.68¢)

36Hint: Consider the Nemytskii mapping ./, determined by the integrand a:QxR —
R™:(z,7) — o(r)Vo(z) and, verifying (1.48), show its continuity as .45:LP" ~€(Q) — L2(;R™).
For (6.67), consider a:(x,r) — k(r)Vo(z).

37Hint: Imitate the strategy of Exercise 6.20. In particular, the term div(c(6)¢pV @) results to

/Q(0(91)¢1V¢1)*U(92)¢2V¢2))-V912de
= /Q (0(91)—0(92))¢1V¢1 + 0(02)p12Ve1 + 0(92)¢2V¢12)-V912 dx

and then use Holder inequality to estimate it “on the right-hand side”.

38Hint: Use uniform monotonicity and oIV =Vl 2arn) < Jq o(9%)|Vor—Ve|2dr =
fQ a(ﬁk)v¢kv(¢k —¢) — a(ﬁk)V¢V(¢k—¢) d.l‘ = — fQ O’(’Lgk)V(z)V(d)k—(ﬁ) da: — 0. In the case
(6.65), use the weak lower-semicontinuity of (9, 0x) — [ k(95)| V0 |2da:

lim ¢ex||VO—VO| L2 (qrn) < limsup/ k(91)| VO, —V0)2da
k—oo ’ k Q

— 00

= — liminf K
k—oo Jo

(0%)VO-V(0r—0)dz — lim / Kk(9)VO-V (0, —0)dz < 0.
k—oo Jo

39This was reflected by Nobel prizes awarded for discovery of the transistor effect to
W.B. Shockley, J. Bardeen, and W.H. Brattain in 1956, for invention of integrated circuits
to J.S. Kilby in 2000, and for semiconductor heterostructures to Z.I. Alferov and H. Kroemer
also in 2000.

40For more details, the reader is referred to the monographs by Markowich [275], Markowich,
Ringhofer, and Schmeiser [276], Mock [289], or Selberherr [380], or to papers, e.g., by Gajewski
[162], Groger [191], Jerome [216], or Mock [288]. The model (6.68) can be derived from particle-
type models on the assumption that the average distance between two subsequent collisions tends
to zero; cf. [276].
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where we use the conventional notation*!

n a concentration of the negative-charge carriers (i.e. of the electrons),

p a concentration of the positive-charge carriers (the so-called holes),

¢ the electrostatic potential,

¢, =c, (x) a given profile of concentration of dopants (=donors—acceptors),

€ > 0 a given permitivity,

r = r(n,p) generation and recombination rate, cf. Example 6.37 below.

The so-called Poisson equation®? (6.68a) is the rest of Maxwell’s equations when
neglecting magnetic-field effects, which says that divergence of the electric induc-
tion eV¢ has as the source the total electric charge n — p + ¢,. The equation
(6.68b) is the continuity equation for the phenomenological electron current??
Jn = Vn — nV¢ with the source r = r(n,p). The equation (6.68c) has a similar
meaning for the phenomenological hole current j, = —Vp —pVé.

Of course, (6.68) is to be completed by boundary conditions: let us consider,
for simplicity, the Dirichlet one on I}, with meas,_1(I';) > 0 (which describes
conventional electrodes) and zero Neumann on Iy = '\ I, (an isolated part), i.e.

dp On _ Op

¢|FD:¢D? n‘FD:n]:w p|FD:pD on Iy, o % 5 =0 onIk. (669)

Examples of geometry of typical semiconductor devices, a bi-polar and a uni-polar
transistors, are in Figure 15.44

base  emitter source  gate drain The grey
insulator scale:
o 0 T ‘the surface Io . Cy> 0
of the chip c,=0
c,<0

(concentration

e of dopants)

substrate substrate

Figure 15. Schematic geometry of a bi-polar transistor (left) and a uni-polar field-effect
transistor (so-called FET) (right) which are basic elements of integrated cir-
cuits manufactured by an epitazial technology. The grey scale refers to the
level of dopants (hence the left figure refers to a so-called p-n-p transistor).

4 Hopefully, “n” and “p” used in this section causes no confusion with the dimension n of the
domain © C R™ used also here, or the integrability in LP(2) spaces used in other parts.

42More precisely, the Poisson equation is Au = g. For g = 0 it is called the Laplace equation.

43For simplicity, we consider diffusivity and mobility constant (and equal 1). Dependence
especially on V¢ is, however, often important and may even create instability of steady-states
on which operational regimes of special devices, so-called Gunn’s diodes, made from binary
semiconductors (e.g. GaAs) are based; such diodes have no steady state under some voltage
and therefore must oscillate (typically on very high frequencies ranging GHz). For mathematical
analysis of such system see Frehse and Naumann [152] or Markowich, Ringhofer, and Schmeiser
[276, Sect.4.8].

44 Transistors have always three electrodes. In the bi-polar transistor, Figure 15(left), Tp has
therefore three disjoint components. In the unipolar transistor, Figure 15(right), I'b has only
two components, the third electrode, called a gate, is realized through Newton-type boundary
conditions sg—f = (¢p— ¢ ) instead of the Neumann one (6.69), with ¢ denoting the electrostatic
potential of the gate, cf. Exercise 6.38.



194 Chapter 6. Systems of equations: particular examples

A substantial trick consists in a nonlinear transformation: we introduce a
new variable set (¢, u,v) related to (¢, n,p) by

n=¢e’u, p=c v, (6.70)

and abbreviate

s(¢,u,v) :=r(e®u,e %) and  o(p,u,v) = % (6.71)

Let us remark that —In(u) and In(v) are called quasi-Fermi potentials of electrons
and holes, respectively. Obviously, (6.70) transforms the currents j,, and j, to

Jn= Vn—nVe¢ = e*Vu + ¢®Vou — ¢®?Vou = e®Vau, (6.72a)
jp = —Vp—pVo = —e *Vute *Vov—e Vv = —e ?Vo, (6.72b)

and thus the system (6.68) transforms to

div(eVe) = e®u — e v+ ¢, (6.73a)
div(e?Vu) = s(¢p,u,v), (6.73b)
div(e™?Vv) = s(¢,u,v), (6.73c)

while the boundary conditions (6.69) transform to

Oy = by, Ul = up := e_‘bDnD, vl = vy 1= e¢DpD on I, (6.74a)
o Ou v

We will again use the fixed-point technique, designed by means of a map-
ping M(a,v) = Ma(M(w,v),w,v), where M7 : (u,v) — ¢ =the weak solution to
(6.73a) with (6.74), and Ms : (¢, @, v) — (u,v) =the weak solutions to:

div(e®Vu) = o(¢,u,v)(uv — 1), (6.75a)

div(e™?Vv) = o (¢, u,v)(aw — 1), (6.75b)

with the boundary conditions (6.74). We assume ¢, ny,p, € L=(I}), ny(-) > 4,
pp(-) > & with some 6 > 0, so that one can take K > 1 such that u, and

v, are in [e X ef]. Moreover, let ¢, = ¢olr, up = uo|r, v, = vo|r for some
b0, u0,v9 € WH2(Q) N L>®(0).

Lemma 6.34 (A-PRIORI ESTIMATES). Let o : R x RT x RT™ — R be a positive
continuous function. For u,v € [e” % eX], (6.73a) with the boundary condition
from (6.74) has a unique weak solution ¢ € WH2(Q) N L>(Q) satisfying

¢($> € [(brniny(brnax] fOT a.a. 1‘697 (676)
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with ¢min € R so small and ¢max € R so large that

Gmin < inf ¢, (x) , ePmint K _ o=dmin=K 1 qup e (2) <0, (6.77a)
x€Ilp zEQ

¢max > sup ¢D (LU) ) e¢max_K - e_¢max+K+ inf Cp (LU) > 0. (677b)
z€Ip zeQ

Moreover, for ¢ € L*°(Q) and u,v € [e~ % eX], (6.74)~(6.75) have unique weak
solutions u and v satisfying, for some C'x depending on K,

||u||W1,2(Q) S CK s H'U||W1,2(Q) S CK s (678&)
u(x),v(z) € e X, 5] for a.a. z€Q. (6.78b)

Proof. Use the direct method for the strictly convex and coercive potential ¢ +—

o 56| Vo[> +ue?+ve~?—c, ¢ dz on the affine manifold {¢p € W2(Q); ¢|n, = ¢, };
note that this functional can take the value +oo. We thus get a unique weak*®
solution ¢ = M (u,v) to the equation (6.73a) with the boundary condition from
(6.74). The Wh2-estimate can be obtained by a test of (6.73a) by ¢ — ¢g: realizing
that always e~ (¢ — ¢o)t < ell®ollz=@ and —e?(¢ — ¢o)~ < ell®ollz=w@  we have
by Green’s Theorem 1.31

/5|V¢\2d$ < /5\V¢>|2+e¢(¢—¢O)+u—e_¢(¢—¢0)_vdx
Q Q

/Q cp (b0 — @) — e (p—¢o) u+ e ?(p—¢o) v + eV - Vo du

leo o) (191l + lldolli@))
+ meas, (Q)e" FlPolleew@ 4 eVl 2 rm) IV ol 2 (srn),

IN

from which an a-priori bound for ¢ in W12(Q) follows. The upper bound in (6.76)
can be shown by a comparison likewise in Exercise 2.76, here we use the test
function z := (¢ — ¢max)T- Note that the first condition in (6.77b) implies z|r, = 0
hence it is indeed a legal test function for the weakly formulated boundary-value
problem (6.73a)-(6.74). This test gives

/ eVH V(d— dmax) T + (ePu—e v+ ¢,) (¢ — Pmax) T dz = 0. (6.79)
)

Now, we realize that the first term in (6.79) is always non-negative, cf. (1.50), and
that, if u > e % and v < ef, then necessarily e?u — e=%v + ¢, > 0 wherever
(¢ — Pmax)T > 0 with ¢payx satisfying the second inequality in (6.77b). We can
therefore see that (6.79) yields (¢ — ¢max)™ < 0 a.e. in Q. The lower bound in
(6.76) can be shown similarly by testing (6.73a) by z := (¢ — Pmin) -

45This sort of solution is called a variational solution. If, however, we show a-posteriori bound-
edness in L>° (), cf. (6.76), this solution is the weak solution. One can also imagine the monotone
nonlinearity r — u(z)e” —v(z)e™" in (6.73a) modified, for a moment, out of [¢min, Pmax] to have
a subcritical polynomial growth.
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The unique weak solution u to the linear boundary-value problem (6.75a)—
(6.74) obviously does exist. The a-priori estimate can be obtained by testing
(6.75a) by u — uo:

ePmin / ‘vu ‘ 24z
Q

IN
Nl

/e‘z’\Vu\QJrU(gb, ,0)utv de
Q

= / e?Vu - Vug + o(¢, @, 9) (uuot + u — ug) dz
Q

Pmax

IN

||VUHL2(Q;R") VUOHL?(Q;R”)

+

Co (Il 2oy 1wl 2(@ye™ + lull o) + luollzrey) — (6.80)

where Cy :=supjg o 1 ok ox)2 0(- -, -) so that u is bounded in Wh2(€). The
upper bound for u in (6.78b) can be shown again by a comparison, now by choosing
2= (u—ef)* as a test function for (6.75a). As u|r, = up < e due to the choice
of K, z|r, = 0 hence it is indeed a legal test function for the weakly formulated
boundary-value problem (6.75a)-(6.74). This test gives

/ e?Vu - V(u— )" +o(p,u,0)(uv — 1)(u — )T dz = 0. (6.81)
)

As in (6.79), the first term in (6.81) is always non-negative and, if o > e~ ¥ the
second term is positive wherever u — e > 0, and we can therefore see that (6.81)
yields u < X a.e. in . The lower bound in (6.78b) can be proved similarly by
testing (6.75a) by z := (u — e ¥)~.

Analogous considerations hold for v. O

Lemma 6.35 (CONTINUITY). Let o : R x RT x RT — R* be continuous.

(i) The mapping My : (u,v) — ¢ : L?(Q)? — W12(Q) is weakly continuous if
restricted on {(u,v); (6.78b) holds}.

(ii) The mapping Mz : (¢, u,v) = (u,v) : L*(Q)% — W12(Q)? is demicontinuous
if restricted on {(¢,u,v); (6.76) and (6.78b) hold}.

Proof. Assume up — v and v, — v in L?(2). Then, consider ¢5, = M (ug, vx) and
(possibly for a subsequence) ¢p — ¢ in WH2(Q). Then ¢ — ¢ in L? ~¢(Q), and
also e®*uy — e®u and e®* v, — e®v in L?(Q) provided ¢y is bounded in L>(Q),
as it really is due to (6.76).%¢ Then one can pass to the limit in the identity
fQ eVor - Vz+ e upz — eP vz + ¢z dz = 0, showing that ¢ = M;(u,v) and, in
fact, the whole sequence converges.

As to (ii), considering (¢, Uk, vr) — (9,4, v) in L?*(Q)3, by the a-priori es-
timate (6.78a) the corresponding sequence (uy,vy) converges (at least as a sub-
sequence) weakly in W12(Q)? to some (u,v). Passing to the limit in the integral

46Realize that we can imagine that the nonlinearities (£,7) — efr and (£,7) — e &r are
modified for € & [Pmin, Pmax] to have a linear growth.
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identities®”
/Qe‘z”“Vuk -Vz + o(¢r, Uk, Uk) (urtr—1)z dz =0, (6.82a)
/Qef‘z”“Vvk -Vz + oo, Uk, U ) (arvr—1)zde = 0 (6.82b)

for all 2 € WH*(Q), z|p, = 0, we can see that (u,v) solves (6.75) with the
boundary conditions (6.74). As o > 0 and also @ > 0 and ¥ > 0, this (u,v) must
be unique and thus the whole sequence converges to it. O

Proposition 6.36 (EXISTENCE). Under the above assumptions on o, ¢y, Ny, P,
and ¢, the system (6.73)—~(6.74) has a weak solution.

Proof. Use Schauder fixed-point Theorem 1.9 for the mapping M = My o M; on
S = {(u,v) € L*(2) x L>(£); (6.78b) holds} equipped with the norm topology
of L?(Q2). Realize that, by (6.78a) and Rellich-Kondrachov’s Theorem 1.21, M (.S)
is indeed relatively compact. O

Example 6.37 (Shockley-Read-Hall model). The generation/recombination rate is
often modelled by

2

int 6.83
Tn (Tl + Cint) + Tp (P + cint) ( )

np —c

r=r(n,p) =

with cine > 0 an intrinsic concentration and 7, > 0 and 7, > 0 the electron and
the hole live-time, respectively. Assuming, without loss of generality if suitable
physical units are chosen, that ¢,y = 1, the model (6.83) indeed gives o as a
positive continuous function as required in Lemma 6.34, namely

1
Tn(ePu+ 1)+ (e v +1)

o(¢p,u,v) = (6.84)

Exercise 6.38 (Newton boundary conditions for ¢). Modify Lemma 6.34 for com-
bining the boundary Dirichlet/Neumann boundary conditions (6.69) with the
Newton one: s% = (¢ — ¢) on some part of I'y with ¢, € L>(Ty); this part of
I'v corresponds to the so-called gate of an FET-transistor on Figure 15(right).

Exercise 6.39. Strengthen Lemma 6.35 by proving the total continuity of M; and
the continuity of My.48

4TAs Vz € L®(;R™), we can use e’k — ¢? and e~% — e~® in L?(Q) if (6.76) holds. By
(6.78b), we can assume o (¢, Uk, Uk ) — o(¢, @, ) in any L"(Q2), r < +oo, which allows us to pass
to the limit in the last terms in (6.82a,b). Eventually, the resulting identities can be extended
for z from W1>°(Q) onto the whole W2(Q).

48Hint: Show ¢, — ¢ in WH2(Q) due to the strong monotonicity of the Laplacean with the
Dirichlet boundary condition on I'p by testing the difference of weak formulations determining
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Remark 6.40 (Uniqueness). The weak solution to (6.68)—(6.69), whose existence
was proved in Proposition 6.36, is unique only on special occasions. In general,
there are even semiconductor devices such as thyristors whose operational regimes
just exploit non-uniqueness of steady states.

respectively ¢ and ¢ by ¢ — ¢, which gives
/ e| V-V da = / (e*uy, — e®u — e~ Phuy, + e~ %v) (¢, —¢) dz — 0.
Q Q

As to ug, use the uniform (with respect to k) strong monotonicity of u — —div(e?* Vu) likewise
in Exercise 2.75, and test (6.82a) by z := uj — u:

/ ek |V(uk7u)|2d:p
Q

e®min

IA

V("k*")”i%mwy

/ o(Pr, Uk, Uk ) (T —1) (U —u) — etV - V(ug—u)dz — 0.
Q

Eventually, v, — v is similar.
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Special auxiliary tools

In evolution problems, one scalar variable, denoted by t and having a meaning
of time, takes a special role, which is also reflected by mathematical analysis. In
particular, here we first present a few useful assertions about spaces of abstract
functions on a “time” interval I:= [0,T], introduced already in Section 1.5, but
now possessing additionally derivatives with respect to time. Always, T' will denote
a fixed finite time horizon.!

7.1 Sobolev-Bochner space WLp’q(]; Vi, Va)

For V1 a Banach space and V5 a locally convex space, Vi C Vb, let us define
d
WPV, Va)i= {u € LA VA): g7 € LT Va) | (7.1)

with %u denoting the distributional derivative of u understood as the abstract
linear operator $u € L(2(I), (Va, weak)) defined by

dt
du T dyp
— =— —dt 7.2
T == [ o (72)

for any ¢ € 2(I), where 2(I) stands for infinitely differentiable functions with
a compact support in (0,7). Mostly, both V; and V, will be Banach spaces,
and then WhP4(I;V;,Vs) itself is a Banach space if equipped with the norm
lullwrmarvnve) = lulleva) + 113 ull parvs). Sometimes, Vi = Vo will occur
and then we will briefly write

WhP(I, V) := Whoor(I V, V). (7.3)

LFor more detailed study, the reader is referred e.g. to monographs by Gajewski at al. [168,
Sect.IV.1] or Zeidler [427, Chap.23].

T. Roub(8ek, Nonlinear Partial Differential Equations with Applications, 201
International Series of Numerical Mathematics 153,
DOI 10.1007/978-3-0348-0513-1_7, © Springer Basel 2013
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Occasionally, we use also spaces having 2nd-order time derivatives valued in Vj:

WPV, Vo, V) = {u € L¥(LVA);

2

%EL (I;V3) and i—QeL (IVa) ). (74)

As to Vo in (7.1), certain degrees of generality will be found useful for
the Rothe and the Galerkin method below, namely replacement of L9(I;Va) by
M (I; V) or considering V, a metrizable locally convex space, respectively. As to
the former generalization, we just replace L? with .# in (7.1) and equip it with
the norm counting the total variation of u(-) in Va, i.e. [[ull Lor,vi) + | Sulla(1:v2);
cf. (7.40) below. As to the latter generalization, without loss of generality, we
can assume the topology of V5 generated by a countable collection of seminorms
{]"|e}een. Then (7.1) defines a locally convex space of functions u € L?(I; V;) such

that
’ B / du e
dtlge ™ \Jy ldtle

for any ¢ €N; we then consider W1P4(I; V4, V) equipped with the topology gen-
erated by the functionals u — |[ul|ze(r.v1) + | Stlge, £ € N.

>1/q < 400 (7.5)

Lemma 7.1. Let p,q > 1 and let Vi C Vo continuously. Then WP4(I;Vq, Vo) C
C(I; V) continuously.

Proof. Let us confine ourselves on V5, a Banach space, the generalization for a
locally convex space being clear. Let u € W1P4(I; V4, V3). Then 4; U 1s integrable,

and we can put v(t):= fot 24dy. Then
2
w<l,

2du
Jote) = wten)ly, = | [ 5
ty

This shovvs that ¢t — v(t) : I — V4 is continuous. Yet, v = u + ¢, ¢ € V4 because

du
—|| dt. 7.6
., (76)

ddtv = dtu Thus u is continuous, too. Moreover, we can estimate
lo(®llve _/ H - H LY(I;Va) — H La(I;Ve) (1)
and then
1 r P Y/ 1
ey, =772 ([l ) =T ol
ST Y0l gy 77000 v
_ _ du
<T WNHH“HM(IM)*T 1/pT1/quH_t Le(tiva)’ (7.8)
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where N, and Njs are the norms of the embeddings L9(0,7) C L'(0,T) and
Vi C Vs, respectively.? From this, we get
A

H La(I3Va) 71/pN12HuHLP(I;V1 H

max( 1/pN12,2Nq)’

lullevey = supH/ —d19—c

0+ [elly,

IN

La(I;Va)
(7.9)
O

IN

|UHW1=P=‘1(I;V1,V2)'

Lemma 7.2. Letp,q > 1 and let Vi C V, continuously. Then ct (I;V1) is contained
densely in WhPa(I; Vi, Va).

Proof. Take u € WHP4(I;V;,Vs) and, for € > 0, put

T -2t
T )

T
e (t) = / 0o (t 4 E(1) — s)u(s)ds, () =¢ (7.10)
0

where g, : R — R is a positive, C*°-function supported on [—¢, ] and satisfying

fR 0:(t)dt = 1. Such functions are called mollifiers. To be more specific, we can
take 2 e

cetel /("¢ for [t] < e

= ’ 11

0e(?) { 0 elsewhere, (7.11)

with ¢ a suitable constant so that [, 01(¢t)d¢t = 1. Note that the function &

(converging to 0 for € — 0) is just to shift slightly the kernel in the convolution

integral in (7.10) so that only values of u inside [0,7] are taken into account,
cf. Figure 16.

T~ =1/40
—e=1/20
e=1/10

0 T 0 T 0 T

Figure 16. Example of the “mollifying” kernel s — o« (t +&(t) — s) in the convo-
lutory integral (7.10) for three values t =0, T'/2, and T, and for three
values € = T'/10, T'/20, and T'/40.

Denoting ¢’ the derivative of g., we can write the formula

dciltg - (17 %) /OT oL (t+ & (t) — s)u(s) ds

_ T
- | el et -9 ) ds (7.12)

0

2Tt holds that Ny = ”1”LQ’(I) = T1=1/4 cf. also Exercise 2.68.
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In particular, the first equality in (7.12) shows that u. € C1(I; V7). We can estimate

T T t+e+ée(t) p
/ |ue(t) — u(t)Hi"/ldt :/ / 0 (t4&<(t)—s) (u(s)—u(t)) ds|| dt
0 0 t—e+&c(t) Vi
T Ee(t)+e p
g/o (/{(t) 0e(h — &) [Ju(t+h) — u )Hvldh> dt
< €
€ p—1 Ee(t)+e
< (/ 0= (h)P dh> / / ([u(t+h) = u(®)||y, dhdt
1
<2 cp// Hu (t+h)—u(®)|[}, dhdt < 27¢ sup / [u(t+-h)—u ()|}, dt.
e(t)—e [h|<

Then we use lim. o supy, < [[u(- + ) —ul|7, 1.y, which is easy to see for u piece-
wise constant while the general case follows by using additionally Proposition 1.36
uniformly for the collection {u(- + h)}jp<c.?

Analogously, one can show that the last integral in (7.12) approaches %u
in LI(I; V). Yet, (7.12) says that this integral equals just to ddtug up to a factor
T/(T — 2¢) converging to 1 when ¢ — 0. Hence even L-u. itself converges to Su
in LY(I; V3). O

7.2 Gelfand triple, embedding W'?7(I;V V*)C C(I;H)

A basic abstract setting for evolution problems relies on the following construction.
Let H be a Hilbert space identified with its own dual, H = H*, and the embedding
V C H be continuous and dense. Note that then H C V* continuously; indeed,
the adjoint mapping ¢* (which is continuous) to the embedding i : V' — H maps
H* = H into V* and is injective, i.e.*

up Fuy = up #Fiuy = eV (u,v) # (ug,v). (7.13)

Let us agree to identify i*u with w if u € H. Thus we may indeed consider H C V*
and the duality pairing between V* and V as a continuous extension of the inner
product on H, denoted by (-,-), i.e. for u € H and v € V we have®

(u,v) = <u,v>H*XH = <u,iv>H*XH = <i*u7v>V*Xv = <u,v>V*XV . (7.14)

The indices in (7.14) indicate the spaces paired by the duality. The triple V' C
H C V*is called an evolution triple, or sometimes Gelfand’s triple, and the Hilbert

3See e.g. Gajewski et al. [168, Chap.IV, Lemma 1.5].

4The equivalence in (7.13) just expresses that the functionals u; and uz on H must have
different traces (=restrictions) on any dense subset of H, in particular on V.

5The equalities in (7.14) follow subsequently from the identification of H with H*, the em-
bedding V C H, the definition of the adjoint operator i*, and the identification of i*u with u.
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space H a pivot. Moreover, the embedding H C V* is dense. Occasionally, we will
need V or H separable, hence let us assume it generally without restriction of
applicability to partial differential equations.

Lemma 7.3 (BY-PART INTEGRATION FORMULA). Let V. C H =& H* C V*, and
p' = p/(p—1) be the conjugate exponent to p, cf. (1.20). Then Wl’p’p/(l; V,V*) C
C(I; H) continuously and the following by-part integration formula holds for any
u,v € Wl’p’pl(f; V,V*) and any 0 < t; <to <T':

(U(t2)7v(t2)) - (U(tl)’v(tl)) - /tjz<%’v(t)>v*xv+ <u(t), %>V><V*dt' (7.15)

Proof.% Note that (7.15) holds for u,v € C1(I; V) by classical calculus, by using
L(u,v) = ($4,0) + (0, $2) = (&, 0)v-xv + (u, ¥)vxv- (here (7.14) have been
employed) and integrating it over [¢1, to].

Put ¢ = min(2,p). For u € CY(I; V), we can use (7.15) with v := u, to ==t
and ¢ such that [|u(t1)[|%, = %fOT lu(9)]|%d¥, i.e. the mean value. Thus we get

I = o) -+ () = o))
4 9 5 [4/2
< Hu %9 + |l = e 13|
1 b du a/2
= v+ |2 [ (S5 u))a
T/O ) fgao+ 2 (55000
du q/2
2
< e + 2 (| Lpfuw"“\'w<nv>)
= i+ [F ey + el (7.16)
2

where we used, besides Holder’s inequality, also the inequalities a? — b7 < |a® —
b2|9/2 which holds for a,b > 0 and ¢ € [1,2],” and (a + b)%/? < a?/? + b4/2. Then
we use still the estimate

Nillullerv ifp <2,
ot Loy < S (7.17)
NiNollullporvy  ifp > 2,

where N; and Ny are the norms of the embedding V' C H and LP(I) C L*(I),
respectively. As the estimate (7.16) is uniform with respect to ¢, the continuity

6This proof generalizes that one by Renardy and Rogers [349, p.380] for p # 2. For p general,
see e.g. Gajewski [168, Sect. IV.1.5] or Zeidler [427, Proposition 23.23] where a bit different
technique was used.

"This can be proved simply by analyzing the function (1 — £9)2/|1 — £2| with £ = a/b > 0.
This function is either constant=1 for ¢ = 2 or, if ¢ < 2, decreasing on [0,1] and increasing on
[1,400) and always below 1 (except for £ = 0 where it equals 1).
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of the embedding W1P4(I;V,V*) C C(I; H) has been proved if one confines to
functions from C*(I; V).

Yet, the desired embedding as well as the formula (7.15) can be obtained by
the density argument for all functions from W1P4(I; V, V*); cf. Lemma 7.2. The
fact that w : I — H is continuous follows from (7.15): if used by v constant and
letting to — t1, we get (u(t2),v) — (u(t1),v), hence u(+) is weakly continuous, and
by v = u we get ||u(t2)||lg — ||u(t1)||z, hence by Theorem 1.2 u(ty) — u(tl) in
the norm topology of H.

The following approximation property will occasionally be used.

Lemma 7.4. Let 1 < p < 4o0. For any w € LP(I; V)N L>(I; H) and any uy € H,
there is a sequence {ug}eso C WH°(I;V, H) such that

u= 61% Ue in LP(I;V), (7.18a)
T
due
lim sup/ (i,ug — u) dt <0, (7.18b)
e—0 0 dt
g = ggr(l) ue(0) in H, (7.18¢)

el oo (1) < Nl oo (r;my, u(t) = w-lim uc(t) in H for a.a. tel. (7.18d)

e—0

Proof. 8 As V C H densely, we can take {ug.}e~o C V such that lim. o up. = ug

in H. Then we make the prolongation of u by ug. for ¢t < 0, let us denote it by u.,
and define

ue(t) = = /O +Ooas/fag(tfs) ds. (7.19)

In other words, u. is a convolution of 4. with the kernel o.(t) := X[O,Jroo)g_le_t/a.

A simple calculation gives u.(0) = e tuge f0+°°e_s/5 ds = wug. hencefore (7.18c¢)
is proved. Also, {u.(t)}e>0 is bounded in H and thus converges weakly, for ¢t € I
fixed, as a subsequence to some @(t). Simultaneously, for u* € H, the whole se-
quence {(u*, uc(t))}eso converges to {{(u*, u(t))}e>o at each left Lebesgue point of
(u*,u(-)). Using separability of H, we get that @(t) = u(t) for a.a. t€ I, i.e. (7.18d).
Also,

1 t _ 1 +o00 B
H“EHLw(z;v):TeaIXHg/O o u(t— 5>d8+5/t e S/Euog(t—s)dsHV

T1-1/p

= HPEHLW(R)H“HLI([;V)JFG%/E||“0€HV S HUHLP(I;V)JFHUOEHV'

8Cf. Showalter [383, Sect.II1.7]. For p > 2 see also Lions [261, Ch.II, Sect.9.2].
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Moreover, on I, it holds

du.  d1 [+ a1 [*
Tk / e ¥/ (t—s)ds = __/ €7 . () dg
0

dt — dte dte |
ty 1 [ ty 1 [t —Ue
= ﬂ _ _2/ e(i*t)/sﬂs(g) d¢ = ﬂ _ _2/ e*S/Eﬂg(tfs) ds = 474
€ e? J_w € e? Jo €
(7.20)
where the substitution ¢ — s = ¢ has been used twice. In particular, %ug €
L°°(I; H), and one can test (7.20) by u. — u, which gives
T T
du 1
— U —u)dt = —= —ul|%dt <0 7.21
| (G =)t == [ —ulfae < (7.21)
and therefore (7.18b) is certainly valid. Eventually, (7.18a) can be obtained by the
calculations in Lemma 7.2 modified for the kernel g. specified here. O
Remark 7.5. The formula (7.15) for u = v gives
1 1 2 du
Slult)|F = Sl = [ (Shu)  di. 7.22
sluta)lf = el = [ (Gew), (7.2

From this formula, one can also see that the function ¢ — |u(t)||% is absolutely
continuous. Hence, its derivative exists a.e. on I and the chain rule holds:
1d 9 du
LTI :<—, t> for a.a. tel. 7.93
Sl = (S foraate (7.23)

7.3 Aubin-Lions lemma

We saw already in Part I that limit passage in lower-order terms needs compactness
arguments. This will be the application of the results presented in this section. Let
us first prove one auxiliary inequality which is sometimes referred to as Ehrling’s
lemma® if V3 is a Banach space. Here, however, we admit V3 a locally convex space,
which will simplify application to the Galerkin method in Section 8.4.

Lemma 7.6 (EHRLING [134], GENERALIZED). Let Vi, V2 be Banach spaces, and
Vs be a metrizable Hausdorff locally convex space, Vi € Va (compact embedding),
and Vo C V3 (continuous embedding). Then, for any p > 1,

K
Ve>0 3a>0 IKeN VoeVi:  |olf, <ellvll}, +ad . (7.24)
/=1

9The Ehrling lemma says: if V1, Va, V3 are Banach spaces, a linear operator A : Vi — Va
is compact and a linear operator B : Vo — V3 is injective. Then Ve > 0 3C < 400 Yu € Vi:
|Aullv,, < ellullvy, + Cl|BAul|vy; cf. e.g. Alt [10, p.335]. In the original paper, Ehrling [134]
formulated this sort of assertion in less generality.
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Proof. Suppose the contrary. Thus we get ¢ > 0 su;?(h that for all @ > 0 and
K € N there is vo, x € Vit [[va,x ||V, > €llva, x|y, +ad 7 [va, k|7 Putting we e =
Va,K /||Va, k|| v1» we get

K
lwa, x|}, >+ a Jwaxl) (7.25)
(=1
and also ||wg kllvs < Niz, the norm of the embedding V4 C V,. From (7.25)
we get (Zgil lwa,x|})/P < a=1/PNy5 and therefore also |wq i|e < a=/PNyy for
any a and any K > ¢, and thus lim, x40 [Wa,x|e = 0 for any £ € N. As
{Wa,Kx }a>0,Kken is bounded in V; and the embedding Vi C V5 is compact, we have
(up to a subsequence) wq, x — w in Vs if a, K — +00. Hence also |wg x —w|e — 0
for any ¢ € N because Vo C V3 continuous. Clearly,

|wle < |wa,kx|e + |Wa,x —w|e — 0

so that |w|; = 0. Hence w = 0 because V3 is assumed a Hausdorff space, so that
wWq,x — 0 in Vi, which contradicts (7.25). Thus (7.24) is proved. O

Lemma 7.7 (AUBIN AND LIONS, GENERALIZED'?). Let Vi, Vo be Banach spaces,
and V3 be a metrizable Hausdorff locally convex space, V1 be separable and reflexive,
Vi @ Va (a compact embedding), Vo C Va3 (a continuous embedding), 1 < p < 400,
1< qg<+4o00. Then

WhPa(1; V4, V) € LP(I;Va) (a compact embedding).  (7.26)

Proof. We will consider V3 equipped with a collection of seminorm {| - |¢}sen.

We are to prove that bounded sets in W1P4(I; V;, V3) are relatively compact
in LP(I;V3). Take {uy} a bounded sequence in W1»4(I;V;,V3).M! In particular,
as V3 is reflexive and separable and p € (1,+00), the Bochner space L?(I;V7) is
reflexive, cf. Proposition 1.38, and thus we have (up to a subsequence)

up —w in LP(I;VA). (7.27)
As always L9(I;V3) C LY(I;V3), we have
duk . 1/7.
{E}%N bounded in L'(I; V3). (7.28)

We may consider u = 0 in (7.27) without loss of generality. Putting v := u(¢)
into (7.24) and integrating it over I, we get

K

ko gy < ellurlfogrvy +a D lunly . (7.29)
=1

10For the original version with V3 a Banach space see Aubin [25] and Lions [261]. For a
generalization, see also Dubinskil [127] and Simon [386]. For a nonmetrizable V3, see [359].

11 As we address compactness in a Banach space LP (I; V2), we can work in terms of sequences
only, which agrees with our definition of compactness of sets as a “sequential” compactness.
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where |ulp, = fo lu(t)|Pdt)/P, cf. (7.5). The first right-hand-side term can
be made arbitrarily small by taking € > 0 small independently of k because
supgen [urllzr(r;vy) < +oo. Hence, take ¢ > 0 fixed, which then fixes also
a and K. Then, for ¢ arbitrary but fixed, we are to push to zero the term

luglh , = fOT/2 lug(t)[)dt + fg/2 |uk(t)|)dt and we may investigate only, say, the
first integral. Take 6 > 0, we can assume 6 < T/2. For t € I/2 :=[0,T/2] we can
decompose

1 )
we= bz, with @)= / wlt+9)dd,  (7.30)
0

i.e. Uk, being absolutely continuous, represents the “mollified uy”. Thus, using
by-part integration, we have the formula for the remaining zj:

zi(t) = /06 (g — 1) %uk(t+19)d19
- [(? - l)uk (t40) } / “ug(t+9)d0 = ug(t) — ax(t) . (7.31)

Then

T/2 T/2 T/2
/ i ()[Pdt < 201 / i ()Pt + 271 / (Ot = Trg+ o, (7.32)
0 0 0

We can estimate

T/2 5 9 d dUk p
127g§/ (/ 1——= —uk(t+19) 19) dt = H * s =17
0 0 ( 5) dt ’ ’ ¢ e
(7.33)

where “x” denotes the convolution and vs(t):= (/0 4 1)x[—5,0](t). The following
estimate can be proved!?:

1f*gllr < [ fllzr@lgllLr@)- (7.34)
For f = \%uku and g = 15, we get

duk
s 221

H%HLP(R)' (7.35)
EllLr(1/2+0)

By (7.28) and by |[¢sze®) < V0, we have I, = 0(3/5) hence Iy = 0(6). In
particular, I3 ¢ can be made arbitrarily small if § > 0 is small enough.

120ne can use the trivial estimates ||f * gllp1 @y < L1 llglli gy and [If * gllpee @) <
£l Lryllglloo (m) and, as g = f % g is a linear operator, obtain (7.34) by interpolation by the
classical Riesz-Thorin convexity theorem.
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Let us now take 6 > 0 fixed. By (7.27) with « = 0 and by the definition (7.30)
of @, we have ux(t) — 0 in V; for every ¢, hence also @y (t) — 0 in V2 because of the
compactness of the embedding V4 C V,. Then also |a(t)|¢ — 0 because Vo C V3
is continuous. As {ug}ren is bounded in LP(I;V7), it is bounded in L(I;V2) too.
Thus

. . C ° Chy TP
|k (t)], < Crellan(®)|v, < %/0 ([ar (t+9) [y A0 < 1’éﬁ||uk||m(l;v1)7

where C ¢ = sup,, |v|¢/||v]]v; is finite because the embedding Vi C V3 is assumed
continuous. Thus @ (t) is bounded in V3 independently of k and ¢. By Lebesgue
dominated convergence Theorem 1.14, [; ¢:= fOT/2 |tk (t)|)dt — 0 for k — oo.

In view of (7.29), the assertion is proved. O

The following modification of Aubin-Lions’ Lemma 7.7 is useful in the situa-
tion that we have another Banach space; let us denote it by H, and an L°°-estimate
valued in H at our disposal. This enables us to improve integrability in the target
space from p to p/A:

Lemma 7.8 (INTERPOLATION). Let Vi, Vo, V3 be as in Lemma 7.7, and H and
Vi other Banach spaces such that Vi @ Vo C Vy C H and (Vao,Vy, H) forms an
interpolation triple in the sense

1-x
olly, < Cllells "ol (7.36)
for some A € (0,1); then
WhPa(I: Wy, Va) N L°(T; H) € LY/ I; Vy). (7.37)
Proof. By (7.36), we have the estimate
T
/A (1=Np/A 4,
[ Ivola < o [l o)y
(1=M\)p/A
< Ol ol vy (7.38)
with C' the constant from (7.36). Then by (7.38) we get
1-A A
Huk - UHLP/A(I;V4) = CHuk - uHLw(l;H)H“k - “HL@(I;VQ) —0 (7.39)

because ||uk—u\|}:;>‘(1;H) is bounded by assumption while Huk—uH%p(I;VQ) converges
to 0 by Lemma 7.7. O

Still one modification of Aubin-Lions’ Lemma 7.7 will be found useful.
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Corollary 7.9 (GENERALIZATION FOR 9% A MEASURE'3). Assuming Vi € Vo C V3
(the compact and the continuous embeddmgs between Banach spaces, respectively),
V1 reflexive, the Banach space Vs having a predual space V3, i.e. V3 = (V{)*, and
1 < p < 400, it holds that

WPt ([ V; Vy) = {ueLP(I;Vl) % e.u(I; V?,)} € LP(I:Vs).  (7.40)

Proof. By Hahn-Banach’s Theorem 1.5, we can extend 3 uk from /// (I;V3) =
C(I; V4)* to L>=(I; V4)* while preserving its norm, so that we can test < Jr Uk by the
discontinuous function s as done in (7.31), and eventually get the same estimate

as (7.35) but with Hé—’tukHLx instead of H H%uk||‘/s”];1(1/2+5)~ O

(1/246;V)*
The case p = +o00 has been excluded in Lemma 7.7 as well as in Corollary 7.9.

There is, however, a simple modification for weakly continuous functions.

Lemma 7.10 (ARZELA-ASCOLI-TYPE MODIFICATION). Let Vi, Vo and V3 be as in
Lemma 7.7 with V3 a separable reflexive Banach space and let 1 < g < +00. Then

C(I; (Vi,weak)) N WH(I; V) € C(I; Va). (7.41)

Proof. Consider a bounded sequence {uy }ren in C(I; (Vi, weak)) N WhH4(I; V3). Tt
suffices to make the proof for ¢ < +oco. As Wh4(I;V3) is reflexive, we can take
a subsequence (denoted again as {ug}ren for simplicity) such that up — w in
Wh4(I; V3). By Lemma 7.1, WH4(I;V3) C C(I;V3), hence ug(t) — u(t) in V3 for
any t € I. Then also ug(¢t) — u(t) in V4, and by the compact embedding V; € V»
also ug(t) — u(t) strongly in V5 for any ¢ € I. The sequence {uy : I — Va}gen is
equicontinuous because
to
W<,

d
Jouten e, <) [
I Lo (12 ,27) = [E1—t2

H duk

d
QU gt
V3

duk

|1 1/q
dt

La(1;V3) La(I;V3)

for any 0 < t; < to < T. Assume that a selected sequence {uy}ren does not
converge to u in C(I;V2). Thus ||ur—ullc(r;v,) > € > 0 for some ¢ and for all k
(from the already selected subsequence), and we would get ||ux(tr)—u(tr)|v, > €
for some ty. By compactness of I := [0,T], we can further select a subsequence
and some t € I so that t; — ¢. Then we have u(ty) — wu(t) in Vi. By the
above proved equicontinuity, we have also wug(tr) — u(t) in V5. By the bound-
edness of {uk(tx)}reny in Vi € Va2, we have also ug(ty) — u(t) in Va. Then
lluk(te) —u(te)llve = |lu(t)—u(t)|lv, = 0, a contradiction. O

BFor p = 400 in LP(I; V1), this assertion has been stated in [310].



Chapter 8

Evolution by pseudomonotone
or weakly continuous mappings

As already advertised in the previous Chapter 7, evolution problems involve one

variable, a time ¢, having a certain specific character and thus a specific treatment

is useful, although some methods (applicable under special circumstances, see

Sections 8.9 and 8.10) can wipe this specific character off. Conventional methods

we will scrutinize in this chapter deal with this one-dimensional variable ¢ by two

ways:

(i) discretize t, and then thus created auxiliary approximate problems are based
on our knowledge from Part I,

(ii) keep t continuous but approximate the rest by a Galerkin method similarly
as we did in Section 2.1, and then the approximate problems are based on
ordinary differential equations and Section 1.6.

8.1 Abstract initial-value problems

In this chapter, we will focus on the setting that the evolution is governed by the
abstract initial-value problem (the so-called abstract Cauchy problem):!

d

d—ltb +A(t,u(t)) = f(t) foraa tel,  u(0)=uo . (8.1)
The latter equality in (8.1) is called an initial condition.. We will address especially
the case that A : I x V. — V* T :=[0,T] a fixed bounded time interval, and
V¢ H= H* C V* is a Gelfand triple, V' a separable reflexive Banach space

n fact, making A time dependent allows us to consider f = 0 without loss of generality.
Anyhow, it is often convenient to distinguish f. Also, the adjective “Cauchy” in concrete par-
tial differential equations often refers to initial-value problems on unbounded domains without
boundary conditions.

T. Roub(8ek, Nonlinear Partial Differential Equations with Applications, 213
International Series of Numerical Mathematics 153,
DOI 10.1007/978-3-0348-0513-1_8, © Springer Basel 2013



214  Chapter 8. Evolution by pseudomonotone or weakly continuous mappings

embedded continuously and densely (and, for treatment of non-monotone lower-
order terms, also compactly) into a Hilbert space H = H*.

Definition 8.1 (Strong solution). We call u € WP (I; V,V*) with p’ := p/(p—1)
a strong solution to (8.1) if the first equality in (8.1) holds in V* while the second
one in H.

The main feature of the concept of Definition 8.1 is that %u lives in the dual
space to the space where u lives, i.e. here LP(I; V). In particular, the initial con-
dition u(0) = up € H has a good sense simply due to Lemma 7.3. Sometimes, this
information about %u is not available, however. Then, in some cases, it suffices to
take LP(I; V) in Definition 8.1 smaller, e.g. LP(I; V)N L9(I; H) as in Remark 8.12
or Wl’p’p/(l; V,V*)NL>(I; H), but sometimes even this is not possible. Such situ-
ations are indeed difficult but some results can still be achieved with the following

definition, working with a dense subspace Z C V and considering A : I XV — Z*.

Definition 8.2 (Weak solution). We call u € LP(I; V) N C(I; (H, weak)) a weak
solution to (8.1) if the integral identity

T
dv
A <A(ta u(t>) _f(t>7 ’U(t>>z* N <Ea U(t>>v* det + (U(T>> u(T)>:(U(O)a UO)
(8.2)
holds for all v€ W% (I; Z, V*); the parenthesis (-, -) is the inner product in H.

Sometimes, one can consider a modification of Definition 8.2 by requiring
v(T) = 0 and then w € LP(I; V) only. A justification of Definition 8.2 is its selec-
tivity (Lemma 8.4 with a uniqueness in qualified cases in Theorem 8.36 below)
and the following assertion of consistency:

Lemma 8.3 (CONSISTENCY OF THE WEAK SOLUTION). Any strong solution u to

(8.1) with f € LP(I;V*) is also a weak solution (considering an arbitrary dense
ZcCcV).

Proof. Note that t — A(t,u(t)) = f(t) — $u € LP(I;V*). Considering v €
Whoooo ([ Z V*) ¢ WEeP(I;V,V*) and testing (8.1) by v = v(t), we obtain
(8.2) after integration over I by using the by-part formula (7.15) and the initial

condition u(0) = wug. O

Lemma 8.4 (SELECTIVITY OF THE WEAK SOLUTION). Let f(t) € V* for a.a. t € I.
Then any weak solution u which also belongs to WHLPP(I; V. V*) and for which
A(t,u(t)) € V* for a.a. t € I is also the strong solution due to Definition 8.1.

Proof. The qualification of u allows us to use the by-part formula (7.15) to the
term (<o, u) in (8.2), which results in

/0 <% A u(t) ~ F0,0(0)dr= (o —u(0),0(0).  (83)

V*xV
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Using v(0) = 0, the right-hand-side term vanishes, and realizing that the
left-hand-side integral is the duality pairing in L”/(I ;V*) x LP(I; V) we ob-
tain %u + A(t,u(t)) = f(t) for a.a. t € I, cf. Exercise 8.49 and realize that
{g € WHP'(I); g(0) = 0} is dense in LP(I). Putting this into (8.3), we obtain
(up — u(0),v(0)) = 0. Taking now v general, we get still u(0) = uo. O

It should be emphasized that various adjectives such as “weak” or “strong”
may address different issues, depending on the context. This is a general state of
the art in theory of partial differential equations, especially evolutionary, which is
reflected also here. Therefore, referring to a specific definition is always advisable.
For readers convenience, the used terminology is summarized in Table 2.

abstract level of concrete differential equations
level or variational inequalities
strong solution weak solution
weak solution very weak solution

Table 2. Terminology about solutions to evolution problems.

8.2 Rothe method

Let us begin with the problem (8.1) in the autonomous case, i.e. A : V — V* is
independent of time t:

— + A(u(t)) = f(t), u(0) = ug . (8.4)

In this section we present the so-called Rothe method [356] consisting in discretiza-
tion in time. Let 7 > 0 be a time step; for simplicity, we take an equidistant parti-
tion of I and suppose T'/7 is an integer. Moreover, we will work with a sequence of
such time steps {7;};en such that lim;_, o, 77 = 0 and, again for simplicity, assume
that 7, = 27!T so that the partitions are “nested” in the sense that the subsequent
partition always refines the previous one. Let us further agree to omit the index
[ and write simply 7 — 0 instead of 7, — 0 for [ — oco. Moreover, we must ap-
proximate values of f at particular points t = k7, 0 < k < T'/7. One possible way
is to apply a mollifier as (7.10) to f instead of u; let us denote by f. € C(I;V*)
the resulting smoothened right-hand side. Then, choosing a suitable ¢ = ¢(7), cf.
Lemma 8.7 below, we put f* = fe(z)(kT). Then we define ukF eV, k=1,...,T/T,
by the following recursive formula:

k_ k=1
uy —u

% + A(uf) = f , ff:: feer)(kT) s u? = ugr , (8.5)

called sometimes an implicit Euler formula.> Sometimes, the recursion (8.5) is
started simply from the original initial condition for (8.4), i.e. ug, = wg, but in

k

2The adjective “implicit” emphasizes that the unknown u”®

occurs in A and cannot be explic-
itly expressed, and to distinguish it from an explicit Euler formula u’ﬁ — uﬁ_l + TA(u’ﬁ_l) = 7'ﬂC
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general ug, may be only a suitable approximation of ug, cf. (8.38) below. Further-
more, we define the piecewise affine interpolant u, € C'(I; V) by

wn(t) = (; — (1) )+ (k- ;)u’;* for (b=1)r <t <kr  (8.6)

and the piecewise constant interpolant @, € L>°(I; V') by

U (t) = u®

T

for (k—1)r <t <kr, k=0,...,T/7. (8.7)

Let us note that u, has a derivative %UT € L*(I; V) which is piecewise constant;
cf. Figure 17, whereas u.- has only a distributional derivative composed from Dirac
masses, cf. (8.34). Analogously, f, abbreviates the piece-wise constant function
defined by

fr(t):= fE= foiry(kT) for te[(k-1)r k7], k=1,....T/T.  (8.8)

calculated values piecewise constant piecewise affine time derivative d;‘[
v . v interpolant @, Vv interpolant u, 14
_—
1 u2 . —_— \ /
1.//7— o7 o ————e \ ;
0 | —
Ur | | _\k 7 7
| | ‘ ‘ ‘ o ‘
0 T T 0 T 0 T 0 T

Figure 17. Illustration of Rothe’s interpolants i, and u. constructed from a sequence
{uf}fig, and the time derivative %uT; the dashed line on the last picture
shows the interpolated derivative [$;u,]" which will be used in Chapter 11.

Let us consider a seminorm on V', denoted by ||/, such that the following “abstract
Poincaré-type” inequality holds:

3C, e RT wweV : [vllv < Co(vlv + [[v]la)- (8.9)

A trivial case of (8.9) is | - |y := | - ||v with C, = 1. Referring to such seminorm,
we will call A semi-coercive’

(Alu), u) > colull, — erluly — esljully ; (8.10)

this condition essentially determines the power p < 400 in the functional setting
of the problem. In some special cases, typically for |- |y = || - ||v and ¢; = 0, the
mappings A satisfying (8.10) are also called weakly coercive, cf. e.g. [314], and,
in the case p = 2, it also generalizes the so-called Gdrding inequality (designed
originally for specific linear differential operators [172]). In this Chapter, we will
assume p > 1.

which is, however, not suitable if V' is infinite-dimensional. For semi-implicit formulae see Re-
mark 8.14 below, while a multilevel formula is in Remark 8.20.

3Note that, even if ||y, = ||-|| would be considered, (A(u), ) may tend to —oo for ||Jul|y — oo
provided p < 2. Thus (8.10) is indeed much weaker than the “full” coercivity (2.5). For some
considerations, (8.10) can be even weakened by considering cz||u||%;In(||u||%;) instead of cz||u||%;
and then using a generalized Gronwall inequality, though e.g. Lemma 8.5 would not hold.



8.2. Rothe method 217

Lemma 8.5 (EXISTENCE OF ROTHE’S SEQUENCE). Let A : V. — V* be pseudo-
monotone and semi-coercive, f€ LY (I;V*), and uo, €V*. Then, for a sufficiently
small 7> 0 (namely T < 1/cz), the Rothe solution u, € C(I;V*) does ewist.

Proof. Let us notice that the identity mapping I : V — V is monotone as a
mapping V' — V* because the embedding V' C H C V* implies

<Iu—Iv,u—v>V*XV = <u—v7u—v>H*XH = (u—v,u—v)=|lu—v|3 >0.

Thus %I + A : V — V* is pseudomonotone because I is monotone, bounded,
radially continuous (hence pseudomonotone by Lemma 2.9) and the sum of two
pseudomonotone mappings is again pseudomonotone, see Lemma 2.11(i). Also,
%I + A:V — V*is coercive for 7 small enough. Indeed,

<u + TA(u),u> = (u,u) + T<A(u),u> > reolull, — Ter|uly + (1 — TCQ)HUH%I

which can, for T7¢o < 1, be estimated from below by (|uly + ||| z)™"3P) -1/ >
e(|Jullv/Co)™in2P) — 1 /e for ¢ > 0 small enough, so that the coercivity (2.5) is
fulfilled. Thus, by Theorem 2.6, the equation [£I+ A](u) = Lu*~! + f¥ has some
solution u =: uk € V. O

The mapping A : V — V* induces a superposition mapping (i.e. a special
case of the abstract Nemytskil mapping) </ by

[ ()] (1):= A(u(t)) - (8.11)

In the following, we will need to have some information about the time derivative
which can be ensured by assuming that

o LP(I; V)N L>®(I; H) — LY (I; Z*) bounded (8.12)

with some ¢ > 1 and Z C V densely. A simple example for a condition that
guarantees (8.12) is the growth condition on A:

3¢: R - R increasing YoeV:  [|A@W)|,. < €(lolla) (1 + [olF/7). (8.13)

In concrete cases, (8.12) may involve rather fine estimates, cf. Example 8.63(2)
below.

Lemma 8.6 (BASIC A-PRIORI ESTIMATES). Let (8.9) hold, A be pseudomonotone
and semi-coercive, let

f=fi+f with f1€LP(I;V*), fo€ LY (I; H), (8.14)

let the mollified approzimation f.(ry = (fi1+ f2)e(r) = fie(r) + foe(r) used in (8.5)
and the corresponding interpolant fr = fir + for constructed by (8.5) satisfy

K K
Hfls(T)Hc(zv x> \/i and Hfza(r)HC (1:H) < \/—;, (8.15a)
HflTHLp'(I;V*) =Ky and HflTHLq (I;H) < K> (8.15b)
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for some (but arbitrarily chosen) K1, Ko and let {ugr } >0 be bounded in H. Then,
for any 0 < 1 < 19 with 19 small enough so that

27’0024—\/%01,[(1 “F\/%KQ <1 (816)

with C, from (8.9), the following a-priori estimates

urllom < Ci s (8.17a)

el Lo 1m0y A Lovy < Oty (8.17b)

Hu'r|i"'07 HLP(TU,T]'V) S Cl ) (8].7(3)
du, C

H = < =, (8.17d)
L2(I;H) VT

hold with some Cy and Cs2 depending on p, C,, Hf1||Lp/(I;V*), Ilf2llzt(r;m), and
sup,~g l|wor|| g only. Moreover, if uor € V', then

lurll Loy < §/CT + Tlluor Iy - (8.18)

Eventually, if also (8.12) and (8.14) hold with g > p, then

|15

<0, (8.19a)
L (I;Z*)

H da, < TVac,, (8.19b)
M(1:2%)

Before starting a rigorous proof, let us sketch the heuristics in an easily
observable way neglecting (otherwise necessary) technicalities related to the ap-

proximate problem. First, “multiply the equation —u + A(u) = f by the solution

u itself, and then use (ddtu u) = 24 |ul|%, cf. also (7 23) the semi-coercivity (8.10)

and Young’s inequality. This gives

d 1d du
< (5l + o / [w(O)fy d60) = 5= lul% + colul}y < (S + Aw), u)
+ ctfuly + alJullfy = erfuly + ealJullf + (f.u) = Ry + Rz + Ra, - (8:20)

where |u|y, ||ullm, f, etc. abbreviate |u(¢)|yv, ||u(t)||m, f(t), etc., respectively. By
(8.9), the last term can be estimated as

R3 = <f,u> = <f1 + f27u> < HleV “HV + HfQHHHUHH
1 1
Coll -y + o) + 1550 (5 + 2l,)

’ / 1 1
< CrCnI. + el + @A + 121 (5 Su) G2

IN
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with C. from (1.22). The term Celul}, can then be absorbed in the left-hand
side if € < co /C. is chosen, while the other terms have integrable coefficients as
functions of t just by the assumption (8.14). Similarly, Ry < ¢1(Ce + ¢|ul},) with
C. again from (1.22), and then cielul}, can be absorbed in the left-hand side if
also £ < ¢g/(2¢1). Altogether, we obtain

d

1 t ,
G (Gl + (0 =€, —cr) [ @)l 00) < Cufer + GolIAIR)

1 1
oo 1) (5 4 Sl (522

Then we can use directly Gronwall’s inequality (1.66). In such a way, we obtain
llu(t) |3 + fo lu(9)[%, d8 bounded uniformly with respect to ¢ € I, which yields

already (8.17a). Then, for ¢ = T', we get also the bound for fo lu(t)[} dt, so that
still (8.17b) follows by using also (8.10) and the already obtained estimate (8.17a).
The “dual” estimate (8.19a) is then essentially determined by (8.17b) through the
condition (8.12). Assuming we know %u = f — A(u), which we indeed will know
for the discrete problem, and using Holder’s inequality, we have

T
du
= su —,v)dt
H (I;Z*) HvHLq(II;)Z)Sl /0<dt >
T
= sup / <ffA(u),fu> dt

lvllza(r;zy<1
£l Lo (;z+) T [ A(u )HLq’(I;Z*)) H””L‘l(I;Z) (8.23)

+eal|ull + (G || 1]

s
HUHLqU z)<1

and then (8.12) with the already proved estimate of v in LP(I; V)N L>(I; H) is
used.

On the other hand, the estimates (8.17c,d) and (8.18) explicitly involve T
and 79 and cannot be seen by such heuristical considerations.

Proof of Lemma 8.6. Let us now make the proof of Lemma 8.6 with full rigor.
Multiply (8.5) by u¥. This yields

uf —uyt oy kY, k ko k
<f,uT> + (A(uf),ul) = (fFuy) . (8.24)
Then sum (8.24) for k = .., 1, multiply by 7, and use the identity (u*
uy ) = [Jufllf — (uf 17 ub) = Skl = Lk k- kT which
follows from (1.4)* and which implies the estimate

4Indeed using u := u® ™! and v := uF in (1.4) yields (uf~!, uk) = 1juk +u¢_1H%I —Luk —
||H = 4||u§HH Q(uﬁfl,uﬁ) + i”uﬁ*l\@_] - iHuE — uﬁle%I which further yields the

identity in question.
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l 1 l
1 1
ST (b — k) = 37 (b - b b) = ST S —
k=1 k=1 k 1
1
+ ey =g > —IluTIIH——II - (8.25)
This gives
Lyoiy2 Lyooy2 l ky .k l ko k
§HUTHH - §H“THH +7‘Z<A(UT),UT> < TZ< ouk). (8.26)
k=1 k=1

Following the scheme (8.20)—(8.22), by (8.10) and by Holder’s inequality, we can
further estimate

—uuTHH+coTZ b}, < QHuoTHHHZ( ubyterubly ool k| )

1
§|uof||H+rZ( (c1+ o)l + Co(Cr + G 41

1 1 2
k k k k k
A et St (oo bty ) 41 ) 527
with € > 0 small and C. correspondingly large, cf. (1.22). If ¢ < ¢o/(c1 + C), we
can absorb the term with e(c1 + C,)|uf|}, in the respective term in the left-hand
side. Then discrete Gronwall’s inequality (1.70) can be used; note that (1.70) here

requires
1

265 + maier, e (Coll £ e + 17 )

T < (8.28)

which is indeed satisfied if 7 < 7p with 79 small as specified in (8.16). Also note
that

T/7

TZ |l < Z L= 1 Pl ey < KT (8.292)
T/‘r

TZ [FE P TZ F5= 1 For ll ooy < TV 9052 (8:29b)

for K1 and K3 from (8.15b). By this way, we get already the estimate of
| @r || Loo (1 m)nne vy and of [Jur || poo(rmy if 7 < 79. Certainly®

lwrllLor vy < ltrllLervy, (8.30)

5Tt can easily be proved for p = 1 and for p = +oc0. For 1 < p < +00, we get it by interpolation.
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which already gives (8.17¢c) for 7 < 7.

Moreover, by a finer usage of (8.25) exploiting also the “forgotten” term
[uf — ub=1)|2,, we get still the boundedness of Y4, [[u¥ — u¥~1||%, from which
(8.17d) follows.

As to (8.18), we can formally extend u, for ¢ < 0 by ug,, and then, like
(8.30), we have

0

T 1/p
Jurllzorvy < laelooray = ([ oorlide+ [ facl )
0

1/p
= (Tluorlly + Nl - (8:31)

Then (8.17b) gives (8.18).
As to (8.19a), in view of (8.5), as in (8.23), we have

T T
du, _ ~
/0 <?,’U> dt—\/O <f7—*A(U7—),’U> dt
< (Mol 2oy + 1AGE | o 1,229 ) 0 2oz

r 1/q’
< (Wl + ([ @5 a6) ™ Yol 6:32)

where f, is from (8.8). As L% (I; Z*) is isometrically isomorphic with L?(I; Z)*,
cf. Proposition 1.38, it holds that

du.,
- Su dt 8.33
L (132%)  lollzacim<t /O <dt > (8.33)

< Nl fllpwrsvey + sup |« (v)

[vl|Lp(r;vynLoe (r;m) <C1

|5

HLa (I;2%)

where N denotes the norm of the embedding L¥(I;V*) ¢ L9 (I; Z*); here the
assumption ¢ > p is used. The a-priori bound (8.17b) then gives (8.19a). Then
(8.19b) follows easily:

T/t
duT / uf —yk-1
= E u —u 6(1@ 1) =T E L T
VA VA AS 1 T zZ*

du,
Tl/qH 4 < TVac, (8.34)

L' (1;Zz*) —

|

LY(I;Z~)

where 0(j,_1), denotes the Dirac distribution at time ¢ = (k—1)7. O

For the convergence, the following approximation property will be found
useful:
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Lemma 8.7 (CONVERGENCE OF f,). If f € LU(I;X) for 1 < q < 400 and X
a Banach space, then f. defined by (8.8) with f. being a mollified f satisfying
| fellerrx)y < L(e) for some L : RT — R* (possibly unbounded) and with e = e(r)
so that both lim,_,oe(t) = 0 and sup,-q+/7L(e(T)) < 400 converges to f in
L9(I; X) when T — 0. Also || f+|cx) < K72, ¢f. also (8.16), holds for some
K, too.

Proof. As fe : I — X is Lipschitz continuous with the Lipschitz constant L(g), it
holds that || f-—fr|lc(;x) < L(e)7. Choosing € = £(7) so that 7L(e(r)) — 0, we
have

| fr=FllLacrsxy < Wfr=femllaix) + 1 femy—=FllLarx)
< TV fr—Ferllo= () + 1 fom—Fllacrx)
< TY7L(e(T)) + || feery—Fll Lagrx) — O

because f- — f in L(I; X), cf. the proof of Lemma 7.2. Eventually, || f7|lc(r,x) <
L(e(1)) < K771/2 is obvious with K := sup,. o /7L(g(7)). O

When one uses Lemma 8.7 for f; € L (I; V*) and also for f, € L9 (I; H) in
place of f € LI(I; X), it will justify (8.15a) for ¢ = ¢(7) decreasing to 0 sufficiently
slowly for 7 — 0 while also (8.15b) holds because of the proved convergence. An
additional useful auxiliary assertion addresses pseudomonotonicity of <.

Lemma 8.8 (PAPAGEORGIOU [323], HERE MODIFIED®). Let A:V — V* be pseu-
domonotone in the sense of (2.3), satisfying (8.10) and (8.13) with ¢ = p and
Z =V. Then o is pseudomonotone on W := WhPZ([;V, V*)NL®(I; H) in the
sense analogous to (2.3), i.e.,

o/ is bounded, and (8.35a)
u i YoeW :
o w—uin W = L (8.35b)
lim sup (& (up), up—u) < 0 (o (u),u—v) < hkm inf (. (uy,), up—v).
k—o0 00

Proof. The boundedness (8.35a) of o : # — #* follows just by (8.4).

To prove (8.35b), let us now take uy = win # . By Helly’s selection principle
for mappings valued in a separable reflexive V* (see e.g. [39, Chap.1, Thm.3.5)),
there is a subsequence (denoted by the same indexes k for simplicity) and @ :
I — V* with a bounded variation such that ug(t) — @(t) in V* for all t € I.
Yet, & = w a.e. on [; indeed, for any v € L>®([;V*) we have (ug,v) — (u,v)
and, by Lebesgue Theorem 1.14, simultaneously (ux,v) — (@, v). Thus, using the
boundedness of {uy(t)}ren in H for a.a. t €I, we have even uy(t) — u(t) in H for
aa.tel.

6In [323], a non-autonomous case like in Lemma 8.29 below has been addressed but in the
case W = Wl’p’i"/(];V, V*). See also [209, Part II, Chap.I, Thm.2.35].
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(t

,up(t) — u(t)) and, in accord with (8.35b), assume

Denote & (1) := (A(ux (1)) u(t
dt By (8.10) and (8.13) with ¢ = p and Z =V, we have

lim supg o0 fy &r(1)

&k (t) > colun(t)|y, — Gr(t), with
Gr(t) = e1 Jur ()] 4 ol Jur ()] €(luw @)l e ) (L) [u@®)],- - (8:36)

(u
<0.

Now, for a moment, assume liminfj_, o & () < 0 with ¢ fixed. Then, for a subse-
quence such that limy_, o &k () < 0, the estimate (8.36) implies that {ux(t)}ren
is bounded in V, hence (again for a subsequence depending possibly on t)
ug(t) — u(t) in V because also ur(t) — u(t) in H. By pseudomonotonicity (2.3)
of A used with uy = ug(t) and u = v = u(t), we obtain liminfy_,~ £ () > 0. This
holds for a.a. t € I.

As & > —(p, and {(k }ren is uniformly integrable”, by the generalized Fatou
Theorem 1.18 it holds

T T
0< / lim inf & (t) dt < hm mf fk t)dt < lim Sup/ &e(t)dt <0, (8.37)
0 k—oo k— o0
and therefore limy_ oo fOT & () dt = 0.

Since liminfy o & () > 0, we have & (t) — 0 a.e. and thus, by Vitali’s
Theorem 1.17, we also have limg_. fOT §, (t)dt = 0 because 0 > & > —(
and because {(x}ren is uniformly integrable. Altogether, limg_, fOT |€k ()|t =
limg_, o0 fOT Ek(t) — 2¢, (t)dt = 0. Hence, possibly in terms of a subsequence,
limg 00 £k (t)= 0 for a.a. t € I. Taking v € #, by the pseudomonotonicity of A,
we have liminfy o0 (A(ur(t)), ur(t) — v(t)) > (A(u(t)),u(t) — v(t)) for a.a. t € I,
and eventually again by the generalized Fatou Theorem 1.18 it holds

k—oc0 k—o0

lim inf (& (ug), up, — v) = liminf /T<A(uk(t)) ug(t) — v(t)) dt

T
> /O lim inf (A(ug (£)), w ))dt > / (A(u(®)), u(t)—o(t))dt = (o (u), u—v)

k—o0

because (A(ug (), ux(-)—v(:))) has a uniformly integrable minorant, namely —(g
as in (8.36) but with v in place of wu. O

As we required —u e Lr (I V*) in Definition 8.1, it is reasonable to have
both 7 (u) and f in LP (I; V*), i.e. ¢ = p in (8.12) and (8.14). As always H C V*,
we can consider fo = 0 in (8.14) without loss of generality as far as values of f

"The uniform integrability or, through Dunford-Pettis’ Theorem 1.16, rather equi-absolute-
continuity of the collection {||uk()H:"’/_l [lu()||v }ren can easily be seen by Holder inequality; in-
— ’ ’

deed, [, lur @15 lu@)llvdt < (f; luk@IFd) " (f, @I de) /P < (f5 lux @)1t /e
(f; w1y, dt)1/P can be made small uniformly if meas;(J) is small because of absolute-

continuity of ||u(-)||}, € L*(I) and of boundedness of the collection {||ug ()|} }xen in L1 (I).
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concerns. For a more general integrability of f in time considering fo # 0 with
g > p in (8.14), cf. Remark 8.12 below.

Theorem 8.9 (EXISTENCE OF A STRONG SOLUTION). Let A : V. — V* be pseu-
domonotone and semi-coercive, satisfy the growth condition (8.12) with ¢ = p and
Z =V, fe LT’/(I; V*) and ug € H. Then the Cauchy problem (8.4) possesses
a strong solution u € Wl’p’pl(l; V,V*) which can, in addition, be attained in the
weak topology of lepvp/(I;V,V*) by a subsequence of Rothe functions {ur}rso
constructed by considering lim, ,oe(1) = 0 for f.(-y in (8.5) satisfying (8.15a)
(now with Ky =0) and {ugs}r>0 C V such that

luorllv = €(~/P) and ugr — ug in H; (8.38)

note that such {uo:}r>0 always exists because V is assumed dense in H.

Proof. Combining (8.18) with (8.38), we have u, bounded in LP(I;V), and
counting also (8.17b) and (8.19a), we can take a subsequence and some u €
L=(I H) N LP(I; V), @ € L=(I; H) N LP(I; V), and @ € L¥(I; V*) such that

Uy = u in L*(I;H)NLP(I; V), (8.39a)
TN in L(I; H)NLP(I; V) | (8.39b)
du, ] ,
dr in LP(I;V*). (8.39¢)
dt
We want to show that 4
U
= — =u. 4
v=u & " U (8.40)

Let us show that u, —u, — 0 in LP(I; H). Take X[k, rok.]v for some 19 > 0,
k1 < kg and v € H; linear combinations of all such functions are dense in L”/(I s H)
due to Proposition 1.36. Then, for 7 < 79,

Tok2

<uT_ﬂT7X[T0k1,Tok2]v>:/k <’U,T(t>—ﬂ-,—(t),1}> dt
ToR1
kQTo/T kT kQTO/T
t—k
= Y [ (el E e Y (i)
k:leo/TJrl (k_l)T T k:leo/TJrl

= g<u_’]fz'ro/7 — UZ[C.lTO/T"U> = g<u7(7'0k2) — u,,_(’rokl),v> = ﬁ(’r),
where we eventually used that w,(79k2) — ur(70k1) is bounded in H by (8.17b).

Thus u,; — @, — 0 in LP(I; H), and thus also in LP(I; V') because of (8.39). More-
over, by using subsequently (8.39¢c), (7.15), and (8.39a), we get

(it, ) + <%7¢> = —(ur, i—f> - —(u, i—f> (8.41)
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for any ¢ € 2(I;V), which, in particular, implies @ = d u in the sense of distri-
butions®. Thus (8.40) must hold.

The initial condition

t

u(0) = ug (8.42)

is satisfied because u, — u in WP?(I;V,V*) and by the continuity (hence also
weak continuity) of u — u(0) : WHPP(I;V,V*) — H (see Lemma 7.3) we have
ur(0) = u(0) in H so that

ug < uor = ur(0) = u(0) , (8.43)
which immediately implies (8.42).

From (8.5) one can see that $u, + A(u,(t)) = f; with f; from (8.8). Thus,
for any v € LP(I; V), one has

/0<%’U(t)>+<A(a7(t))’v(t)>dt:/o (F=(),v(t)) dt . (8.44)

In terms of (-,-
rewrite (8.44) into (
one obtains

) as the duality between LF'(I; V*) and LP(I;V), one can
d

L, v) + ((tr),v) = (fr,v). Putting v — @, instead of v,

<,5a7(117), v — ET> = <fT, v — ET> <d§; v — uT> =: IS) — Ig). (8.45)

As f; — f in LP(I; V*) due to Lemma 8.7 and i, — u weakly in L?(I; V) due to
(8.39b) with (8.40), obviously

i (1) — _
llgb Iy (fyv—u). (8.46)
By (8.39a,c) with (8.40), the weak continuity of the mapping u +— w(T) :

WLPr(I;V,V*) — H (see Lemma 7.3), and by the weak lower semicontinuity
of || - ||%, one gets (using also (8.25))

du du
i I <5 <_T >_<_T T>
= lrffblp< a "’ at

. du, 1 1
<timsup ( (42,0 = Sur (DI -+ g oI )

T—0

. /dus 1. . 9 1. 2
= lim (= v) = Stminf |lu (7) 3 + 5 lim fluor

=0 \ dt
du 1 du
<<—fu>7uT2+—u 2:<—vfu> 8.47
<(Go) ~ el + 3ol = (S (8.47
8Let us recall that —u € L(2(1), (V*,weak)) is defined by the Bochner integral [%u] (¢) =
ffo ¢)dt for any ¢ € Z(I). The equality @ = (ftu can be got from (8.41) by putting

p(t) = (t)v for ¢ € Z(I) and v € V arbitrary.
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where the last identity employs (8.42) and (7.22). Altogether, (8.46) and (8.47)
lead to

liminf (& (@,), v—t,) > <f - (;—zz,v - u>. (8.48)

T—0

In particular, for v:= u we have got lim sup,_, o(&/ (@, ), @ —u) < 0. By Lemma 8.8,
i.e. the pseudomonotonicity of &7, we can conclude that, for any v € LP(I; V),

hrTnﬁlglf (o (tir), iy —v) > (A (u),u—v). (8.49)
Joining (8.48) and (8.49), one gets (o (u), u —v) < (f,u—v) — (Lu,u—v). Asit

holds for v arbitrary, we can conclude that

(o (), ) = (0} — (S, 0).

As v is arbitrary, &7 (u) = f — %u must hold for a.a. t € I, cf. Exercise 8.49. [J

Remark 8.10 (Error in u, — u.). If (8.13) holds, then v = @ in (8.40) can alterna-
tively be proved by a simple direct calculation:

A w1\ t—kT 14
R - Z/ st 2
S k- 1. = H%Hu =1
q+1 g+l
q +1HdUT Ld'(I;Z%) ﬁ(Tq> (8:50)

where the bound (8.19a) has been used. Therefore, |[ur — Ur|[po (1,7+) = O(T)
and thus also ||u; — 7| p1(1,2+) = O(7). As certainly LP(I;V) C L'(I; Z*), we
can estimate the limit ||u — @ p1(7,z+) = 0 and thus the first equality in (8.40) is
proved once again. Using (8.17d), the calculation (8.50) yields the error u, — @,

estimated in a stronger norm?:

du- = o(V7). (8.51)

HU/T uT||L2 (I;H) = \/—H

L2(I;H)

Remark 8.11 (Strong convergence @, — u in LP(I;V)). Let us subtract $u, +
A(u-(t)) = fr from Su+A(u(t)) = f and test it by @, —u. By using the inequality
(Lu-(t), 0, (t) —ur(t)) = || Lur |3 (kr—t) > 0 for any t € ((k—1)7,kT), we obtain

() (B (e
aag T T N a  ag

+<% Uy — T >>1£Hu —uH2 +<d_u u —TL>
dt’ T T T H ) T T

9See e.g. Feistauer [147, Theorem 8.7.25].
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for a.a. t € I; here the dualities are between V* and V. After integration over I,
this gives

1 2 _ _

EHUT T)—u(T HHJF<*Q{(UT)*£7(U)7UT*U>
1 d
< Slluor —wolly + (Fr = f+ St —ur) 50 (852)
2 dt
by using respectively ug, — ug in H, fr — f in LPI(I; V*) due to Lemma 8.7, and
Ur — Uy = u—=a =0 in LP(I; V) due to (8.39a,b)—(8.40). This gives @, — u in
LP(I;V)if A= A1+ Ay and V is uniformly convex, and & is assumed d-monotone
in the sense

<v‘271<u) — A (v),u— U>LP’(I;V*)><LP(I;V)

> (d(”u”LP(I;V)) - d(||’UHLp(1;V))> (HUHLP(I;V) - H'UHLP(I;V)) (8.53)

for some d : R — R increasing, and <% is totally continuous. Then we can use
uniform convexity of LP(I; V), cf. Proposition 1.37, and Theorem 1.2; details are
left as an exercise, cf. also (8.118).

Remark 8.12 (The case f e LP'(I; V*)+LY (I; H), p<q< + o0'9). In this case, in-
stead of u € W1PP(I;V, V*), Definition 8.1 should require u € LP(I; V)NLY(I; H)
with %u € LP(I; V*)+ LY (I; H). The Banach space of such u’s is again embedded
into C(I;H) and also the by-part formula (7.15) extends to hold. Then the proof of
Theorem 8.4 bears slight modifications; e.g. the estimate H%UTHLP'(I;V*) < Cj re-
sulting from (8.19a) is now H%UTHL,)/(I;V*HLQ/ ;i) < O3, the convergence (8.39¢)
takes LP'(I; V*) + LY (I; H), and the dualities (Lu,u) and (f, u) refer to (1.9).

Theorem 8.13 (WEAK SOLUTION). Let 1 < p < q < +oo, p < +oo, A: V — V*
be pseudomonotone' and semicoercive such that o is weakly* continuous from
WLp ([, 2°) N L>®(1; H) to L>=(I; Z)* and satisfy (8.12) with some Z C V
densely, let ug € H and uor satisfy (8.38), and let f satisfy (8.14), and (8.15a)
hold, too. Then there is a weak solution u due to the Definition 8.2 and, moreover,
S e LI (1, 2%).

Proof. We test dtuT + @ (t,) = f,, which arises from (8.5) if the notation (8.6),
(8.7), and (8.8) applies, by v. Using the by-part formula (7.15), we can write

0= (S 4 o)~ o)

= (@ (1)~ Foov) = (S ) + (), 0 (1) = (0(0),w07)  (8.54)

10For this approach, we refer to Gajewski et al. [168, Chap.VI with Sect.IV.1.5].
1 n Theorem 8.31 we will still put off this assumption.
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for any v € Whp?' (I;V,V*); as A: V — V* is assumed bounded, hence &7 (u,) €
L=(I;V*), and as also f, € L>(I;V*), the dualities in (8.54) can be understood
as between LP(I; V) and its dual.

By using (8.17b) and (8.19b), we have the a-priori boundedness of {#; }o<r<r,
in % = Wh»(I,V, Z*)NL>(I; H). Thus, after choosing a subsequence, we have
Ur =0 in ¥.

In view of (8.17a) and (8.18), we can select such a subsequence that also
ur = win LP(I; V)N L (I; H). As in the proof of Theorem 8.9 we can see that
u = @ and also that $u, = Lu in #(I;2*) (or in L9(I; Z*) if ¢ < 400). As
dye LP(I;V*) is fixed, we have (Lo, ur) = (Lo, u).

Now, we consider only v € W1°:°°([; Z, V*). Then (f,,v) — {f,v) with the
last duality between L9 (I; Z*) and Li(I; Z). Also fOT (- (1), v(t)) 7+ xz dt —

fo v(t))z+xz dt due to the assumed weak™ continuity of 7. Hence (8.2)
is proved at least if v(T') = 0 = v(0). This says, in particular, that o/ (u) — f =
—4u in the sense of distributions on I. However, by (8.12), u € L>(I; H) N
LP(I; V) 1mphes 427( )€ LY(I; Z*). By (8.14) with ¢ > p > 1, also f € LY (I; Z*).
Hencefore, $u € LY (I; Z*) even if ¢ = 400,
As {u,(T)}r>0 is bounded in H, hence it converges (possibly as further
selected subsequence) to some uT weakly in H. On the other hand, u,(T) = uor +
OT L. dt converges to uo—l—fo Ludt =u(T) in Z*. Hence ur = u(T), the further
selection was redundant, and the term (u,(T"),v(T)) converges to (u(T),v(T)).
The convergence of (U(O), uor) to (v(0),ug) is obvious.
The weak continuity of the mapping ¢t — wu(t) : I — H required in Def-
inition 8.2 follows from its boundedness and from having information about

Lw e L1(I;Z7), hence it is absolutely continuous as I — Z*. O

Remark 8.14 (Semi-implicit formulae). Especially for further numerical applica-
tions it is often advantageous to consider a certain “linearization” B(w,-) : V —
V* of A at a current point w, likewise (but not necessarily just as) in (2.73), and
then to modify the fully implicit formula (8.5) as

Ur ZUr + B(u_lﬁ*l uk) = fk k>1. (8.55)

In any case, the compatibility A(u) = B(u,u) is required and linearity of B(w, -) is
an optional property from which some benefits may follow. The a-priori estimates
and convergence analysis are to be made case by case, cf. Exercises 8.74 and 8.92.
Besides a linearization, semi-implicit formulae can serve to decouple systems of
equations, cf. e.g. (12.58) or Remark 8.25 and Exercise 12.28.

Remark 8.15 (Alternative estimation). Instead of the heuristics (8.20)—(8.21), one
can use
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d
el g el + coluly, < exfuly +eallullz + (£ )

< eafuly +eaffull}, + Coll Al + Flulf+ Collally-+ 1210l (356)

with some Cj depending on ¢y and p and on the Poincaré constant C,. From
this, one again obtains boundedness of w in L*°(I;H) N LP(I;V) by Gron-
wall’s inequality when qualifying f = fi+f2 as in (8.14) and when using
HUHH%HUHH = %%Hu”% Yet (8.56) suggests a modification of (8.25) and (8.27)
by using respectively the estimates (uf —u*=1 u*) > v g (||u*|| g —||wF 1| ) and
(FEuk) = (Fl 4 uby < Coll I + Seolu [ + (Coll s v + £ ) ik
which would turn (8.26) into the estimate

]l —lluz ="l

JE

J + Pty < erfull, + ol

+ Co| [ i o+ (Coll £yt (155 ) |- (8:57)

Then, after estimating still Cl’uﬂv < ico|uﬁ|€, + C’Z’, with some constant C’Z’,
depending on p and on ¢g, one can apply the Nochetto-Savaré-Verdi variant of the
discrete Gronwall inequality (1.71)—(1.72) with yj, := |[u¥|| g, 21 := Lcolub[},, and
¢ = ¢3. One thus obtains the estimates (8.17a~c) under the restriction 79 < 1/co
which is weaker than (8.16), and also the condition (8.15a) is redundant for this
strategy. Having ||u¥||z estimated, one can obtain also the estimate (8.17d) again
by (8.24). Alternatively to (8.8), f, can be defined as

kT
Fo(t)= ff::%/ F)A  for te [(k—1)r kr). (8.58)
(k—1)T

Such fr is called the zero-order Clément quasi-interpolant of f.'> The convergence
fr — f and thus also the condition (8.15b) can be proved.!? As for (8.29a), by
the Holder inequality, we now have more explicitly

12«Zero-order” refers to the order of polynomials used to construct fr. For the first-order
quasi-interpolation see Remark 8.19 below. The quasi-interpolation procedure was proposed in
98].
[ 1]3F01r a general f € L9([; X), one can proceed as follows: Take n > 0. Using the convolu-
tion with a mollifier as in (7.10) with ¢ > 0 small enough, we get f. € C(I;X) such that
lfe=fllpacr;xy < m/3. As I is compact, fe : I — X is uniformly continuous and thus there
is 70 > 0 sufficiently small such that ||fe(t1)—fe(t2)]|x < T*I/qn/?) whenever |t1—t2| < 70.
Then also ||fe(t)—[f:].(t)||lx < T~'43/3 for any 0 < 7 < 70 and t € I, hencefore also

Hfg—[fg]THLq(I;X) < Tl/qug—[fg]THc(I;X) < n/3. Eventually, as in (8.59), we have also

felr—Frllpacx)y < fe=FllLacx) < m/3. Altogether, || fr—fllLar;x) < 1fr—[fel llLacrx) +
Ifel,—FellLacrx) + lfe=FllLacrx) < $m+ 3n+ 31 =n for any 0 < 7 < 70.
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! - T/T - T/ 1 [k '
p. < [ H—/ oed
Tkz::l”f [ T;Hf | T; - (kil)Tf() .
T/t kT /
1 P
< —— (/ t *dt>
P*\I/sz::l (kfl)'er( )HV

T/T

kT , /
< Z/ LF Nt =[]0y (8:59)
=1 (k=1)r

for any I = 1,..., k. Similar considerations hold for (8.29b), too.

8.3 Further estimates

The strategy (8.20)—(8.22) of testing the equation (8.4) by u can be modified to
get better results under modified (mostly stronger) data qualification; yet, note
that the condition (8.13) on the growth of A need not be assumed in this section.
This additional quality of the solution is referred to as its certain regularity. Now,
besides (8.8), we can also use the approximation of f due to Clément’s quasi-
interpolation (8.58).

Theorem 8.16 (REGULARITY). Let A:V — V* be pseudomonotone and semico-
ercive (8.10) with some p > 1 (its value is, in fact, not important now), and

ug €V, (8.60a)
feL*I;H), (8.60b)
A=A+ Ay with Ay =&, ®:V - R conver, (8.60¢)
() = colull —crllulll el < O+ [l +ullr)  (3.60d)

for some co,q > 0.4 Then:

(i) The Rothe sequence {u, }ry>r>0 constructed by (8.5) with f¥ from (8.58), with
uor = ug and with 7o < 3coC~%/ max(1,4c1T) is bounded in W1>>2(I;V, H).

(ii) Moreover, it has a weakly* convergent subsequence in this space, and if also
V €@ H (a compact embedding), and

AV = V* s bounded and radially continuous, (8.61a)
Ag 1V = V™ s totally continuous, (8.61b)

then every u € WHo>2(I;V, H) obtained as the weak* limit of a subsequence
{ur}r>o solves the abstract Cauchy problem (8.4).
(iii) Also, u € C(I;(V, weak)).

M Often, but not necessarily, ¢ = p with p referring to (8.10). In fact, g in only an intermediate
exponent occuring in (8.60d), cf. also Exercise 8.62 below.
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Let us note that, for any Banach space V5 such that V€ Vo C H, the
mentioned weak* convergence in W1°2(I;V, H) together with the fact that
Whee2([;V,H) C C(I;(V,weak)) implies the strong convergence u, — u in
C(I;Vz); this can be seen from Lemma 7.10 for V3 =V and V3 =

Let us first make heuristics of the proof of (i) for a non-discretized problem'
test the equation Lu+ A(u) = f by Su, use (A(u), Lu) = Lo (u)+ (Az(u), Lu),
which formally'® gives

|G+ g2 = (£ = aaw. ) < a3, + 5 + 5 G

(8.62)

Then we absorb the last term in the left-hand side and denote U(t) :=
fot | L-ul|%,d¥ so that ||Lu||?, = LU and, by Hélder’s inequality,

tdu 2
ool = o+ [ 5ol <2( [ | 55],,09) "+ 2huolly < 200042l

(8.63)
Thus

d /1
SGum+ u)) |l + 70
2(1+\Uqu+IIUII?q)+Hf HZ

CO+ 1(

<302(1+2 TU()+Hu0||H)+ <I> >+Hf @I (3.64)

Then we use the Gronwall inequality. Note that it needs ®(ug) < +o0, i.e. ug € V.
Eventually, we get ®(u(t)) + U(t) bounded independently of ¢ € I, which implies

ue L®(L; V) and || Sull 2.y = +/U(T) bounded.
Proof of Theorem 8.16. Multiply (8.5) by u* —u*~! and use
(AuF), uf — =) = (@' (uF), uf — ) + (Ap(ul), ulf — uft). (8.65)
We can estimate
(@ (uF), uf —uP=1) > (k) — d(uF 1) (8.66)

because @ is convex; in fact, up to the factor 1/7, (8.66) is a discrete analog of

the chain rule (®'(u), Lu) = £&(u). Thus, dividing (8.65) still by 7 and using

I5Note that, if a-priori no other information about —u than —u € Lp (I V*) is known, this
test cannot be rigorously made.
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Young’s inequality, we get

F_wb=t2 oub) — d(ub! kE_ k-1
Yr =4 u u uf —u
H%H n (u7) (u7 >:<fk_A2(u‘1:>7¥>

T i - .

k2 k112 u —uk 1
< HfTHH + HAQ('U'T)HH + 2“7“[{
1 uﬁ—uf_‘l 2
< PRI + 302 (Ut b+ b)) + 5 2=

co+C1

k u_uklg
< 1741 +302 (1 S5 b 2y L e (s

We first absorb the last term in the left-hand side, and then, denoting U :=
=1 Zle lul — ul=t]|%,, we further estimate

0+1

UE-UE | D(ub)-(ut)
T

T T < k 2(1 92 0
0 17415 + 302 (1+

k
L (ruk+ o)+ 2
€o
and use the discrete Gronwall inequality (1.68) provided 7 is small enough,
namely 7 < 1¢oC~2/max(1,4e,T), together with the estimate 73, _, | f1[% =
olT | frl|3pdt < fOT | f1I3,dt, which is bounded independently of 7. This bounds
®(u,) in L°°(I), hence also u, in L>(I; V). Also UF is bounded, so in particular

we get a bound for U/™ = ”%UTH%Z(LH)’ as claimed in (i).
As to (ii), by Theorem 4.4(iv), A; is monotone, hence for any v € L>®(I; V)

it holds that

0 < (@h i) — h(0), 1) = (o — 2 ohp(a) — A(v), Brv). (8.68)

Let now {u;};>o refer to a selected subsequence converging weakly* in
Wh2([;V,H) and u be its limit. Then $u, — Lu weakly in L*(I;H).
Moreover, by the Aubin-Lions lemma, W1°2(I;V,H) € L*(I;H) and there-
fore u; — w in L2(I; H). As ||ur — @r||p2(rm) = 3*1/27'H%u7||p(1 m = O0(7),
cf. (8.51), also i, — u in L?(I; H). Then limT_)0<§tuT,uT> = (;tu u).'6 In par-
ticular,'” @, (t) — u(t) in H for a.a. t € I. As {u-(t)}o<r<s, is bounded also
in V, we also know that u,(t) — wu(t) weakly in V for a.a. t € I. By (8.61b),
(A2(ar (1), ur(t)) — (Az2(u(t)),u(t)) for a.a. t € I. By using (8.60d) and bounded-
ness of {u-to<r<r, in L>(I; V), we can see that Az(@,(t)) is bounded in H inde-
pendently of 7 and ¢t. Hence (A3 (@, (t)), @-(t)) is bounded independently of both ¢

and 7, hence by Lebesgue’s Theorem 1.14, fOT<A2(fLT),fELT> dt — fOT(AQ(u),u> dt.

16 Alternatively, we could use the inequality (8.47) if Lemma 7.3 and the by-part integration
formula (7.22) employ the space W12:2(I; H, H) instead of Wl’p’p/(]; V,V*).

7For a moment, we can select a subsequence to guarantee this; see Theorem 1.7. When the
limit of (e (@r), ur) is uniquely identified, we can avoid this further selection, however.
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Therefore, (8.68) implies
0 < lim <f —%—JZ{Q(’I] )= (v), T —v> = <f—%—¢;z{2(u)—£{1(v) u—v>.
— =0\ dt T T dt ’

Now, we proceed by Minty’s trick by putting v := u+ez for z € L>°(I; V) arbitrary
and € > 0, which gives (f — Lu — ah(u) — o (u+ ez),e2) < 0. Then we divide
it by e > 0, and pass € — 0 by using (8.61a).!® As z is arbitrary, we conclude
f—=%u—ah(u) - #(u) =0 ae. on I

As to (iii), in particular we have obtained u € W2(I; H) C C(I; H) due to
Lemma 7.1. Thus, u(¥) — w(t) in H for ¥ — ¢. Since u € L>®(1; V), {u(?)}oer is
bounded in V' and hence (possibly up to a subsequence) u(¢) — v in V. Yet, since
V C H, v = u(t). As this limit is thus determined uniquely, the whole sequence
(or net) must converge to u(t) weakly. Hence, u € C(I; (V, weak)). O

Remark 8.17 (Asymptotics for a special case A = ® and f constant). In this
special case, t — [®— f](u(t)) is non increasing because it fulfills < [® — f](u(t)) =
—[|[&u|3, < 0. Moreover, it can be shown that ¢ —[®— f](u(t)) is convex and wu(t)
tends weakly to the minimum of ® — f for ¢t — 0o.19

Theorem 8.18 (REGULARITY II). Let A:V — V* be pseudomonotone and semi-
coercive (8.10) with some p > 1 (whose value is again not important now), and

fewhA(,ve), (8.69a)
ug € V' such that A(up) — f(0) € H, (8.69b)
(A(ur) — A(uz),u1 — u2) > colur — usly — callur — ua||%; (8.69¢)

with some ¢y > 0. Then:

(i) The Rothe sequence {u, },>r>0 constructed by the formula (8.5) with f& from
(8.58) and with ug, = ug is bounded in W (I; H) N WY2(I; V) provided
To < 1/(2¢2) .

(ii) Moreover, it has a weakly® convergent subsequence in this space, and if also
V € H (a compact embedding), A = Ay + Ay satisfying (8.61) with A1 mono-
tone, every u € Whoo(I; H) N WY2(I; V) obtained as the weak* limit of a
subsequence {ur}r>o solves the abstract Cauchy problem (8.4).

Heuristics of the proof of (i): apply % to the equation %u + A(u) = f and

then test it by Su, use (£ A(u), Lu) > co| L ul? —cof| Eul|?, (which is a continuous

8More in detail, we proceed as in (8.165) but the common integrable majorant here is now
even in L°°(I) because we have u,z € L*°(I;V) and A; maps bounded sets in V to bounded
sets in V* as assumed in (8.61a).

9More about such cases can be found, e.g., in Aubin and Cellina [28, Section 3.4] or Brezis
[66, Section III.3]. See also Proposition 11.9 and Remark 8.22 below.
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analog of (8.73) below). Using also (8.9), this gives

d /du du du |2
A |51
2dtH H ’ <dt<dt+ ()) dt>+02
- (5 %> Pl e o W el B e
T\dtdt =2 lldtllv-" 2l ae =
du |? du
2| du 2| du du
= QeHdt’v* Gl ly T H+02‘ dtHH' (8.70)
Choosing € < ¢g/C2, (8.70) reads as
du
2 2
1
dt(QH H (co—eCr) /’ < (e2teCy) dt ‘H 25H dtHV* (871)

and then, by the Gronwall inequality, the first term gives the estimate of U in
L°°(I; H) while the second one for ¢ = T gives dtu in L2(I; V). Note that to apply
Gronwall’s inequality, we must have guaranteed Lu(0) € H, i.e. A(ug)— f(0)€ H.%

Proof of Theorem 8.18. Take (8.5) for k and for k — 1, i.e.

k_ k-1 k—1_ k-2

u u u u

L A = 7 FAWEY = (812)
subtract them, then test it by u? —uk~1 and divide it by 72. Thus we get
1| uf—uk= —22 uk—uk—12 uk—uk1 )2
T I I +co! —|, el
27 H 27 A% T H
<< uf—2ur~ up ulﬁ* . >+<A(U¢)*A(U¢’1) U?U§*1>
— 2 b )
T T T T
e e e e et H” ==
N T T = 2 T v+ 2 T 1%
_ fk—1 2 k_ k=1 k—1
< _‘ i” +eC? w’ +€02 —uy H ; (8.73)
2¢e T v T T H

the first inequality is due to (8.25) for (u* — u*~1)/7 in place of u* and (8.69¢c)
while the last one is due to the Young inequality. By extension of f for ¢ < 0 by
putting f(t) = £(0), we still have f € W12([—7,T]; V*). Then f2:= £(0), and we
get (2 —u-1)/T = f(0) — A(ug) € H by the assumption.?! Absorbing the term
with € < Co/Cg and then summing (8.73) for k = 1,...,l, we obtain

2 ) !
H Co—EC TZ‘
H

k=1

§%Hf(O)—A(uo)HiIJr(chrecz Z(H“ — ur H2 +2—1€d’j) (8.74)

l 1

2 A%

20Tt does not mean that f(0) € H, however. In fact, f(0) has a good sense only in V*.
2Mn other words, this is the definition of u¥ for k = —1 needed here.
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where we abbreviated d¥ := ||(f¥ — f5=1)/7||?... Then, provided 7 < 75 < 1/(2c2),
€ > 0 can be chosen so small that the discrete Gronwall inequality (1.68) applies,
which glves an a-priori bound for uT in L*°(I; H) and in L?(I;V) provided

T Zk:l can be bounded 1ndependently of 7 and I < T'/7. This can be seen from
the estimate

T/T T/7

- TZTQ/ 1)7'/
1 kr—9 2
SELL el

S e

where, for the first inequality in (8.75), we used, after the substitution ¢t — ¢ = &,
also

2
Flt— H dvdt

N

g

e
A

IN

‘ 2

dedy <

(8.75)

2l
dt L2 (r;v+)

. fk 1
& = = f—ndt’
(k— 1)7' v
S L r—v dz9dtH
H/ 1)7./ dtf( ) (%
T 2
< o) 4 f(tfﬂ)HV*dﬁdO
2
< = 719)‘ | doat (8.76)

where the last inequality uses Holder’s inequality.

Eventually, the convergence claimed in the point (ii) has been proved in
Theorem 8.16. d

Remark 8.19 (Ist-order Clément’s quasi-interpolation [98]). Defining the 1st-order
quasi-interpolant f, € W1°(I;V*) as the piecewise affine interpolation of the
sequence {fF Zig, one can interpret (8.75) as the estimate ||%fT||2L2(I.V*) <

2SS 12z

Remark 8.20 (Multilevel formulae). The two-level formula (8.5) is not the only op-
tion to be used for theoretical investigation and for further numerical applications.
An example of an alternative option is the 3-level Gear’s formula [174]:

k k=1 , k-2
3u; —4ui™" +ul

A(ul) = fF >2 .
97 + A(uz) k=2, (8.77)

T
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while for £ = 1 one is to use (8.5). This formula approximates the time derivative
with a higher order, may yield a better error estimate than (8.5) if a solution is
enough regular, and may simultaneously have good stability properties, as shown
for a linear case in [357]. A mere convergence can be shown quite simply: use the
test by 6% := (u¥ — u¥~1)/7 as in the proof of Theorem 8.16(i) and the estimate

T

(Bt e ) - a2 > o 50

o7 ’ T - 2 T H 2 TYT = TIH 8 T H’
with the agreement that 6% := 0 for k¥ = 0. Summation then gives % 22:1 H(Sf Hi{"'
%Héi“; - é”(ﬁ”i, which is to be used to modify (8.67). This gives the a-priori
estimate of u, in W12(I; H)NL®(I; V) as in Theorem 8.16. The convergence can
then be proved when realizing that (8.77) can be written in the form

;duT B lduﬁ
2 dt 2 dt

with the “retarded” Rothe function u} defined by uf(t) := u.(t — 7) for t € [7, T
while uf(t) := u,(t) for ¢t € [0, 7]. Modification of the proof of Theorem 8.16(ii) is
left as an Exercise 8.58. Higher-level formulae do exist, too, and exhibit stability
(and thus the a-priori estimates and convergence) but up to the level 7, i.e. at

most u¥~6 is involved; we refer to Thomée [405, Chap.10].

o) = fr (8.78)

Remark 8.21 (Non-autonomous case). The Rothe method can be generalized to
the time-dependent, so-called non-autonomous case (8.1); more precisely, we will
consider A : I x V — V* as a Carathéodory mapping such that the corresponding
Nemytskii mapping, denoted by & := A4 like (8.11), i.e.

[ ()] (t) == A(t,v()), (8.79)

satisfies (8.12). For example, « : LP(I; V)N L>(I; H) — L (I;V*) is bounded if,
instead of (8.13), the following growth condition holds:

J3yeL”(I), ¢:R—R increasing : HA(t’U)Hv* < &(|jvllg) (v(t) + Hv||{';1). (8.80)

Then the Rothe sequence can be defined by the recursive formula

uk — ok

-1
T AW = fF ) Wl =g, with
-

. 71 kT . k.il kT
AT(u)./( A(t,u) dt, fT./( fyde.  (8.81)

T J(k—1)7 T J(k—1)7

Then, e.g., 722:1<A7j(u7j),u’j> = éT<A(t,ﬂT(t)),ﬂT(t)>dt. The modification of
Lemmas 8.5 and 8.6 and Theorem 8.9 would require auxiliary smoothing like in
(8.5), also Lemma 8.8 holds with its proof just straightforwardly modified, while
the modification of Theorems 8.16 and 8.18 requires additional smoothness of

A+ u).
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Remark 8.22 (Infinite time horizon). By a subsequent continuation, one can pass
T — +o0 and obtain respective results on I := [0,400). E.g. Theorem 8.9 gives
u € LfOC(I V)ﬂVVﬁ)Cp (I;V*)if f e LIOC(I' V*), Theorem 8.16 gives u € LS (1; V)N

W21, H) if f € L2 (I; H), and Theorem 8.18 gives u € W5 (I; H)NW,22(1; V)

if feWh(I,v").

loc

loc

Remark 8.23 (Alternative estimation). One can also assume, alternatively to
(8.60b), that f € WHL(I;V*) in Theorem 8.16. The estimation strategy (8.62)
is to be integrated over [0,¢] and modified by a by-part integration and by the
Poincaré-type inequality (8.9) as

0 %“2dt+@(u(t)):®(uo) /<f As(u), il;>dt

= (00) - [ (A6, 50) 4 (S

< 1O ol N | L ol -+ ) = (00,0
gcpumnV*(|u<t>|v+r|u<t>u,{) + [ 3lastlly + |
H (@] + @], ) dt + @(uo) — (£0), uo)
< Collr @), (1 - |\u<t>|\2) +elu®)l + Cocl FON. + / t Sl A

+al 5l

with some C; and C; . depending on C}, and ¢ and also on € > 0. Then, choosing
€ > 0 small enough and using also (8.60d) and (8.63), the strategy (8.64) modifies
as

(ot fufl [l ) ae o+ @u0) — (FO)w0)  (852)

1 —
SU0+ 2= 0((t) < Ol 7). (14|,
/ t1q
+ L)+ Cacll 0N + [ Il + 5| F,
el d{ <1+%<I>(u) CO+01|| I3) dt + @(uo) = (£(0),u0) (8:83)

and, after estimating ||ul|?, < 2TU + 2||ug|/%, cf. (8.63), is to be finished by
Gronwall’s inequality. Also the qualification (8.69a) can be modified by requiring
f € WH(I; H) and the strategy (8.70) can use the estimate

() <[l G151 859
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and then treated by Gronwall’s inequality. Of course, these modifications can be
combined with the original strategies so that f € L2(I;H) + WH1(I;V*) and
feWL3(I;V*) + WHL(I; H) can be considered for Theorems 8.16 and 8.18, re-
spectively. Implementing these strategies into the proofs of Theorems 8.16 and
8.18 needs either usage of the finer version of the discrete Gronwall inequality like
in Remark 8.15 or, instead of usage (8.58), the scheme (8.5) with a controlled
smoothening of f like in (8.15). This technical difficulty related with time dis-
cretisation does not occur when using the Galerkin method, as presented in the
following Section 8.4.

Remark 8.24 (Semiconvex potential ®). The convexity of ¢ assumed in (8.60) can
be relaxed by assuming ® only semi-convez (with respect to the norm of H) in
the sense

JK e Rt : v ®(v) + Klv]|3 : V= RT is convex. (8.85)

Then, for 7 sufficiently small, namely 0 < 7 < (2K)~2, the estimation (8.65)-
(8.67) can be modified by using

uk,ukfl
R (N
k
y 1) A s e
<\/_T? + (), ur—uy 1> - < T Uy =y 1> + = [ =y

1
Nl

1 2008) = gl — 2t

7

k—1 .
(B k) T

Jr T
e {1 [

T 2 T

Hj{ (8.86)

This refines Rothe’s method and, in this respect, brings it closer to the Galerkin
method which, when executing the estimation strategy (8.62), does not need any
convexity of ® at all; cf. also Exercise 8.56 below.

Remark 8.25 (Decoupling by semi-implicit Rothe method). The test by the time
difference used in Theorem 8.16 allows for interesting effects in systems. For no-
tational simplicity, let us demonstrate it for a system of three equations governed
by ®(u,v, 2), i.e.,

du dv dz
E+®;(U7U7Z):f17 E+®2J(U7U7Z):f27 E+®;(U7U7Z):f3' (887)

Instead of a fully implicit discretisation, we can consider the semi-implicit scheme:
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uF— k1

N R (5.852)

,Uk_vk—l

- + q);(u:‘:"l)ﬁ’ quf_l> = f2k7-7 (888b)
. ,

Sh_ k1

I gk, o, k) = g (8.850)
T ,

Testing particular equations by time differences, as in (8.65), leads to the estimates

k k—1 k k=1 _k—1 k-1 ,,k—1 k-1 k k—1
Ur—Us 2 <I)(u7'7v'r ) 27 ) — <I)(u'r »Ur 527 ) < ko Ur—Uusz
+ = f1,7—7 9
T T T
k k—1 k k k-1 k k=1 _k—1 k k—1
Vr —Vr 2 CI)(UT, Urs 27 ) — (p(u'ra Ur 527 ) < ko Ur Uz
+ = f2 T )
T T ’ T
k_ k=12 k ok ky _ k k k-1 k_ k-1
‘ Zr 27 H + (p(urvvrazr) (p(urvvrazr ) < <f?])€7'7 Zr %7 > (889)
T T ’ T

provided ®(-,v,2), ®(u,-, 2), and ®(u,v,-) are convex. Summation then yields a
notable “telescopical cancellation effect”: four terms, namely +®(u*, v*, 25=1) and

T YT ST
+®(uk, vE=1 2F=1) mutually cancel and one obtains:

k_, k=12 k_, k=1 2 k_ k=12
R
T T T

k .k Jk k—1 k—1 _k—1
+ @(UT?IUT7ZT) — (I)(UT yUr "y 27 )

k—1

v’ﬁ—vffl zf—zT
N (g ) (Y (s0)
T T T

and then one can proceed as in (8.67). Let us note that, in contrast to (8.87), the
time-discrete system (8.88) is decoupled and that, in contrast to a fully implicit
discretisation and Proposition 11.6, only a separate convexity (instead of the joint
convexity) of ® is needed now. Even more, in the spirit of Remark 8.24, only
separate semi-convexity of ® is sufficient if the strategy (8.86) is applied to each
inequality in (8.89). Of course, this approach applies for an arbitrary number
of equations in (8.87); for systems of two specific differential equations cf. also
[220, 252]. For f constant, denoting w = (u,v,z), A;(w) = (P, (w)—f1,0,0),
As(w) = (0, P! (w)— f2,0), and Az(w) = (0,0, P’ (w)—f3), the system (8.87) takes
the form 92+ A4 (w)+Az(w)+As3(w) = 0 and the scheme (8.88) is revealed as
a fractional-step method or also a so-called Lie-Trotter (or sequential) splitting
combined with the implicit Fuler formula, cf. [142, 272, 411]:

k—1+5/3 k—4/343/3
wh +j/ —wk /3+3/

+Aj(wEBYy =0, j=1,2,3, (8.91)
-
where, for j=1, we put w"~! = (u¥=1,v5~1, zF=1). Then one finds that wh >/ =
(uﬁavﬁila 2571)7 w‘llf_l/?) = (uﬁavﬁv Zfil)v and eventually ’LU,,]? = (uﬁavﬁv quf)
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8.4 Galerkin method

An alternative method to analyze evolution problems, consisting in discretization
of V, is referred to as a Faedo-Galerkin method [141], or mostly briefly as Galerkin
method likewise in case of steady-state problems where, however, it led directly to
finite-dimensional problems. Similarly as in the proof of Theorem 2.6, we consider
a sequence of finite-dimensional subspaces Vi, C V satisfying (2.7), i.e. Vi C Viqq
and UkeN Vi dense in V. As also V is dense in H, for ugp € H we can consider a
sequence {ugg } ken converging to ug in H and such that ugg € Vi.. Now, we can very
naturally consider A also time-dependent, using the convention (8.79), even in a
more general setting A : I x V' — Z* for some Z C V densely provided | J, .y Vi C
Z, although mostly, in particular for the purpose of strong solutions, the case
Z =V is general enough. Then the Galerkin sequence {uy}ren of approximate
solutions wu, € WYP(I; Vi) = WHP(I; Vi, Vi), cf. (7.3), to the Cauchy problem
(8.1) is defined by

Voe Vi Y(aa)tel : (%m)ﬁ-(fl(tuk(t)),@z*xz (F(),0)y. s (8.920)

uk(O) = UQk, (8.92b)

where (-,-) is the inner product in H as before. In fact, we have V, C Z C
VC H CV* C Z* hence %uk is valued also in Z* and it will be useful to introduce
the seminorms | - |, k € N, on Z* defined by

k= sup  (&v) ., (8.93)

veVE, [v]lz<1
In accord with (7.5), | - |4 denotes the seminorm on L9 (I; Z*) defined by

o (/OT\f(t)!Z/dt)l/q/Z sup /OT<£(t),v(t)>Z*XZdt. (8.94)

[[vllLa(r;z)<1
v(t)eVy for a.a. tel

i3

Lemma 8.26 (GALERKIN APPROXIMATIONS, A-PRIORI ESTIMATES). Let f €
Lp/(I; Ve + L (I;H), e H, and A : IXV — Z* be a Carathéodory mapping
such that of satisfies (8.80) with p < ¢ < +oo and its restriction A : I x Z — Z*
18 semi-coercive in the sense

Jep >0, 1 €LP(I), cxeL*(I) Ywe Z:
(At,0),v) 5., 2 colvly—er(B)vly —e2(t)|[v]| (8.95)

with | - |y referring again to (8.9). If Vi, C Z and if {uok }ren is bounded in H,
then there is a solution uy to (8.92) satisfying

HukHLOO(I;H)mLp([;V) <Ci, (8.96a)
duk

— <Cy Vk=>I 8.96b
dt q’,l - 2 = ( )




8.4. Galerkin method 241

for any I; note that Cy does not depend on l. If, in addition, there is a selfad-
joint projector Py : H — H such that Pr(V) = Vi and ||Py|z|| #(z,2) is bounded
independently of k, then also

< (Cs. (8.97)

|5,
a(I;2%)

Proof. Taking a base {vg;}i=1,... n,, i = dim(Vy), in V; and assuming u(t) =
Sk cki(t)vki, (8.92) represents an initial-value problem for a system of ny, ordi-
nary differential equations for the coefficients (¢;)i=1, .. .n,. Due to Theorem 1.44,
it has a solution on some sufficiently short time interval [0,t5).22 As the test
functions for (8.92a) are the spaces Vi where also the approximate solution wy is
sought, we are authorized to put v = uy(t) in (8.92). Then, as in (8.20)—(8.21), we
get the estimate:

%%Huk(t)H2+ colur @]y, < 1 (O)|ur(®)]y, + ca(t)|Jur @)+ (F(0), ux(t))
< Ceer ()" + elur(®)]?+ eat)|[un ()| 3, + Co Ce || 111

11
+ Coelurly + (Collilly-+11£oll) (5 + 3 ) (8.98)

with C. from (1.22) and with f = fi+fs, fi € LP(I;V*), fo € LY (I; H). In
particular, by Gronwall’s inequality (1.66) as used in (8.22), we have an L>(0, t1,)-
estimate so that ug(f) must live in a ball of V3 which is compact, and hence we
can prolong the solution on the whole interval I because, assuming the contrary,
we would get a limit time inside I not allowing for any further local solution,
a contradiction??. Besides, this a-priori estimate yields that wuj is bounded in
L>(I; H) N LP(I; V) independently of k, as claimed in (8.96a).
If k > I, using (8.92), the estimate (8.96b) follows similarly like (8.23):

duk

e u |Lquz><1/ Ft) = Alt,ur (1)), v(t)) 5., dt

(1eV, a.e.
= |\Lquz><1/ (FO—AC ur(),v(®) 5.7 4 = | f = (W) o 1,7+

which is bounded due to (8.12) and the already proved estimate (8.96a), cf. also
(8.33). Moreover, realizing Pyur = ui and P} = P and using again (8.92), and

22Note that, since A is a Carathéodory mapping, I x R* — R™ : (t, Cly .. Cny) =
((A(t, Z?jl Cki”ki):vk]’>)j:1 . is a Carathéodory mapping, as needed for Theorem 1.44.

231n special cases, e.g. (8.80) for p < 2 and €(-) bounded, the right-hand side of the underlying
system of ordinary differential equations has at most a linear growth, so the global existence
follows directly by Theorem 1.45.
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also (8.12) and (8.96a), we can modify the estimate (8.33) as

du du du
(St ) = (et = (S ) = [ 000) - A0, Pevt) 0
< (197 )l 1oy + 1 N (1,20 ) | Pevll ooz
< (NOQ(C’l)(\|7\|Lq'(z)+0f_l)+ HfHLq'(I;Z*))HPng(Z,Z)HU||Lq(I;Z) (8.99)

where v and € are from (8.80) and Ny is the norm of the embedding Z C V
and thus also of the embedding V* C Z*. From this, (8.97) with Cs3:= (No€(Ch)
(HaHLq/(I)+C{'_1) F 1l par (1)) SUPken 1Pkl 2(2,2) follows similarly as (8.19a).

Remark 8.27 (The projector P). Taking a base {vx; }i—1.....dim(v;) of Vi orthogonal
with respect to the inner product (-,-) in H, by putting

dim (Vi)
Pou:= Z (U, Vki Vi (8.100)

i=1

we obtain a selfadjoint projector P, : H — H, and PyH = P,V = Vj. It remains,
however, to be proved in particular cases that ||Py||#(z z) is bounded indepen-
dently of k for a suitable Z, cf. also Remark 8.44 below.

Lemma 8.28. Let the collection {Vi}ren satisfy (2.7). Then J,on L™(;Vi) is
dense in LP(I; V') for any 1 < p < +o0.

Proof. As L>™(I;V) is dense in LP(I; V), it suffices to prove it for p = +o0. Take
v € L*°(I; V). As v is Bochner measurable, there is a sequence {vy }ren of simple
functions such that v, (t) — v(t) for a.a. ¢ € I. Besides, the construction of vy,
can be performed so that vy (I) C v(I), hence ||vg|lL(rvy) < [[v|lLe(r;vy, and
vy — v in L*°(I;V). Now, taking v, fixed and realizing (2.7), each of the (finite
number of) values of vy can be approximated by a value in Vj if [ is sufficiently
large, obtaining some vg; € L (I;V}) such that lim;_, o viy = vy in L°°(;V). Thus
limg_ o0 lim;_, o v5; = v and, by a suitable diagonalization, we get a sequence of
v attaining v. O

Lemma 8.29 (PAPAGEORGIOU [323], HERE GENERALIZED). Let the Carathéodory
mapping A : IxV—=V* satisfy (8.80) and (8.95) with Z =V and q := p, and let
A(t,-) be pseudomonotone for a.a. t € I. Then o is pseudomonotone on W =
Wl’p’p (I; V,Vir,) N L>°(I; H).2

lcs

Proof. Just an obvious modification of the proof of Lemma 8.8. O

24Recall that V*

lcs
with the collection of seminorms {| - | }ren which induces the seminorms on LPI(I;V*) by the
formula (8.94) with ¢ := p. The pseudomonotonicity is again understood in the sense of (8.35).

denotes the dual space V* considered as the locally convex space equipped
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Theorem 8.30 (CONVERGENCE TO STRONG SOLUTIONS). Let the assumptions of
Lemmas 8.28-8.29 be fulfilled, let uor — uo in H with uox € Vi. Then up — u
in LP(I; V') (possibly in terms of subsequences) and u is a strong solution to the
Cauchy problem (8.1).

Proof. By (8.96a) and the reflexivity of LP(I; V'), we can take a subsequence and
some u € LP(I; V) such that

up = u in LP(L;V)NL>(I;H). (8.101)

Moreover, referring to the embedding I, : Vi, — V from the proof of Theorem 2.6,
we have Il*%uk — ¢ in any L”/(I; V*) and &1 can be assumed as an extension
of & from LP(I;V}) to LP(I;Vi41).2° By (8.96b), H&HLP/(I;VL*) < Cy independently
of I € N. Hence, by density of |J;cy LP(1;V;) in LP(I;V) (cf. Lemma 8.28) and
by a (uniquely defined) continuous extension, we get eventually a functional @ €
LP(I; V)* = LP(I; V*) whose norm can again be upper-bounded by Cs. Moreover,
@ = Lu because 0| po(r,v;) = & = Lulrervy) for any 1, cf. also (8.41).

Note that the initial condition w(0) = wug is satisfied because u(0) = uog
and because of ugr — wug in H and of the weak continuity of the mapping
u = w(0) : WHPP(LV, V) — Vi, by Lemma 7.1. Hence, uzx(0) — u(0) in
Vi, Simultaneously, ug(0) = uor — uo = u(0) in H; cf. also (8.43).

For v € WhPP'(I;V,V*) let us take a sequence vy, € LP(I; V) such that
v — v in LP(I;V); such a sequence does exist due to Lemma 8.28.

From (8.92) one can see that, for any z € LP(I; V), one has

[ (8 2) A0,y e = [ 00Dyt 10

In terms of (-,-) as the inner product in the Hilbert space L*(I; H) and (-,-)
as the duality on LP(I;V*) x LP(I;V), one can rewrite (8.102) into (Lug,z) +
(o (ug), z) = (f, z). Putting z:= vy — uy, one gets

duk

(o (ug),vp — ug) = (f,on — ug) — (Eavk - Uk) =: I,i” - I;EQ)- (8.103)

As up = win LP(I; V), obviously limg_ 0 I,gl) = (f,v—u).
By (8.96a), uy(T) is bounded in H, so we can assume ui(T) — ¢ in H. By

25This is a bit technical argument: having selected a subsequence such that If%uk — &

in Lp/(I; V}*), we can select further a subsequence such that I;%uk — ¢ in any Lp/(l; V).
This does not violate the convergence we have already for [ = 1. Then we can continue for
l=3,4,...., and eventually to make a diagonalization like in the proof of Banach Theorem 1.7,
cf. Exercise 2.51.
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(8.96b), we have

T
d
[FC=IF lim we(T) = lim Lup(T) = lim | IS dt + Fug

k—oo Jo

T T qu
/ & dt+ I uo :If(/ —dt+u(0)) = I u(T).

As it holds for any I € N, by the density of (J, o Vi in H, we get ¢ = u(T).
Now we use (7.22) for ux € WP (I;V4).26 Then, by the weak lower semi-

continuity of || - ||% and by using also ||uok||lz — ||uollx and ue = u(0), we can
estimate

. 2 . duy, 1. . 1 ..

fmsup 7 = Jim (S5 ex) = 5 min (T + 5 i ol

IN

du 1 9 1 2 du
(F5v) = 5@ + 5O = (570 —u).  (8104)

cf. also (8.47). Altogether,

du
im i . . — > - — .,V — . .
hkn_l)gf <ﬂ(uk)7vk uk> > <f il u> (8.105)
Using still the boundedness of {uj}ren in # and the growth assumption (8.80),
we can see that {7 (ug)}ren is bounded in LP(I; V*) = LP(I; V)*. As vy — v in
LP(I,V), we have

lim sup <ﬂ(uk), Up — v> = lim sup <ﬂ(uk), Up — vk>

k—o0 k—o0

+ lim (o (ug),vp —v) < <(31—1Z - f,v— u> (8.106)

k—o0

In particular, for v := u we have got limsup;_, (< (ug),ur — u) < 0. By
Lemma 8.29, i.e. the pseudomonotonicity of </, we can conclude that

lim inf (& (ug), ur, — v) > (& (u),u —v) (8.107)

k—oco

for any v € LP(I;V). Joining (8.106) and (8.107), one gets (& (u),u—v) <
(f,u—v) — (%u, u—v). As it holds for v arbitrary, we can conclude that

du
(e (), 0) = {F,0) = (7 v)- (8.108)
As v is arbitrary, &7 (u) = f — %u holds a.e. on I, cf. Exercise 8.49. O

26Note that V3, C H need not be dense for it.
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In the above proof, one could obtain @ € LP(I;V)* by an alternative, al-
though less constructive, argumentation: As 4 ¢ LP(I;V,) C LP(I;V*) =

dt
LP(I;V)*, one can consider an extension i € LP(I V)* of dﬂ according to the
Hahn-Banach Theorem 1.5 with ||| zr (1,1 = || due at e v < Cy with Cy from

(8.96b). Then, up to a subsequence, %y — @ in LP (I, V*). Although in general

Uy # dstk’ in the limit one has u = i—’; This can be seen from an analog of (8.41):

(80) oy xre(y (86 0) Loy Lo vy :/ ( dt’ )dt

T T
dv dv dv
__/(“’“’dt)dt /< dt>dt < ’E>’

which holds for any v € C}(I;V}) for a sufficiently large k, namely k > [. Eventu-

ally, one uses density of J,cy C§(1; V7) in C§(I; V), cf. Lemma 8.28, to see that
is indeed the distributional derivative of u.

If the projectors Py from Lemma 8.26 are at our disposal, the situation is

duyg

even simpler because, due to the estimate (8.97), one can choose directly @y = T

Theorem 8.31 (WEAK SOLUTION). Let the assumptions of Lemma 8.26 which
guarantee (8.96) be satisfied, in particular, f € LP(I;V*) + LY (I; H), and let A
satisfy

FyeL? (I), ¢:R—R increasing: ||A(t,u)]||z- < ¢(|lullm) (v(t)—l—HuH"'}/q/), (8.109)

with 1 < ¢ < +o00 and with some Banach space Z embedded into V' densely, and
induce o/ weakly* continuous from WP~ (I,V,Z*) N L=(I; H) to L>=(I; Z)*,
and let ugp, — uo € H. Then there is a weak solution u due to the Definition 8.2

and, moreover, £u € L1 (I; Z2%).

Proof. By Lemma 8.26, we have the a-priori estimate (8.96a) at our disposal,
hence we choose a subsequence up = win L°°(I H)NLP(I; V). Besides, as in the
proof of Theorem 8.30, £-u has a sense in LY(I; Z*) if ¢ < +o0 or in .4 (I; Z*)
if ¢ = +00, and Luy converges to u|pq(s,1;) in each L9 (I; Vi) if ¢ < +o00 or in
(V) ifg= +oo

Now, paraphrasing the proof of Theorem 8.13, we consider for | < k fixed,
v € Whoo(I;V,, Z*), put v = v(t) into (8.92a), integrate it over [0, T, and use
the by-part integration (7.15),2” one obtains

/o <A(t,uk)—f, 1}1> — <%,uk>dt+ (uk(T),vl(T)) = (uOk,vg(O)) ; (8.110)

note that (8.96a) and (8.109) guarantees o (uy) € LY (I32*). As {ur(T)}ren is
bounded in H, hence it converges (possibly as further selected subsequence) to

2TWe use (7.15) with Vj, instead of V, realizing that 4 JiUk € e (I; V) and 4 Fiv € L2(L; V).



246  Chapter 8. Evolution by pseudomonotone or weakly continuous mappings

some up weakly in H. On the other hand, ug(T) = uor + fOT%uk dt converges to

u0+f0T%u dt = w(T) in Z*. Hence up = u(T), the further selection was redundant,
and limg o0 (ur(T), v (T)) = (w(T"),vi(T)). The convergence of limy_, o (o, v7(0))
to (ug, v1(0)) is obvious. Using the Weak* continuity of &, we can pass to the limit
in (8.110) with k£ — oo, obtammgf tu)— fou) — (o, u) dt+ (w(T), v(T)) =
(up, v1(0)). Taking arbltrary ve WHee °°(I Z,V*), by Lemma 7.2 we can consider
w € CYI;Z) such that w — v in LI(I;Z) (here we rely on ¢ < +o0) and
also %@ — %v in LPI(I; V*). Then, e.g. by a piecewise affine interpolation and
subsequent approximation from Z to Vj, we can further approximate w by v; €
Whoo(I;V;) in WY'(I; Z). By a suitable diagonalization, passing eventually with
[—00, one gets (& (u)—f, Ul>L1(I;Z*)><L°°(I;Z) = (A (u)— 1, U>L1(I;Z*)><L°°(I;Z) and
also (%vl,uhpf(hv*)xm(l;v) — (Lo, u) (I V) Le(1;v)» SO that (8.2) follows.

Moreover, it says that <7 (u) — f = — u in the sense of distributions on I.
However, by (8.109) ensuring here (8.12), u G Le°(I; HYNLP(I; V) implies o (u) €
L9 (I; Z*). By the assumptions of Lemma 8.26 also f € L% (I; Z*). Hencefore,
LueLd(1;27).

The weak continuity of the mapping ¢t — w(t) : I — H required in Defini-
tion 8.2 follows as in the proof of Theorem 8.13. O

Remark 8.32 (Monotone case: convergence via Minty’s trick®®). If A(t,-) : V — V*
is monotone and radially continuous, under the additional growth condition (8.80),
we can use Lemma 2.9 to show that &7 is pseudomonotone (cf. Example 8.52)
which is then employed in the proof of convergence as in Theorem 8.9 or 8.30.
Alternatively, we can use Lemma 8.8 or 8.29. In this monotone case, however,
these chains of arguments can be made shorter and more explicit: By the a-priori
estimates, we can select a subsequence such that

wp S u o in WHPP LV, Vi) N L (1 H). (8.111)

lcs

We use also up(T) — u(T) in H and v, € LP(I; V), v € LP(I;V), v — v in
LP(I;V) as in the proof of Theorem 8.30. By (8.102), we have

0 < I = (A (w) — A (v),up — v)
= <,5af(uk)7uk—vk>+<ﬂ(uk)7vk—v>—<427(v),uk—v>

= (s~ %,uzf — k) + (7 (), ok = ) — (7 (0), e — )
= L luorlZ 2 DI+ (e )

* <dozlltk U’“>+<=Qf uk), vk = v) = (F (v), up —v). (8.112)

28Cf. also the proof of Theorem 8.16(ii).
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Using liminfy o0 [|ur(T)|% > ||[u(T)|/% as in (8.104) and using also |(< (uy), v, —
)| < supyen 1/ 0) gk — vllw(ravy — 0, we obtain

. 1 1 du
0 < tmoup i < 2 ool — 2 + (u o)+ ()

du
—<ﬂ(v),u—v>: <f—a

Then we use the Minty-trick Lemma 2.13; put v = u+cw into (8.113), divide it by
€ > 0, pass € to 0 while using the radial continuity of .&7; the last argument exploits
the radial continuity of A and the Lebesgue dominated-convergence Theorem 1.14,
cf. (8.165) below.

In case &7 is even d-monotone and V is uniformly convex, by using (8.113)
for v := u and by uniform convexity of L?(I; V), cf. Proposition 1.37, we get even
the convergence u, — u in LP(I;V); cf. also Remark 8.11.

,u—v>—<sz{(v),u—v>. (8.113)

Remark 8.33 (Various concepts of pseudomonotonicity). There is certain free-
dom in the choice of #. In general, the smaller the space # (or the finer its
topology), the bigger the collection of a-priori estimates exploited, and thus the
weaker the conditions imposed on &/ by requiring its pseudomonotonicity as
W — W#* by (8.35). The choice of # from Lemma 8.8 was essentially similar
as in Lemma 8.29, only fitted to the particular method. We could also consider
W .= LP(I; V)N L>®(I; H) but this would enable us to treat only monotone oper-
ators, cf. Example 8.52 below or Exercise 8.64 still for another # of this type. In
the Galerkin method, smaller % (or finer topology on it) needs more difficult proof
of density of Vj-valued functions in %, which can, however, be overcome by an ad-
ditional condition requiring boundedness of &7 as a mapping into a smaller space
than #*. This we indeed made in Theorem 8.30 where (8.80) implies boundedness
of o : WhPP (I, V, V)= LP(I;V*) € WhPP (I, V,V*)* and then it suffices to have
an approximation in LP(I; V), cf. Lemma 8.28. Weakening the growth assumption
so that o7 is bounded as a mapping W'P?' (I, V, V*)—(LP(I; V) N L>°(I; H))*, as
will be used in the setting of Proposition 8.39 below, would need a better approx-
imation, namely in LP(I; V) N L°°(I; H), cf. Exercise 8.55.

8.5 Uniqueness and continuous dependence on data

Weakening of concepts of solutions is always a dangerous process in the sense that,
if done in a too “insensitive” way, one can loose selectivity of the definition of such
solution: then a solution is not unique even in well qualified cases.?? Therefore,
the question about uniqueness of the solution has its own theoretical importance.
In addition, the analysis of uniqueness of a solution is usually closely related to
another interesting question, namely its continuous dependence on the data, i.e. a
well-posedness of the problem.

298ee [370] for examples of such situations.
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Theorem 8.34 (UNIQUENESS OF THE STRONG SOLUTION). Let A satisfy, besides
assumptions guaranteeing existence of a strong solution to (8.1), also

Jee LN (I) Yu,veV V(a.a)tel : (A(t,u)—A(t,v),u—v) > —c(t)|u—v||F. (8.114)
Then the Cauchy problem (8.4) possesses a unique strong solution w.

Proof. Take two strong solutions ui,us € Wl’p’p/(f; V,V*). Then take (8.4) for
uy and ug such that u1(0) = up = uz(0), subtract it, and put v:= u; — ug, and
integrate over (0,t). By (7.22), one gets

0:/Ot<w7ul—ug>dz9+/0t<ﬂ(u1)—ﬂ(uz),u1—u2>d19

> 2l 0)] — 51 (0) 2 0)| 3~ / e(9) s (9)—uz(9) 3,9 (8.115)

Using the fact that u1(0) — u2(0) = 0 and the Gronwall inequality (1.66) with
y(t) == 3w (t) —ua(t)||3, C:= 0, b:= 0, and a(t):= c(t), we obtain y(t) < 0, and
therefore uy (t) — ua(t) = 0 for any ¢ € I. O

Theorem 8.35 (CONTINUOUS DEPENDENCE ON f AND ug). Let A satisfy assump-
tions guaranteeing existence of a strong solution to (8.1) and (8.114). Then:

(i) The mapping (f,uo) — u : LF(I; V¥)xH — WP (I, V,V*)NL>(I; H),
where u denotes the unique solution to the investigated problem, is
(norm,weak*)-continuous, i.e. it is demicontinuous.

(ii) The mapping (f,uo) — u: L*(I; H) x H — C(I; H) is Lipschitz continuous.

(iii) The mapping (f,uo) — w: L*(I; H) x H — C(I; H) is uniformly continuous
and locally Lipschitz continuous.

(iv) Moreover, V is uniformly convex, the splitting A = Ay + Ag holds with <
satisfying the d-monotonicity (8.53) and @ being totally continuous as a
mapping W — W* with W = Wl’p’p/(l; V,V*)NL>(I;H). Then (f,up) —
w: LP(I;V*) x H — LP(I;V) is continuous.

Proof. As to (i), the a-priori estimates and uniqueness imply immediately the
weak* convergence in W2#'(I;V,V*) N L>(I; H) by paraphrasing the proof of
Theorem 8.9.

As to (i), let us take two solutions wui, us € Wl’p’p'(f; V,V*) corresponding
to two right-hand sides f1, fo € L?(I; H) and two initial conditions ug1, ug2 € H,
abbreviate w12 1= uy — ug, f12 := f1 — f2, and ug12 := up1 — ug2, and then take
again (8.4) for uy,ug, subtract it, put v:= u12, and integrate over [0,t]. Likewise
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(8.115), by (7.22) and Holder’s inequality, one gets
1 2 1 2 t 2
a1 = glnelly = [ 200} 00

< [ (2 )00+ [ atn) - () ao

t t
1 2 1 2

:/ { frz, u12) d0 g/ Sllfizlly + 5 fluz 40 (8.116)

0 0

Using the Gronwall inequality (1.66) with y(t):= |lu12(t)||%, C = ||uoi2|%, a(t):=

1+ 205(t), b(t):= || fr2(t)[|7;, one gets

t
H’I,ng(t)HiI < (H’LLO]QHZ +/ Hle(ﬁ)HiIe_f(? 1+202(9)d9d’t9)
0

s ol 1926309 < (|lugua| 2+ | fral[ 2y gy ) I 0. (8.217)

As to (iii), it suffices to modify (8.116) as fot<f12,’LL12>d’L9 < fOtHquH(% +
2{|lu12/|3;) which allows for usage of the Gronwall inequality (1.66) with a(t) :=
| fi2®)]l + 2¢2(t) and b(t) := || fr2(t)]| g to modify (8.117) to get [Juia(t)||3 <
(luosa By + el el 222 21l

To prove (iv), one can just modify (8.52) so that

1 1
5 w25, + (9 ()= (uz). wra) < 5 Juorall5
+ <f127U12> + <J272(’U,2>—J272(’U,1>7’U,12> =: I1 + IQ + 13. (8.118)

Considering wugy — ugy in H and fo — f1 in LP(I;V*), by Step (i), we know
ug — uy in ¥ weakly®. Then obviously I; — 0 and I — 0. Total continuity
of 5 eventually gives also I3 — 0 and d-monotonicity of 7 gives us — uq in
LP(L; V). O

Now we come to uniqueness of the weak solution, which is an important as-
sertion justifying Definition 8.2 whose selectivity is otherwise not entirely obvious.
The serious difficulty consists in lack of regularity of the weak solution which does
not allow for using it as a test function. Hence, we must use a suitable smoothing
procedure and the proof is much more technical than in the case of the strong
solution. Here we have at our disposal the procedure (7.18) which, unfortunately,
still forces us to impose growth qualification on A corresponding to the strong
solution, so the only extension is in the right-hand side f which is not required to
live in L (I; V*) for Definition 8.2.

Theorem 8.36 (UNIQUENESS OF THE WEAK SOLUTION). Let A(t,-) satisfy (8.114)
and (8.12) with ¢ = p and Z =V be considered. Then the weak solution according
to Definition 8.2 is unique.
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Proof. Take uy,ug € LP(I;V) N L*(I; H) two weak solutions, i.e. both u; and
ug satisfy (8.2). Let us sum (8.2) for u; and ws, smoothen u12 := u;—us by a
regularization procedure with the properties (7.18) with considering uy = 0 there,
let us denote the result as uf4, and then use the test function v as uj, “continuously
cut” at some ¥ € (0, 7], namely

u§y(t) if t <,
u(t) == ’9+§_tu§2(19> if9<t<d+e, (8.119)
0 ift>9+e.

This gives

19 >
/O (A w1 (8)) = At ua (), wia () = (wra(t), dl“{f )

I+e o -
+ / 19+;; ¢ <A(t,ul(t))fA(t,uQ(t)),uiQ(ﬁ»+<ul2(t)7 12(0)> G0,
9
(8.120)

By (8.12) with ¢ = p and Z = V, we have & (u;) € LP(I;V*) for
i=1,2. By (7 18a) and (8. 114) anO fj (t,ur (B)—A(t, us(t)), us,(£)) dt =
fo (t,ur () —A(t, uz(t)), ur2(t) fo t)|lu12(t)]|%dt. By this argument
also limg_,q fﬁ+E Jet t(A(t,ul) - A(t7u2),u12(19)>dt = 0. We further con-

sider ¥ € (0,7] as a right Lebesgue point for uis : I — V to guarantee

lim. ,oe~? f1;9+5u12(t) dt = u12(9), and simultaneously a left Lebesgue point for
(u*,u12(+)) : I — R for any u* € H to guarantee (7.18d) at ¢ = ¥J; here we use a
general assumption that H and V are separable hence the set of such 9’s is dense
in I, cf. Theorem 1.35. Then, by using (7.18b-d),

9 I+e
. duf, ugy (V)
hgn_g(rjlf(/o <u12, m >dt+/ <u12(t), A >dt
9 I+e
s < dujy 1 e
> _
> hggf ( /0 <u12, " >dt + < /19 U12 dt7u12(19)>)

9

d

—lim sup/ <u§2 — Uy9, —= dui, > de
e—0 0 dt

A ST 1
> liminf (5 1us2(0) 13 + 5 luso()]% )
e—0 2 2

ety ([ e duia) - i) 2 Sl @121

3

Now we are ready to lower-bound the limit inferior of (8.120), which gives
Hur2(9)||5 — fo t)|lur2(t)]|%dt < 0 for a.a. o, from which uiz = 0 follows

by the Gronwall inequality (1.66). O



8.6. Application to quasilinear parabolic equations 251

8.6 Application to quasilinear parabolic equations

For € a bounded, Lipschitz, time-independent domain in R™ with the bound-
ary I', we will use the notation Q := I x Q and ¥ := I x I and consider the
initial-boundary-value problem (with Newton-type boundary conditions) for the
quasilinear parabolic 2nd-order equation:

% - ; aixiai(t,x,u,vu) +c(t,z,u, Vu) = g(t,z) for (t,x)€qQ,
v(z) - a(t,z,u,Vu) + b(t,z,u) = h(t,xz) for (t,z)eX, (8.122)
uw(0,2) = ug(z) forz €,
where again Vu := (a%lu,...,%u) and v = (v1,...,v,) denotes the unit

outward normal to I'. In accord with Convention 2.23, we occasionally omit
the arguments (¢,2) in (8.122), writing shortly, e.g., a;(¢,z,u, Vu) instead of

a;(t,z,u(t,x), Vu(t,z)). Also, recall the notation a = (a1, ...,a,). The conven-
tional setting will mostly be based on
V= WhP(Q), H:=L*(Q). (8.123)
The desired reflexivity of V and the compact embedding V' € H then need
2n
1, —— 8.124
N saz

cf. (1.34). Note that it brings no restriction on p > 1 provided n = 1 or 2, but, e.g.,
for n = 3 it requires p > 6/5; cf. Remark 8.42 for the opposite case. This fits with
the abstract formulation (8.1) if A : I x W1P(Q) — WLP(Q)* and f(t) € W1P(Q)*
are defined, for any v € W1P(Q), by

(A(t,u),v):= /Qa(t7x7u(x)7Vu(x))~Vv(x)

+ c(t, z,u(x), Vu(x))v(r) de +/Fb(t,x,u(x))fu(x) dS, (8.125a)

(f(t),v) == /Qg(t,x)v(x) da:Jr/h(t,x)v(w) ds. (8.125b)

r

The strong formulation of the initial-value problem (8.1) now leads to

<%, v>WLp(Q)*XWLp(Q)+ /Qa(t, x,u, Vu) - Vo(z) + c(t, z, u, Vu)v(x) dz

+/b(t,x,u)v(w) dS:/g(t,-)vdx+/h(t,~)fudS (8.126)
r Q r

for a.a. t € I, and u(0,-) = up. Obviously, (8.126) can be obtained from (8.122)
the following four steps:
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1) multiplication of the first line in (8.122) by v € WP(Q),
2) integration over (2,

3) Green’s theorem in space,

4) usage of the boundary conditions in (8.122).

As such, (8.126) is called a weak formulation of (8.122) and a weak solution u is
then required to belong to WL (I; Whe(Q), WP (Q)*).

Alternatively, a very weak formulation (corresponding to what is on the ab-
stract level called the weak formulation, see (8.2) and Table 2 on p. 215) can be
obtained by the following four steps:

1) multiplication of the first line in (8.122) by v(t),

2) integration over @,

3) Green’s theorem in space and by-part integration in time,

4) usage of the boundary and the initial conditions from (8.122).
Thus we have

/u(T, x)o(T,z)dx 4+ / a(t,x,u, Vu) - Vo + ¢(t, x,u, Vu)v — % wdadt
Q Q

+/ b(t, z,u)vdSdt = / gvdadt + / hv dSdt + / uv(0, ) dz. (8.127)
b Q by Q

The very weak solution w € LP(I; W1P(Q)) is then to satisfy (8.127) for all v €
Whoooe (T 7 1hee (), Lp*/(Q))' here we require even Sv € L>(I; LP"(Q)) in order
to express the duality ( v, u) in terms of a conventlonal Lebesgue integral but by
a density argument it extends for test functions used in Definition 8.2 too.

In this section, we focus on the weak formulation (8.126) while the very weak
formulation (8.127) will be addressed in Section 8.7. We are to design the growth
conditions on a, b, and ¢ to guarantee the integrals in (8.126) to have a good sense
and to be in L(I) as a function of ¢. Let us realize that, by (1.33) and (1.63),

LP(I;WhP(Q)) N L¥(I; L2(Q)) ¢ L7 (Q) (8.128)

for a suitable p® > p. To determine this exponent optimally, i.e. as big as possible,
we use Gagliardo-Nirenberg’s Theorem 1.24 which allows here for the interpolation
WhP(Q) N L3(Q) C LY(2), namely

A .
SCGNHUHWlP H ||L2(Q) i —=>A np T T a)

Note that the function A +— ¢1(\) is non-decreasing if WP(Q) C L*(Q),
i.e. if (8.124) holds. Then we can further estimate

T T
ol = [ Mol < Ca [ Mol I

1-))
SCgNHU”%(oo(] LQ(Q))/ HUHWlp dt. (8.130)

np 17X z (8.129)

SE R

HUHLq(Q)
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The last term is bounded if ¢\ < p, i.e. we need % > % = qZ%/\). Obviously,

the function A — g¢2(\) is decreasing. The aim is to choose ¢ as big as possible,
i.e. min(g1 (M), g2(A)) as big as possible, which suggest an optimal choice for A such

that ¢1(A) = g2(\). A simple algebra reveals A\ = 25 and thus ¢ = p%; note

n+2
that indeed A € (0,1), as required in Theorem 1.24. Such ¢ plays the optimal role

of the “anisotropic-interpolation” exponent p®. Thus we put

2
n
cf. also [120, Sect.1.3].

To design optimally the growth conditions of the boundary terms, one needs
an analog of (8.128) for the trace operator

w s uls : LP(I; WEP(Q)) N L%(1; LA(Q)) — L) (8.132)

for a suitable p® > p. Optimal choice of this exponent is, however, quite technical.
We need a version of the Gagliardo-Nirenberg inequality generalizing (8.129) for
the fractional Sobolev-Slobodeckii spaces. Namely, we exploit:

B 1
n

1.6y
T “qi(N)

for 7= max(2,p)

(8.133)

A .Y
H”HWBm(Q) S CZ;NHUHWLP(Q)HUH}:Z(Q) if

with ¢1(\) again from (8.129). This special choice of m makes it relatively easy to
show (8.133) by interpolating the Hilbert-type Sobolev-Slobodeckii spaces®? or by
interpolating the Sobolev/Lebesgue spaces of the same exponent p.3! Then one

30Tf p < 2, we prove (8.133) for m = 2 by using embedding WhP(Q) C WY 2(Q) with v =
(np+2p—2n)/(2p), and then by interpolating the Hilbert spaces W7 2(Q2) and L2(Q), cf. (1.44),
so that we obtain

-\ 1—
1]l 5,00y < KlolRyn 20y 0011200y < K2llvllps, g lolr2 oy

for 0 < 8 < v, which is just (8.133) with A\ = 8/~. Cf. also [78, Lemma B.3] or [79, Lemma 2.1].

31If p > 2, we prove (8.133) for @ = p by interpolating W1P(Q) and LP(Q), cf. (1.44)

. 1—

for k = B, k1 = 1, ko = 0, to obtain H’L)Hwﬁ’p(ﬂ) < K1||UH€V1,Z,<Q>||1)HLPfQ),
interpolate LP(Q) in between W1P(Q) and L2(Q) by using the Gagliardo-Nirenberg inequal-
ity (1.39), i.e. [[vllLe() < K2|lvll i;é‘m with p = ql_l(p) with g1 from (8.129), i.e.
© = (2n—np)/(2n—np—2n). Thus

and then we

vy I

1— B+(1-8 1-8)(1—
1ollyrs.0 0y < K1E3 ™2 ollggh Gy ol s ) "

which is just (8.133) for A = 8+ (1—S)p; indeed, after some algebra, one can verify 1/p— 8/n =
1/q1(X) for the above specified A and p.
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can use the existence of the trace operator on Sobolev-Slobodeckif spaces®?

u— ulp : WH™(Q) — LYT) for ¢ = % (8.134)

From (8.133), we have ¢1(\) > -2 BTr’ so that g < —ql()\). Note that both 8 and
7, determining an auxiliary space W57 (€)), have been eliminated from this esti-
mate of ¢. Altogether, we obtained an estimate ||v||Lsr) < CH’UH}:;()\Q)HUHW1 ()"
Like (8.130), we have

A)
o= [ Byt < 00 [ el e

A)
< O HLolo 1L2(Q))/ Hvuwlpm) dt. (8.135)

Like in the case of (8.130), we need ¢ < g2(A) := p/A and our aim is to choose
m1n(—q1 ()\) g2(\)) as big as possible, which suggests an optimal choice for A
such that 2=1¢1(\) = g2()). From this, we obtain A = 7572535 note that indeed
A € (0,1). From this, we determine ¢ = p/A which plays the optimal role of the
“anisotropic-interpolation” exponent p® in (8.132). Thus we obtained

2p —2 2 2
p® ::M provided p > nte

1
- psE (8.136)

cf. also [78, 83] for p < 2 and [79] for a general case.>* To compare all introduced
exponents, we have

p <p® <p*, .

provided (8.124) holds, (8.137a)
p <p® <p*, }
p <p® <p%, (8.137b)
p <p* <p% (8.137¢)

note that the last inequality is even strict if p < n and that (8.124) is needed for the
latter inequalities in (8.137a). If p > 3n/(n+2), we have also p® < p# so that then

32There is a trace and subsequent embedding operator u — u|p : W™ (Q) — WA~L/™m(T) C
L4(T") for a certain g > 2 sufficiently small whenever 8 —1/m > 0, i.e. whenever 7 > 1; cf. [302]
for m = 2 or [79] for a general  based on [408]. In analog with the exponent in Theorem 1.22, now
considered for f—1/7, 7, and n—1 respectively in place of k, p, and n, one can easily calculate
q as specified in (8.134).

33The restriction on p in (8.136) comes from q > 2 needed in (8.134) for m = 2; note that it
only yields p? > 2 and 8 > 1/2. This restriction is rather related with the particular ansatz used
for 7 in (8.133), yet the extension of p® for lower p’s satisfying (8.124) seems to be unjustified in
literature. Anyhow, some anisotropical trace space can be identified even for small p satisfying
only (8.124) in [78, Lemma B.3].
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p < p? < p® < p# < p*. As an example in the “physically” relevant 3-dimensional
situation, for linear-like growth p = 2, the exponents worth remembering are:

8 10

n=3 = 2<2@:§<2®:§<2#:4<2*:6. (8.138)

The natural requirement we will assume through the following text is that

a:Q x (RxR") — R",
c:Q x (RxR™) —» R, are Carathéodory mappings. (8.139)
b:¥Yx R—R

The growth of a, ¢, and b fitted to (8.126) is to be designed so that the corre-
sponding Nemytskil mappings .4;, 4., and .4}, work as Lp®(Q) x LP(Q;R"™) —
LP(Q:R™), L*°(Q) x LP(Q; R™) — L*°(Q), and LP®(2) — LP* (%), respectively.
This means

At,w) + ClrP™ /7 + ClsP™!, - (8.140a)
Iel’’(Q), CeR: |clt,z,r,s)| < ~(t,z)+ Clr[P"~ +C|s|p/p . (8.140D)

Iy e LP®(%), CeR: |b(t,z,r)| < 7t z)+ ClrP®~ (8.140c)

I el(Q), CeR: |a(t,a,rs) <
®

Lemma 8.37 (CARATHEODORY PROPERTY OF A). Let (8.139) and (8.140) be valid.
Then A : IxWHP(Q) — WhHP(Q)* defined by (8.125a) is a Carathéodory mapping.

Proof. Note that, as p® < p* and p® < p, (8.140) implies, in particular, that
a(t,”) : A x (RxR") - R* b(t,): I'xR =R and ¢(t,:) : 2 x (RxR") - R
satisfy the growth conditions (2.55) with € = 0 for a.a. ¢t € I. Taking ¢ such that
(2.55) applies with € = 0 and considering uj, — u in W1P(Q), we can estimate

| A(t, ux) — A(t, u) lep @ = sup /(a(t,m,uk(x)7Vuk(x))
<iJa

lollw1, P (Q) =

— a(t,z,u(z), Vu(z))) - Vo(z) + (c(t, 2, up(z), Vug(z))

— ct,z,u(z), Vu(z)))v(z) dz + /F(b(t,x,uk(x))fb(t,x,u(x)))v(x) ds
< [ Ay (e, V) = A (w, VU’)HLP’(Q;R")
+N1H/ uk,Vuk) Ji{:(t,i)(mVu)HLp*,(Q
+ No|| A, (ur) — A, ()

)
HLP#/(F)
where Ni and Nj stand respectively for the norms of the embedding WP (Q) C

LP'(Q) and of the trace operator u + u|r : WEP(Q) — LP”(I'). By continuity
of the Nemytskii mappings .45y, Apt,.), and Ag ..y, the continuity of A(t,-) :
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WhP(Q) — WP (Q)* follows. More specifically, here we used the embeddings and
the continuity

’

. et / .
LP ()X LP(R™Y) € LP° ()X LP(LRY) — 12°(Q) ¢ 177(Q)

and an analogous chain for A .

trace () p ,
wir(Q) — (1) c (1) — LP7() c LP(D).

Also, t — (A(t,u),v) is measurable. As W1P(Q) is separable, by Pettis’ Theo-
rem 1.34, A(t,) is also Bochner measurable. Hence A : [ x WHP(Q) — WP (Q)*
is a Carathéodory mapping, as claimed. O

For the usage of the Galerkin method, we consider a (nonspecified) se-
quence of finite-dimensional subspaces V of W1P(Q2) and the respective semi-
norms on WHP(Q)* creating a locally convex topology, referred to by the notation
(WLP(Q)]f.. We first confine ourselves to a lesser growth of the lower order terms,
leading to the growth condition (8.80) and allowing for a more direct usage of the
abstract theory from Sections 8.2 or 8.4.

Proposition 8.38 (PSEUDOMONOTONICITY OF ). Let the assumption (8.139)
hold and a : Q x R x R™ — R"™ satisfy the Leray-Lions condition

(a(t,z,r,8) —a(t,x,r,5)) (s—38) >0, (8.141a)
(a(t,z,r,s) —a(t,z,r,5) (s—8§) =0 = s=35, (8.141b)

and a strengthened growth condition (8.140) hold with some ¢ >0 and C <+4o00:

Iye L (Q) : lat, 7, 8)| < y(t,x) + Clr| 7 =/P" L C|s|P~1, (8.142a)
e LV (L LY (Q) : lelt, z, 7, 8)| < vt z)+Clr[P" /P +Cs[P, (8.142b)
Iye LP(I; L7 (1)) - |b(t,x,r)\ ~(t,z) + C|r[P®/7 . (8.142¢)

FEventually, let the coercivity

a(t,x,r,s) - s+ c(t,z,r, 8)r > cols|P — ci(t, x)|s| — ca(t)r?, (8.143a)
b(t,x,r)r >0 (8.143b)

hold with some c¢o > 0, ¢1 € LP(Q), and cy € L'(I). Then < : W —W'*, with ¥
from Lemma 8.8 or 8.29, is pseudomonotone in the sense (8.35).

Proof. The condition (8.124) implies p® < p* and p® < p#, and therefore (8.142)
guarantees that A(t,-) : WhP(Q) — WP (Q)* for a.a. t € I.

Then we use Lemma 2.32 to show that A(t,-) is pseudomonotone; note
that the coercivity (2.68b) is implied by (8.143) and (8.142b) similarly as
in Remark 2.37. Considering the choice (8.123) together with the seminorm
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[vly := ||V Lr(amny, (8.143) implies the semi-coercivity assumption (8.95) with
Z =V =WbtP(Q). Indeed, for any v € WHP(Q), we have

(A(t,v),v) = /Qa(v, Vo) - Vv + c(v, Vo)v dz + / b(v)vdS

ZCOHV’UHIZ,P(Q;R” et HLP(Q)HVUHLP(QRTL)_CQ(t)H”H2L2(Q) (8.144)

which verifies (8.95). Then, the inequality (8.9) just turns to be (1.55) with ¢ = 2.

We still have to verify the growth condition (8.80). As to (8.142a), we can
here, for simplicity, consider even € = 0, i.e. (8.140a), and use an interpolation as
follows:

sup / a(t,u, Vu) - Vodz < sup (ny(t, ~)HLP,(Q)
”’UHWIaP(Q)Sl Q ”")HWI,P(Q)Sl

+C|| ful? + O IVl ™| iy ) V0l oz

()
@ /o1
= H’Y(t“)HLI” +CHUH§/J§ZQ) +CHVUHLP(QR"

®
< 7 oy + Cllellisiey” ™ ulliastey + €UVl

g (8.145)

LP(Q R™)

provided A = n/(n+2) as used already in the derivation of (8.131). After an
algebraic manipulation we come exactly to Ap®/p’ = p — 1, hence the right-hand
side of (8.145) turns to

Np® /v’ -
I oy + Cll oy " Nl gy + ClIVul e
< max (1, C'u H b /\)p " C)(H’Y(t")HLP'(Q)+HVUHLP(QRn) (8.146)

which is already of the form (8.80). As to (8.142Db), we estimate:

sup / e(t,u, Vu)vde < sup (H HLP*,
Q

H“HWLIJ(Q)Sl HUle p(n)

+ O lul? sy OVl @) 9]l o gy
®/ /
< N(|l(, ')HLP*’(Q) + Cul iﬂZ*'/p’(Q) + CHVUHLW@ D (@ ]R"))
Ap® /p’ (1- >\) © /'
< N (I ooy + Nl ey el oy + OV 190l g )
(8. 147)

with NV the norm of the embedding W'?(Q) C LP (), N; containing the constant
from the Gagliardo-Nirenberg inequality and the norm of the embedding LP” Q) c

LP°?7'/7(Q), and with Ny the norm of the embedding LP(Q) ¢ LP”'»=1(Q). Using
again A\ = n/(n+2), we arrive to A\p® /p’ = p — 1 and thus (8.147) again complies

with the growth condition (8.80).
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Analogously, the boundary term can be estimated as

sup /b(u)vdS < sup (2, ) + C’|u\
r

HU”WI,p(Q)Sl HU”vvl,p(Q)

2/’
< N ([ ey + Cllall e, m)

(r)H”HLP#(r)

< N (I ey + CMllull ey ™) (8.148)
with N being the norm of the trace operator W1P(Q) — rr* ("), and Ny con-
taining the constant from the inequality (8.135) and the norm of the embedding
LF°(I) Lp@p#//p/(F). Using A = np/(np+2p—2) as we did for derivation of
(8.136), we arrive to Ap® /p’ = p — 1 and thus (8.148) again complies with the
growth condition (8.80).

The pseudomonotonicity of & now follows by Lemma 8.8 or 8.29. g

For the optimal treatment of the lower-order terms, one should realize that
the growth condition (8.80) is fitted to boundedness of o7 : # — L¥'(I; W2 (Q)*)
and is only sufficient for the boundedness of &/ : # — #*. This weaker bounded-
ness and also the related pseudomonotonicity can be ensured by a weaker condition
than (8.140b,c), closer to natural growth conditions (8.140):

Proposition 8.39 (PSEUDOMONOTONICITY OF &7: A GENERAL CASE). Let the as-
sumptions (8.139), (8.141), (8.142a) and (8.143) hold and, with some € >0 and
C<4o00:

IyeLP°TQ) et 1, 8)| < At 2)+C|r[P” 14 Cs| P92 (8.149a)
e lP(2):  |bt,z,7)| < At 2)+CrPT L, (8.149b)
Then o - W —W*, with W from Lemma 8.8 or 8.29, is pseudomonotone.

Proof. The boundedness of < : # — (LP(I; W™P(Q)) N L>(I; L*(Q)))* C #* is
to be proved by an easy combination of the growth conditions (8.142a) and (8.149)
(even used with e = 0) and the above interpolation. E.g. for the contribution of ¢,
we can modify (8.147) to estimate:

sup / c(u, Vu)v dzdt < sup (||7||Lp®/(Q)
”UHLIJ(I wlp@)> <1 Q HUHLP(I;WLIJ(Q))SI

ol Loo (r;02()) <1 vl Loo 12y <1

+ CH ‘u|p®_1HLP®/Q +C Wu‘p/p® HLP®’(Q))H”HLP®(Q)

< s Cox (Mt + Cllullse i
HUHLIJ(I;Wl,p(Q))Sl
ez =1 + C”v“H%pQ ;R™ )H HLP(I Whe(Q)) H HLoo I;L%(Q2))
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< Conl om0yt CACIIL i o ] Sty + ConC IVl

LW1p(Q)) Loo(I;L2(Q)) Q;R™)

(8 150)

with A = n/(n+2) as used for the derivation of (8.131) and C, from (8.130).
This shows the term bounded on bounded subsets of 7. Analogous calculations
work for the contribution of the boundary term b.

Then the condition (2.3b) can be proved directly for &/ by paraphrasing
Lemma 2.32, without using Lemma 8.8 or 8.29 and replacing the coercivity
(8.143) by the coercivity of a(t,z,r,-) like (2.68b). Instead of the compactness
of u s (u,ulr) : WhP(Q) — LP"~¢(Q) x LP" ~¢(T") used in Lemma 2.32, we must
use the “interpolated” Aubin-Lions lemma 7.8 (possibly with the modification by
employing Corollary 7.9) with Vo := W!=€P(Q), H := L?(Q), V4 := LI(Q) for
g ' =11-N)+ X/ ((p—e1)"'=n1), cf. (1.23). Here we use the compact embed-
ding WhP(Q) € Wi=<P(Q) for any €; > 0, see (1.42) for the definition of the
Sobolev-Slobodetskif space W' ~<?(Q). Thus we obtain # € LP/*(I; L9(R)). The
optimal choice of A € (0,1) is A = n/(n+2)—ez, which gives that p/\ = ¢ = p® —e.
This yields an “e-modification” of (8.130) and thus the concrete form of (7.39) as

A
H“’f_uHLP/A(I;Lp@ @) = Cla[[un— “HLOo I.L2( ))Huk—uHLP(I;Wl*fl»P(Q)) —0
(8.151)

for any weakly™ converging sequence u, — u, which altogether yields
up —u  in LP°TYQ) (8.152)

with p® from (8.131) and € > 0 provided €; > 0 is sufficiently small (with respect
to € > 0). Furthermore, we can modify analogously (8.135) and claim that

wils = uls i LPPE(R). (8.153)

Then, by the continuity of the Nemytskil mappings 4, (. v.) and A3, we get
a(ug, Vv) = a(u, Vo) in LP(Q;R™), cf. (8.142a), and b(ug) — b(u) in Lp@(Z).
Eventually, by arguments (2.85)—(2.90) on p.52 applied on @ instead of 2, one
obtains also c(ug, Vug) — c(u, Vu) in L7 (Q).34 O

Proposition 8.40 (EXISTENCE OF A WEAK SOLUTION). Let the assumptions of
Proposition 8.39 be valid and let g € LPI(I; LP*/(Q)), h e LT’/(I; LP#(F)), and ug €
L2(Q). Then the initial-boundary-value problem (8.122) has a weak solution.

Proof. Tt just follows from the abstract Theorem 8.9 or 8.30 possibly (i.e. if the
growth of b and ¢ is indeed higher than (8.142)) based directly on Proposition 8.39
instead of Lemma 8.8 or 8.29. 0

34To be more precise, € > 0 in (8.153) to be chosen small enough depending on ¢ > 0 in
(8.149b).
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Remark 8.41 (Modifications). The above Propositions 8.38-8.40 bear various
modifications. E.g., if a(t,z,r,-) is merely monotone (not strictly), then, as in
Lemma 2.32, ¢(t,x,r, ) has to be affine but growth restriction (8.142b) can be
slightly relaxed. Also the coercivity assumption (8.143) can be modified. E.g.,
b(t,z,r)r > —cs(z) — Clr[P=¢ with C,e > 0 and c3 € LY(I') leads just to
a simple modification in derivation of the above a-priori estimates. Moreover,
we can consider g € L'(I;L?*(Q)), and thus also g € Lp®/(Q) because, since
LP(I;WhP(Q)) N L=(I; L2(R)) is densely embeded into LF® (Q), also LP*(Q) C
LP(I; W(Q)*) + LY(I; L2(€2))). Similarly, also h € L*®(5) can be considered.

Remark 8.42 (The case 1 < p < 2n/(n+2)). If (8.124) does not hold, the
choice V = W1P(Q) N L*(Q) and H = L*(Q) guarantees trivially V C H.
For example, the Laplacean —A, remains semicoercive in the sense (8.10) if
[vly = ||V Lr(ern) is chosen. Now V' & H but V € L*~¢(2) for any € > 0,
which can again be used for lower-order terms through Aubin-Lions’ lemma.

Remark 8.43 (Full discretization). One can merge Rothe’s and Galerkin’s method,
obtaining thus a full discretization in time and space which can be implemented
at least conceptually®® on computers. Let 7 > 0 be a time step and | € N a
spatial-discretization parameter.’” Define uf € V; c WHP(Q), k=1,...,T/, by
the following recursive formula:

uk — kot
[ Bt ko V) -
Q

(ot ) - )ode + [OhGad) —rvds =0 (8150
N

for any v € Vj, with the initial condition u) = wug, where ug; € V; is defined®®
by fQ(um — up)vdx = 0 for any v € V}, and where the Clément zero-order quasi-
interpolation of the coefficients is defined by

1 kT 1 kT

af(x,r,s):= —/ a(t,x,r,s)dt, bF(x,r):= —/ b(t,x,r)dt, (8.155)
T J(k—1)r T J(k—1)r

and analogously for c¢¥. In the previous notation (8.81), we would define A* :

Whe(Q) — WhP(Q)* by

(AF(u),v):= /Qaf(:c,u,Vu) Vv + (2, u, Vu)v d:L'Jr/be(:c,u)vdS. (8.156)

35The dual space to LP(I;WLP(Q)) N L (I; L?(R)) contains L>°(I; L2(Q))* but, in fact,
r® (Q) lives in a smaller space involving L(I; L?(£2)) instead of L (I; L2(2))*.

36 At this point, various numerical-integration formulae usually have to be employed in (8.154)
and (8.155). Also, we assume that the resulting system of algebraic equations can be solved
numerically.

37With only a small loss of generality, Vj as a finite-element space with the mesh size 1/I,
cf. Example 2.67.

38In other words, ug; is the L?(Q)-orthogonal projection of ug.
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Remark 8.44 (Projectors Pj). The projectors Pj(u) := Zle (Jo wvidx) v; (cf.
(8.100)) that can alternatively be used in the abstract Galerkin method can now
employ v; € WJ2(2) € WHP(Q) (which requires 7 > 1+ n(p—2)/(2p)) solving the
eigenvalue problem

AT’UZ‘ = )\ﬂ}l . (8157)
Moreover, we can assume that v; makes an orthonormal basis in L?(Q2) and v; /v/A;
an orthonormal basis in W;*?(€2). Then the projector P, is selfadjoint, and

Hpka(LQ(Q),LQ(Q)) <1 & Hpkug(wgﬂ(g),wgﬂ(g)) =1. (8.158)

The second estimate then can be used to get the a-priori estimate3?

H O <c. (8.159)

ot
Remark 8.45 (Pseudomonotone memory: integro-differential equations). For a
Carathéodory mapping f : [@Q x Q] X R x R™ — R one can consider the nonlinear
Uryson integral operator (u,y) — ((tx) — fQ f(x,t,f,ﬁ,u(g,ﬁ),y(f,ﬁ))dfdﬁ)
which is, under certain not much restrictive conditions?®, totally continuous as a
mapping LP(Q;R") — LPI(Q) and, as such, it is pseudomonotone, cf. Corol-
lary 2.12. Thus one can treat e.g. the integro-differential equation

LP(LW=72(Q))

Ou _ div (|Vu[P~*Vu) +/ f(z,t, &9, u(E,9), Vu(E, 9)) dédd = g.  (8.160)
ot 0

8.7 Application to semilinear parabolic equations

In this section we focus on the very weak formulation (8.127) in the special case
when a(t,z,r,-) : R = R™ and ¢(t, z,7,-) : R® — R are affine, i.e.

ai(t,z,r,s) = Zaij(t,x, r)s; + a(t,x,r), i=1,...,n, (8.161a)
j=1

c(t,x,r,s) = ch(t,x,r)sj + colt,x,r), (8.161b)
j=1

39Unfortunately, W1P(Q) is not an interpolant between L2(Q) and W72(Q) so that the in-
terpolation theory to get the estimate HPkHE(Wl,p(Q),Wl,p(Q)) < 1 cannot be used.

40Namely, the growth condition |f(z,t,&,9,7,8)] < yo(z,t,&,9) + v1(x, t)(|r|P + |s|P) with
Yo € Lp/(Q; LY(Q)) and 71 € Lp/(Q) and the equicontinuity condition:

Ve>0: lim / '/ flz,t,&,9,u(€,9), y(§,9)) d{dﬁ\p/ dzdt = 0.
Ql/Ja

sup
[A]—=0 lullLp(g)<c

lvllLp(@irn)<c

We refer to Krasnoselskil et al. [238, Theorem 19.3]. The latter condition is fulfilled, e.g.,
if the growth condition is slightly strengthened, namely [f(z,¢,&,9,7,5)] < ~o(z,t,&,9) +
7 (z, t)(|r|P~¢ + |s|P~€) with some € > 0 and o in the form g . ~0;(&, )70 (2,t) with

~or € LM(Q) and 7o € LP(Q).
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with a;5, ¢; : @ xR — R Carathéodory mappings whose growth is to be designed to
induce the Nemytskil mappings (o, ...ain)> Her,..oen) L2®7E(Q) — L*(Q;R")
and A, ey + L2°7¢(Q) — LY(Q) with ¢ > 0 and with 2® := 2 + 4/n, which
corresponds to (8.131) with p = 2. Besides, the boundary nonlinearity b : ¥ xR —
R is now to induce the Nemytskii mapping A4 : L2(I; L2 ~¢(I')) — L!(X). This
means, for ¢, =1,...,n,

Iy € L2(Q), CE€R:  lag(t,z,r)| <yt z) + Clr|@° /2,

le;(t 2, 7)| <mi(tz)+Clr|7=9/2 (8.162a)
312 € LXQ), CeR:  law(t,a,r)| < y2(t,a) + Clr2”

lco(t, 2, 1) < Yo(t,z) + Clr2° ¢, (8.162b)
Iy el (), CeR:  |bplt,z,r)| < st x)+Cr|2. (8.162¢)

The exponent p = 2 is natural because the growth a(t, x,r,-) is now linear. Note
that these requirements just guarantee that all integrals in (8.127) have a good
sense if v € Whoooo (I Wheo(Q), L27(Q)).

Lemma 8.46 (WEAK CONTINUITY OF 7). Let (8.161)—(8.162) hold. Then < is
weakly* continuous as a mapping

WHANE W2 (Q), W (@) 0 L1 L) = L2 (W)

Proof. By the Aubin-Lions lemma, we have the compact embedding
w2 wh2(Q), Wh2(Q)l;,) € L*(I;W'=2(Q)) for any ¢ > 0. Tak-
ing ¢4 > 0 suitably small, for some 0 < A < 1 we have the interpola-
tion estimate [ull .0 < Cllull} L2(nwi- 612(9))||u||L0C(1 12(ny) for any u €
LA(L; W2 0 L°°(1; L2(Q)); cf. also (8.151). Hence, having a weakly* conver-
gent sequence {u }ren in L2(1; WH2(Q))NL>(I; LZ(Q)) with {dtuk}keN bounded
in LY(I; [Wh2(Q));
the continuity of the Nemytskil mappings A{q., ... aim)s Her,en) L2®*E(Q) —
L2(Q:R™) and A, Ao, : L2°7¢(Q) — LY(Q), it holds that

/ Z <Za” uk +alo(u1c > <Zc] uk +Co(uk))vdxdt
(ch +co( )>vdxdt

ﬁ/z<z% 4%0)

for k — oo and for any v € L>(I; WH>(Q)). As in (8.153), we have now ux|s —

u|y in L=<z ¢(¥) and, by (8.162c), we have convergence also in the boundary term
Js blug)vdSdt — [ b(u)v dSdt. O

), this sequence converges strongly in 2° ~¢(Q). Then, by

lcs
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Proposition 8.47 (EXISTENCE OF VERY WEAK SOLUTIONS). Let (8.161)—(8.162)
hold for some v1 € L**¢(Q), 72 € L'*4(Q), and 73 € LY*T<(X). Moreover, let
g € LA(I; L¥(Q)) + LY(I; L3(Q)), h € LA(I; L**'(T)), and, for somee > 0, v1 €
L3(I), v2 € LYQ), v3 € L*(1), 74 € L'(T), and for a.a. (t,x)€Q (resp. (t,z)EX
for (8.163)c) and all (r,s) € R'™™ it holds that

n n
Z (Zaij(t,x,r)sj + aio(t,x,r))si > e|s|® — y1(t)]s], (8.163a)
=1 j=1

( ci(t,x,r)s; + co(t,x,r)>r > —ya(t, ) — ’73(t)‘T‘2 — 0\8\275, (8.163b)
J=1
b(t, z,r)r > —ya(x) — Clr[*~=. (8.163c)

Then the initial-boundary value problem (8.122) has a very weak solution.

Proof. We can use the abstract Theorem 8.31 now with V = Wh2(Q),
Z = Wh>(Q), and Vj, some finite-dimensional subspaces of W1 (Q) satisfy-
ing (2.7).*! The semi-coercivity (8.95) is implied by (8.163) by routine calcula-
tions.*? Moreover, (8.162) implies the growth condition (8.109) with p = 2 and
q < +o0, which ensures boundedness of & from L*(I; W12(Q)) N L>°(I; L*(2))
to L1Te(I; W (Q)*) with some € > 0 (possibly different from e in (8.162)), as
required in Theorem 8.31. Indeed, using (8.162a,b) for simplicity heuristically with
€ = 0, we obtain

<1/ Z Zam —l—alo( )) g;ldx

”UHW1 o0 () S
v
<3 (Smm Mu)) o
=1 j=1 tIlL(Q)
< Z laij (W)l L2 @) | VUl L2 rn) + llaio ()| 1 (@)
i,j=1
"1 20+C?
< 32 Sl M+ Ia(t Mo+ Ze el g + IVl me
i,j=1
1-1)2® 2
Now we estimate by interpolation*3 HuHL2®(Q) < ||u||(LZ(Q§ HuHWl,Q(Q) for A =

41Recall that one can consider finite-element subspaces as in Example 2.67.

2We have (A(t,v),v) = fQ ?:1(2?:1 a,'j('u)aaij + aio(v))% + 2?21 Cj('u)%'u +
o0 o B 48 2 V0l g1y b0~ 1901 ) 1300 i~

73(t)||vHi2(Q) CHVUHLz < (R™) = lvallprry = C’||V1)||L2 - () and then we can obtain (8.95)

by Young inequality.
1-2)2® ® . — . .
43By (1.23), HuHLZ® @ = ||u||(LQ(Q)) ||u||2g* @ provided %(1—/\) + /\”2—n2 =29 which yields

A =n/(n+2) and A\2® = 2 as used (8.131) for p=2.
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n/(n+2), from which already the estimate of the type (8.109) follows. The contri-
bution of > ", cl(u) u + co(u) follows from essentially the same calculations.
Under the condition (8 162(:) the contribution of the boundary term b is analogous,

based on the interpolation of the trace operator ”u”ﬁ@r < lu ||(Ll2(3) HuHW1 2(0)
with A = n/(n+1) for which \2% = 2 as used already for (8.136). O

Corollary 8.48 (WEAK SOLUTIONS). Let, in addition to the assumptions of Propo-
sition 8.47, also g € L*(I; L*" () and the growth condition (8.142) with p = 2
hold. Then there is a weak solution to the initial-boundary-value problem (8.4).

Proof. Tt suffices to merge Proposition 8.47 and Lemma 8.4. O

8.8 Examples and exercises

This section completes the previous theory by assorted, and often physically moti-
vated, examples together with some exercises accompanied mostly by brief hints.

8.8.1 General tools

Exercise 8.49. Assuming V separable, £ € L?(I; V*), and fo ,0(t))vexydt =0
for any v of the form v(t) = ¢(t)zi, g € LP(I), {#}ien dense in V, show that
£(t) = 0 for a.a. t € 1.** Cf. Proposition 1.38.

Exercise 8.50. Modify Theorem 8.18 for ¢ = 0 in (8.69¢) but, on the other hand,
assuming f € WH1(I; H) in (8.69a). Only the estimate u € WH°°(I; H) can thus
be obtained.

Exercise 8.51 (Continuous dependence on the data). Consider a sequence
(frsuor) = (f,uo) in LP(I;V*) x H and prove the convergence of the corre-
sponding solutions as claimed in Theorem 8.35(i).

Example 8.52 (The case of A(t,-) : V — V* monotone). If A(¢,-) is monotone,
radially continuous and satisfies the growth condition (8.80), then &7 is pseu-
domonotone even as a mapping LP(I; V)N L>(I; H) — LPI(I; V*), i.e. no bound
on the time derivative is needed. Indeed, <7 is obviously monotone and is bounded
because

T / 1/p
/@l = ([ 14Gu@)F. )

T _ (p—=1)/p
J(p—1) _\p/(p—1)
< ([ el (o) + Juton )"
< 2P ()| oo (.21 ) (Il oy + H“Hma %) ) (8.164)
4Hint: Fixing z;, realize that fg(f(t),v(t))v*xvdt = fo g(t)(€(t), zi)v=xvdt = 0 for all g

implies (£(t), z;)v+xv = 0 for a.a. t € I. This holds true even if z; ranges over the countable set
{zi}ien. As this set is dense in V, £(t) = 0 for a.a. ¢t € I.

’
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where v and € is from (8.80). Moreover, o/ is radially continuous because, for

any u,v € LP(I; V)N L>®(I[; H) and for a.a. t € I, (A(t,u(t) + ev(t)),v(t)) —
(A(t,u(t)),v(t)) because A(t,-) is radially continuous, and thus

(e (t,u+ev),v /<Atu )+ eu(t)), o(t)) dt
R / (At u()), () dt = ((t,u),0),  (8.165)

by the Lebesgue Theorem 1.14, where we used also the fact that the collection
{t = (At u(t) +ev(t)),v(t)) }.cpo,e,) has a common integrable majorant because,
in view of (8.80),

(At u(t) + 0(t)), v(E)| < | ACu(t) + o). + [[o@)]|F
< €(|lutev] poer.my) (V) + Hu(t)+sv(t)”1‘o;l)pl+ Hv(t)Hff

< 2 e(|full ooy +ollo | Lo i) (YO Hw @I +25 @) + @],

Then «7 is pseudomonotone by Lemma 2.9.

Example 8.53 (Totally continuous terms). Let V4  V and A: I x V3 — V* be a
Carathéodory mapping satisfying (8.80) modified by replacing V' with V4, i.e.

JyeLP(I), €R—R increasing : ||A(t,v)|,.. <C(lv]lm) (v(®)+]vl5 ). (8.166)

Then the abstract Nemytskii mapping & : # — Lpl(I ;V*) with # from
Lemma 8.8 or 8.29, is totally continuous. Indeed, having a sequence up = u
in #, by Aubin-Lions Lemma 7.7 or its Corollary 7.9, uy, — w in LP(I;V1). Then,
using ||A(t, uk HV*_ (t)+||uk||{'/1_1) with C' := €(supyey |[urll Lo (7; 7)) and The-
orem 1.43, we obtain 7 (uy,) — <7 (u) in LP(I;V*).

Exercise 8.54. Assume A as in Example 8.52 and prove the convergence of the
Rothe method directly by Minty’s trick in parallel to Remark 8.32.

Exercise 8.55. Assuming (2.7) and relying upon [J, oy C*(I; Vi) being dense in
WP (I;V,V*),* prove density of .y L (I; Vi) in LP(I1; V) N Lo(I; H).*6

Exercise 8.56. Consider the Galerkin approximation uj to the abstract Cauchy
problem (8.1) with data qualification (8.60), and prove the boundedness of {u}r>o0

45This density follows by Lemma 7.2 and by the famous Weierstrass theorem giving a possibility
of approaching each function C'(I; V) by polynomials in ¢ with coefficients in V', and eventually
by approximating these coefficients in Vj, with k sufficiently large; see e.g. Gajewski at al. [168,
Sect.VL.1, Lemma 1.5] for details.

46Hint: Use approximation by C1(I;Vi) with k sufficiently large in the topology of
Wl’p’p/(l; V,V*), and then continuity both of the embedding lef”’p/(I;V,V*) C L°°(I;H)
by Lemma 7.3 and of the embedding Wl’p’p/(]; V,V*) C LP(I; V). Cf. also Lemma 8.28.
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in WH2(I; H) N L*(I;V).*" Note that, now, ® in (8.60c,d) need not be assumed
convex.

Exercise 8.57. Consider uy, as in Exercise 8.56 and the data qualification (8.69),
and prove the boundedness of {uy}x~o in WH(I; H) N WH2(1; V)48

Exercise 8.58. Show the convergence of u, from Gear’s formula (8.78). Modify the
proof of Theorem 8.16(ii).*°

Exercise 8.59. Modify Remark 8.32 for totally continuous perturbation mentioned
in Example 8.53.59

Exercise 8.60. Prove the interpolation formula (1.63) by using (1.23) and Holder’s
inequality.®?

Exercise 8.61. Prove that all integrals in (8.126) and (8.127) have a good sense.

Exercise 8.62. Modify the estimation scenario (8.64) by requiring the (possibly
non-polynomial) growth condition ||Az(u)|lg < C(14||u||g+®(u)'/?) instead of
(8.60d), assuming (without loss of generality) that ® > 0.

8.8.2 Parabolic equation of type Su—div(|VulP?Vu)+c(u)=g

The following examples are to be considered as a detailed scrutiny of estimation
technique on a heuristical level. Rigorously, it works if we assume that a solution u
with appropriate qualitative properties has been already obtained. Adaptation to
the Galerkin method is simple, and to the Rothe method is, in view of Sections 8.2—
8.3, also quite routine.

Example 8.63 (Monotone parabolic problem: a-priori estimates). For p € (1, +00)
and q1,q2 > 1 specified later, let us consider the initial-boundary-value problem:
ou

i div(|VulP7?Vu) + [u|" Py = g  inQ,
V|~ 28 +‘u|q2 2, — b onY, (8.167)

u(0,) = wo in £,

where g € LP(I; LP"(Q)) and h € L¥(I; LT’#I(F)). We will prove the a-priori esti-
mates on the heuristic level.

47Hint: Modify the proof of Theorem 8.16(i).
48Hint: Modify the proof of Theorem 8.18(i).
49Hint: Realize that % ul c(lit — 0in L?(I; H) due to the by-part formula (u} —u-, %go} —
0 for any ¢ € 2(I; H) because of ||u —ur HLQ(I ) = O(7) which is to be proved by a modification
of (8.50) and by using the boundedness of {dt urto<r<r, in L2(1; H).
50Hint: Generalize the proof of the “steady-state” Proposmon 2.17 for the evolutionary case.
51Hint: By (1.23), |lv(- Mra) < llv O e (Q)H ()||Lq2 ) and then integrate it over I and

use Holder’s inequality with the (mutually conjugate) exponents p1/(Ap) and pa/((1—\)p).
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(1) Following the strategy (8.21) for f = f1, we use a test by wu(t, -) itself:

1d
sl + 1Vl n @y + 1l s gy + Tl

= [ uaz+ [ 1as < N (ol iy + 1l o) oo
< NCP(HQHLP*’(Q) + HhHLP#’(r))(HVUHLP(Q rmy T HUHLQ(Q))
< C. N?' Cp HgHLp*,(Q) + HhHLP#/ "+ EHVU’”LP (;R™)

NC
sy F 1Bl ) (U [l (8.168)

where N is greater than the norm of the embedding/trace operator u — (u, u|r) :
Whr(Q) — LP(Q) x L (T"), and where we used the Poincaré inequality in the
form [Ju(t, )|lwir) < Co([[Vult, )|l rrny + |t )| L2(q)), cf. (1.55). This,
after choosing ¢ < 1, using the Gronwall inequality, and integration over [0,77,
gives the a-priori estimate for u in LP(I WhP(Q)) N L>®(I; L*(Q)).

(2) The estimate for 2w in LP (I; WhP(Q)*) requires assumptions on ¢, and
g2. In detail, imitating the scenarlo (8.23), we estimate:

<%,v> = / gv — |VulP~2Vu - Vo — |u|? ™~ 2uv dedt

Vo L)

+/( — [u|® " 2u)v dSdt < HW\U,QR”
b

+ ™ 7 oz [0l o,y
Al oo ol oo (o9
n HQHLP’(I;LP*'(Q)) HUHLP(I;LP*(Q))—i_ HhHLp/(I;LP#l(F)) HUHLP(I§LP# (m))° (8.169)

This needs ¢; < p and g2 < p. Thus we get the estimate of g; o Spuin LP (I WP (Q)*).
A weaker bound for g; can be obtained by interpolation to exp101t also the infor-
mation u € L*(I; L%(Q)):

T . o/t O\ M
| |u‘q171HLP'(I;LP*’(Q)) = </0 / Ju(t, z)| o= dx) dt)

= [l Foras - iy < Clell s s llull iy (:170)

provided ¢; and A € [0, 1] satisfy

>

1 A(n—p) 1-X 1
> + and —— > —. 8.171
p*'(q1—1) np 2 P(@—1) ~ p ( )

These inequalities are upper bounds for ¢;. If p < 2n/(n+2), i.e. p* < 2, the
optimal choice of \ is simply A = 0, and then (8.171) implies ¢; < 1 + 2/p*’.
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If p > 2n/(n+2), the optimal choice of A then balances both bounds for q11—1
occuring in (8.171), i.e. p*'(A(n—p)/np + (1—X)/2) = p’A/p. After some algebra,
for p # n, one can see that this means A\ = np(p—1)/(np?>—np+2p*—2(p—n)"*),
and then (8.171) yields ¢1 < (np?+2p?—2(p—n)*)/np, while for p = n a strict

inequality holds. For p < n, we obtain simply ¢1 < (np+2p)/n = p®, cf. (8.131).
The interpolation in the boundary term (hence relaxing the bound g2 < p)

can be made analogously by using (8.171) with ¢2 and p#/ in place of ¢; and p*’,
respectively.

A certain alternative approach is the estimate of & 57 in a bigger space, namely
(LP(I; WhP(Q)) N L>°(I; L*()))*. Then one can modify (8.169) by estimating

/—|u\q172uvdxdt+/—|u\q272uvd5dt
Q =

< el e llol oo @ + el e ol

q—1

L(hfl)p@’(Q) HUHLP® (Q) H | iQ(qgl l)p (Z) H H

_ A
< Ni[ul (;,1(911*1>P®/(Q HuHLP(I WLp () HquLoo(lz (L2(2)

1—Xo
HUHLOO ILZ(Q)) (8172)

< |l

F Nl el

I;Whp(
with Ay = n/(n+2) and A2 = np/(np+2p—2) as used for (8.130) and (8.135). The
bound of u in LP° (Q) imposes the requirement p®/(q171) < p®, which further
yields the restriction q; < p®, and similarly we get also gz < p®. If p < n, this
weakens the previous restrictions on ¢; and gs.

Another approach (at least for usage of the Aubin-Lions lemma) consists in
weakening the dual norm to estimate at“ in LP'(I; Wy (Q)*) = LP (I, W—17(Q));
note that L2(Q) ¢ W=17(Q) because W, " (Q ) C L*(Q) densely. For such an
estimate one takes v in (8.169) from LP(I; W, ”(2)) so that the term with gy
completely vanishes, hence no restriction on ¢ is imposed for this estimate.

(3) To make a test by v := Zu(t,-), we assume g € L*(Q) and h = 0. Then

|5
ot

92
ot

L2(@) pdtHVUHLP Q;R™) C] dt“ ’Lm Q) q dt“ ’L‘12

ou
:/g( )de_ QHQHLZ(Q) 2”

Assuming ug € WP () N L2(Q2), which means uy € WP (Q) if p satisfies (8.124),
by the Gronwall inequality, we thus get the estimate for u in L°°(I; W1P(Q) N
L (Q)) N WL2(I; L?(Q)) and for u|s in L>(I; L%(T)) for qi,qo > 1 arbitrary.

Alternatively, one can assume g € W (I; LP"'(Q)) and h € Wh(I; L (T))

. (8173
ey (1)
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and use the strategy from Remark 8.23. Then we can estimate

/t/g@dxdtz/g(t,x)( ) — g(0, 2)uo(z dx—//u—dxdt

o dt+/g(0)u0dx

<oy Ot [ ol | 2,

< Cllg®)ll gy (170l oy + Nl o)
t oh

+/0 (190 ey + Nl e )| 5 Lp#,(r)dt+/gg(0)u0dx

S CHg(t)HLP*'(Q)HVUHLP(Q;R” +C%[|g(t) HQLP*’ + HUH2L2(Q)

[ 19 gy ) [ e+ [ 900

and then proceed by Gronwall’s inequality, and similarly we can use

//h—det /h( 2)u(t, ) — h(0, z)uo(x) dS — A/u—det

<[ o 0O o )+ /Hum#!!HLﬂm t+ [ o) as

< Clr®)| ey (1780 oy + 2l =)

+/ (1l oy o )| G o+ [ OV 5

2
< C||n(t HLP#’(F)HVUHLP(Q;W)+02Hh HLP#' JrHuHLQ(Q)

t
+/O C/<1+HVUHZP(9;RW)+H Hqu(Q))H dt+/Fh(0)uOd5,

(4) Further, we apply % to the weak formulation of the equation with the
boundary conditions in (8.167), then use the test function v = gtu and estimate

Lr*'(r

0 9 ou 20Vu 9Vu
EUVUP Vu)-VE—\Vu\p Eralire
1o OVu oVu
+ (- 2vuptve 57 ) (Ve )
2
e e (2L
o|Vulr/? p—2 (p—4)/40|Vu|?\2
Zp( ot )+ ((7ur) o)
4 Ap—8y (0|VulP/?
_<p_ - )( = ) >0 (8.174)
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if p > 1. Similar calculations work for the lower-order terms when “forgetting”
V’s for ¢ > 1 and ¢ > 1.52 Altogether, one gets

4p 4 8\Vu\p/2
ZdtH LQ(Q) H ’LQ(Q)
4q1— 8|u\‘h/2 4q2— 8\u|@/2
R I e I
Q%%dx—&— %%dS— Il( )—‘r[g(t) (8175)

The integral I; can be estimated as || 2 g/l 120 (+ ||%u\|%2(9)), cf. (8.84). It needs
% € LY(I; L*(2)). Alternatively, we can estimate I; integrated over [0,t] as

t dg Ou dg
I tdt:/ — —dadt = /—t,xut,x dz
/01(> atat Qat( Jult, 2)

/ / gz (V> @) uld, z) dody — /Q %(O,x)u(}(x)dx (8.176)

/

which is bounded if g € W?2NI;LP (), when the estimate of w in
LOO(I WP(Q)) obtained already at Step (3) is employed. Similarly, the integral
fo I5(t) dt is to be treated by

/Otfz(t)dt/t/%g—;‘ds t/r%(t’x)u(t’x)ds
//&92 W, 2) u(d, z) dSd — /a 0,2)uo(x)dS  (8.177)

which is bounded if h € W2L(I;LP*(T")). Then, usage of the Gronwall in-
equality requires g € WV2(I;L%(Q)), and ug € W29(Q) N L*a-1(Q) with
q > 2p*/(p* — 2p + 4),5 and it gives the estimate u in W1°(I; L2(2)) and of
|VulP/2 in WH2(T; L2(Q)) € L*°(I; L*(R2)), which yields u € L (I; WhP(Q)).

/2
If p > 2, the term M(%) (p—1)|Vu|P~2| & Vul? in (8.174) gives,

through (1.46), an estimate of Vu in the fractional space LP(Q; W2/P~<P(I;R™))
=~ W2/r=er(I; LP(Q; R™)).

52Note that (8.174) then allows for a modification 8t(|u\q 2u)—u =(q— 1)|u\q_2(%u)2 >0
for both g =¢q1 > 1 and ¢ = q2 > 1.
53This condition implies Apug € L2(Q), cf. also (8.69b), because of the obvious estimate
_ 2p—4
Jo |8pv[2dz < (p=1)? [ [ToP~4[V20[2dz < (p—1)|| Vol 50, (Q;RMHVZ”HZLM(Q;RW) <
NlP21 | cf. (2.139).

WQ»Q(Q)’
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For p = 2, the term I; can be estimated more finely as

L(t)

e
Mgl

H ot ‘ 2*’(9)” L2*(Q) — 45H ot ’

L2 (Q)

(8.178)

- 45H 8t‘ 2*/(Q) H LZ(Q) L2(QuR™)

where Nj is the norm of the embedding W2(Q) € L? (Q). Similarly, I bears the
estimate

It) < H%

L2#/(r H
H au
ot

L2#’ )H_ L2#(r) — 4_5H L2#(T

(8.179)

~ 4de H 2#’(1“) H L2(o) L2(Q;R™)
where N, is the norm of the trace operator Wh2(Q) — L2(T'). Then we take
e > 0 small, namely (N7 + N3)e < 1, so that the last terms in (8.178)(8.179) can
be absorbed in the corresponding term arising on the left-hand side of (8.175);
note that (8.174) equals |2 Vul? if p = 2. Then we use Gronwall’s inequality
to handle the last-but-one terms in (8.178)—(8.179). Cf. also (8.70)—(8.71). Like
n (8.69a), it requires g € WLH2(I; L2(Q)) and h € WLH2(I; L2"(T")) only. Then
u € WH2(I,Wh2(Q)).

Assuming also ug regular enough, namely ug € W22(Q) N L@ =1 (Q), and
9(0) € L*(Q), we have Zu(0) € L*(Q), and we can apply Gronwall’s inequality to
(8.175). We thus get the estimate for u in W12(I; W12(Q)) N Whee(I; L*(Q)).

(5) If both 2w and f are functions (not only distributions), div(|Vu[P~2Vu)
is more regular than W?(Q)*, so that by elliptic regularity theory we obtain a
spatial regularity. E.g., if p = 2, we can use the interior W?22- or W3-2-regularity
as established in Proposition 2.103; this needs 1 < ¢1 < (2n—2)/(n—2) (and
also ¢; > 2 in the latter case). In combination with Steps (3) and (4), one thus
obtains the last three lines in Table 3. If also Q would be qualified, we could use
Proposition 2.104 to get regularity up to the boundary.

Exercise 8.64 (Large q; or go: an alternative setting). For ¢; > p* or g2 > p?, we
can take the space # = {v € LP(I; W'P(Q )) N L7 (Q); vy € L®(X)} endowed
naturally by the norm HUHW = vl Ler;wir )y + |0l Lo (@ + |v|s]|Laz (5). Prove
that # is a Banach space® and that the monotone mapping <7 related to (8.167)
maps # into #* and that Zu € #* if u is a weak solution to (8.167).%°

54Hint: Consider a Cauchy sequence {uy}ren in # . Realize that, in particular, it converges
to w in LP(I; WHP(Q)) and in L9 (Q) as these spaces are complete, and also ug|s — u|y in
LP(I;LP# (I')), and, as {ug|x}ren is a Cauchy sequence in L?2(X), also ug|s; — uyx in the
complete space L92(X), and thus uy = u|s. Cf. also Exercise 2.72.

55Hint: Show & : # — #* just by using Hélder’s inequality. Further realize that || %u”y//* =
SUP|y|, <1 fQ [VulP~tVu-Vo +|ul9 ~tuw — gudz + [g |u/92 " uv — ho dS and estimate it by the
Holder inequality.
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qualification of quality
g h U P of u
LP(LLP(Q) | LP(LLPYD) | LA | >1 | L WhP()
L>(I; L*(52))
WL (I, WP (Q)*)
WYL L2 (Q)) | WhNI LPP (D)) | Whe(Q) | >1 | L=(I; WiP(Q))
+ L*(Q) N L%(Q) WL2(I; L3(Q))
WL L)) | WEHILPHD) | W29(Q) | >1 || WL (I; L3(Q))
+WhH(I; L2 () with L>(I; WhHP(9Q))
0> | > 2 | WArmer (e ()
L2(Q) WENL L) | WhAQ) | =2 || LA W)
WY L2(Q) | WYL 227 (D) | w22(Q) | =2 L=(I;W22Q))
WAL L27(Q)) | WRA(L L) | W) | =2 || LA WE2(Q)
NL2(1; W2 ()

Table 3. Summary of Example 8.63; qualification of g1 and q2 not displayed.

Example 8.65 (Nonmonotone term: a-priori estimates). Consider the initial-
boundary-value problem with a nonmonotone term |u|* instead of |u|? ~2u:

u _ div(|Vu[P~*Vu) + |ul*

5 g inQ,

\Vu\pfza—u +|u|®2 2w = h on X, (8.180)
v
uw(0,:) = ug on €,
where again g € L' (I; L?"'()) and h € L¥(I; LT’#/(F)). We will show the a-priori
estimates again on an heuristical level only, and specify pu.
(1) The test by u(t,-) itself now gives:

1d
wl|i2c0n + IVUT oromn S/ u”“—l—gudx—&—/hudS
33l + 190l gy < [ [

1
< Jullt gy + N (Il + Dbl o) ulwroe) — (8181)
where N is as in (8.168). If 4 < 1, we can estimate
ull3 ) < (meas, () D2 |lullf ) < (meas, (2)* D2 (ulF2q) +©)

with some ¢ > 0,°6 and then use directly the Gronwall inequality. For superlinearly
growing nonlinearities, i.e. g > 1, HuHiﬂl(Q) can be absorbed in the left-hand side

56 Cf. Exercise 2.58 for the norm of the embedding LFT1(Q) C L2(Q).
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by using Young’s inequality through the estimate

1
lullits oy < MO ullighl ) < N (ellullpr gy + Ne) (8.182)

where N is the norm of W1P(Q2) ¢ L¥T1(Q) and the last inequality uses
w<p-—1; (8.183)

note that this implies also p + 1 < p* used for the first inequality. This condition
makes the approach effective only if p > 2 (otherwise the previous approach via
the Gronwall inequality can be used, too). The other terms can be estimated
in the same way as in (8.168). Again, this gives the a-priori estimate for « in
LP(I; WHP(Q)) N L (1; L?(Q)).

(2) The estimate for Zu can be made just the same way as (8.169) or (8.172)
now with p+1 in place of q1

(3) The test function v := %u(t, -) needs again g € L*(Q). For simplicity, we
take h = 0; otherwise, cf. Example 8.63(3). Then

We can estimate I (t) < EH%H%Q(Q) + Cu(t )||L2u . Assuming p < 1, we can
estimate simply

o
e pdtH Vull e < /|u\ ’at‘dx—&— 9o e = (1) + (1)
(8.184)

a 2
Ou dt) 7
2 Q)

cf. (8.63), and then use Gronwall inequality for (8.184). Thus we get the estimate
for w in L(I; WP (Q)) 0 Wh2(1; L2(Q)).

For 2 < p < 2n/(n—2), we can afford a super-linear growth 1 < p < p—1.
Relying on (8.181) with (8.183), we have the estimate u € L (I; L*(Q)) at our
disposal. Then we can use the interpolation of L2*(Q2) between L*(Q2) and WP (Q),
ie.,

t
o) oy < OO+ TulO) < €1+ 2ol +27 [

lll ey < Cllall oy el (8.185)
provided
i > % + A(Zi;p); (8.186)
cf. (1.39). Of course, we need 0 < XA < 1. Then, we can estimate |ju(t, .)HQLI»;M(Q) <
C?ult, )H?}Mp(g)”u( )Hi(zl(Q;\ and, assuming still
2Mu < p, (8.187)

to treat it by the Gronwall inequality with help of the fact that ||u(t,-)|z2(q) is
a-priori bounded uniformly for ¢ € I. Thus we get again the estimate for u in
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(LWEP(Q)) N WE2(I; L2(2)). Tt is important that, for p < 2n/(n—2), the
inequalities (8.186) and (8.187) are mutually consistent; we can just take A =
p/(2u) which satisfies A < 1 if u > p/2, while for 1 < p < p/2 we can first
estimate HuHi’;M <C(1+ HuHLQM )) and then follow as if u = p/2.

For p > 2n/ (n—2), we must slightly reduce the growth because the in-
equalities (8.186) and (8.187) represent a certain restriction on p, namely p <
np/(np — A(np+2p—2n)) and p < p/(2X), respectively. The optimal choice of A is
to make these bounds equal to each other, which gives A = np/(np+2p) and thus

n+2
<p . 8.188
pEp—- ( )

(4) Further, we apply % to the equation and then use the test function

atu As in Example 8.63, we consider p > 2 and now p = 1; this is a model
case for arbitrary Lipschitz nonlinearities that could be treated by a modification
of this estimate. Then the term |u|* = |u| can be estimated by

) g o= [ sl 5" 0o <[5

and then treated by the Gronwall inequality. The rest can be treated as in Exam-
ple 8.63(4).

Exercise 8.66 (Limit passage). Suppose uy is the Galerkin solution for (8.180).
Make the limit passage via Minty’s trick by using only the basic a-priori estimates
and monotonicity of the p-Laplacean.’” Alternatively, use d-monotonicity of the
p-Laplacean and prove convergence directly without the Minty trick.%®

Exercise 8.67 (Weaker estimate for Zu). Consider the problem (8.167) and derive

the estimate of 2w in . (1; W= 2( )) for k € N so large that WJ"?(Q) ¢ L>(9),

ie. k> p/n; thls weaker estimate allows for bigger ¢; and still suffices for using

Aubin—Lions’ lemma as Corollary 7.9.59

v =

(8.189)

L2(Q)

Remark 8.68 (Regularized p-Laplacean). For p > 2, one can consider the parabolic
problem with a regularized p-Laplacean:

ou
— — dlv<(€ + \Vu\p_Q)Vu) =g, u(0)=wug, ulg=0, (8.190)

cf. (4.38). This allows us to use the estimate from Step (4) from Example 8.63
based on the uniform-like monotonicity (8.69¢). Indeed, using also (8.174), we
have

0
= (e + Va2V

>8Vu ‘GVU 4p— 4( Vu |p/2) ’6Vu

p?
(8.191)

57Hint: Cf. Remark 8.32 modified by treating the non-monotone lower-order term |u|* by
compactness as suggested in Exercise 8.59.

58Hint: Cf. Exercise 8.81 below.

59Hint: Modify Example 8.63(2) by considering v € C(I; W(?Q(Q)) in (8.169).
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Exercise 8.69. Consider again the regularized problem (8.190). Denoting u. its
solution, prove the a-priori estimates ||uc||zr(r;w1r)) < C, |Jucllr2wiz)) <
C/+/e and H%UEHLIJ’(I;WLP(Q)*) < C/+/e, and then, passing € — 0, prove u: — u
with u denoting the solution with ¢ = 0.6°

Example 8.70 (Dirichlet boundary conditions). Let us illustrate the Dirichlet con-
dition for a simple parabolic equation with the p-Laplacean, i.e.

ou
i div(|[VuP2Vu) =0, u(0,") =up, uls = u,ls, (8.192)

with some up : Q — R prescribed. By multiplying the equation in (8.192) by
vE VVO1 P(Q) and using Green’s formula, one gets the weak formulation:

Y(a.a.)tel Yoe WP (Q) : <g—1;,v> +/ \Vau(t,z)|P~2Vu(t,z)-Vou(z) dz = 0
Q

completed, of course, by u(0,-) = ug and u\g = Up|xy.
(1) We cannot test it by v = u(t, ) if up (¢, -)|s # 0. Instead, the basic a-priori
estimate is obtained by a test by v = [u — uD](t -):61

1d 9 - ou
§EHU_UDHL2(Q) +{|Vull L, e Z/Q\VU\p *Vu-Vup, — a—tD(u—uD)dx

< 5HVUH]ZP(Q;R7L +Ce Hv“

LQ(Q) (1 + HU7UD HiZ(Q)> .
(8.193)

DHLP(Q ;R™) + Ha—tD

If up € WHPH(T; WHP(Q), L?(Q)) and uy € L*(Q2), by Gronwall’s inequality we
obtain u —uy, bounded in L>(I; L*(Q)). As up € L>(I; L*(2)) due to Lemma 7.1,
also u itself bounded in L>°(I; L?(€2)). Integrating still (8.193) over [0, T we get u
bounded in LP(I; WP(Q)). Then, from the equation (8.192) itself, one gets —u

bounded in L¥'(I; W, ?(Q)*).

60Hint: Use Minty’s trick:

0

IN

/ (|Vue|P2Vue — [Vo[P72V0 + eV (ue —v)) -V (ue—v) dadt
Q

19}
/ (g — ;E ) (ue—v) — |V[P72V0-V (ue —v) — eV0-V (ue—v) dedt

and realize that fQ eV - V(us—v) dzdt = O(1/€). Then put v = u + dw, and pass § > 0 to zero.

61 Equally, one can apply the shift (2.61), i.e. here Ag(t, u) = A(u+uD (t)). Then, writing @(t) :=
u—up (t), the original equation %u+A( ) = f is equivalent to —u+A0 (t,a) = fQ::ffiuD and
its test by v :=1u(t, ) € W&’p(Q) is precisely (8.193) in the special case f = 0.
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(2) Further estimates can be obtained by testing by v = 2 [u — up)(t, -):

ot
o A B
guwvwwm!\! | 3 W <
= <1+HVUHZP(Q;R")H aUD LP (S;R™) ZH@t 2L2(Q) H8UD L2(Q) (8.194)

Here one needs Zu,, € L*(Q)NL(I; W'P(Q)) and ug € WP(Q) to get u bounded
in Lo°(I; WHP(Q)) N WE2(T; L2(9)).62

(3) Still further estimates can be obtained by differentiating (8.192) in time
and by testing it by v = 2 [u — up](t, ). In view of (8.174), the term thus arising
on the right-hand side can be estimated as

Oup

%(\VW—?V ) V— oVu _ OVup

ot ot
+ (-2 vul~*vu 8;“)(%.%)’
’8Vu‘ ’8VuD

\w p-29Vu

< (p— 1)\V P2

oVu |2 OVup |2

p—2 p—2
o S 2L T

I /\

The term [; can be absorbed in term arising from (8.174) on the left-hand side
which just equals %Il, while, assuming u, € WHP(I; WLP(Q)), the term I, bears
the estimate

OVuy, ||2
I dxdt < Vu —_— . 8.196
e < EIT A | ey 0090
Altogether, like (8.175), one gets
H 2p 2H8\VU\P/ ’ HV - OVuy, ||2
2 de LQ(Q) LP(Q R™) ot Lp(Q;Rn).

Integrating it on [0,¢] for a general ¢ € I, one obtains %u € L>(I; L*(Q)) and
2 |VulP/? € L2(Q) if also Zu(0) = div(|Vuo|P~2Vue) € L?(Q); this last qualifica-
tion is satisfied if ug € W24(Q) with ¢ > 2p*/(p*—2p+4) as in Example 8.63(4).

62In view of Theorem 8.16(iii), one may think that u(t)—up(t) € Wol’p(Q) so that, in particular,
uo|r = up on I'. Yet, here we should rather consider the W':!-structure of the loading up (like
in Remark 8.23) to be extended for a BV-loading that does not need to be continuous at t = 0
so that even ug|r # up on I gives the expected a-priori estimate.
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Note that, in particular, up and wug qualify for using Step (1), hence certainly
Vu € LP(Q;R™), so that the right-hand side of (8.196) is indeed finite. As in
Example 8.63(4), we also get Vu € W2/P=¢P(I; LP(Q; R™)) if p > 2.

qualification of quality
Up Ug of u
W1, W (Q), L(92)) Q) | wrer (s whe (), whe ()
L®(I; L*(9))
WE2(I; L2(Q) nWhHH L WhP(Q)) | Whe(Q) Lee(I; WhP(Q))
VV1 2(I L?(2))
Whe(LWhe(Q)) w4(Q) Whes(I; L2())
0> | p22: WP Whe ()

Table 4. Summary of Example 8.70.

8.8.3 Semilinear heat equation c(u)2u — div(k(u)Vu) =

In this subsection, we will scrutinize the heat transfer in nonlinear but homoge-
neous isotropic media, described by the heat equation for the unknown 6 (instead
of w) which has the interpretation as temperature:

ot

(9)% —div(k(0)V0) =g (8.197)
where
0 : Q — R is the unknown temperature,
k:R — RT is the heat conductivity,
¢: R — RT is the heat capacity,
g the volume heat sources,
cf. Example 2.71 for a steady-state variant.

Example 8.71 (Enthalpy transformation). Powerful tools for nonlinear differential
equations are various transformations of independent variables. Here we can apply,
besides the Kirchhoff transformation, also the enthalpy transformation:

<(r):= /Orc(g) do & R(r):= /OTK;(Q) do . (8.198)

Puttlng w:= <c(0) (u is called enthalpy) and denoting B(u) := [k o ¢ '](u), we
have fiu = [€/(0)50 = <0140 and M) = div(E (e ) VE () =
div(r'(0)V) = ( (0)V0). This transforms the original equation (8.197) to
%u— AB(u) = g. Considering the initial condition in terms of the enthalpy ug and
the boundary condition as in Example 2.71, i.e. £(6) 20 = by (0 —0)+ba (6. —|0[°6)
with 6, an external temperature, we come to the following initial-boundary-value
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problem:
d .
5 ABw =g 0,
ag—(:‘) + (b1 +b2|E*1(u)\3> R 'w) =h on, (8.199)

uw(0,-) = ug on .

Exercise 8.72 (Pseudomonotone approach). The nonlinear operator —AS(u) =
fdiv(ﬁ’ (u)Vu) can be considered as pseudomonotone and treated by Proposi-
tions 8.38 and 8.40. Assuming 3 € C'(R), verify (8.141), (8.142), and (8.143) in this
special case.®® Realize, in particular, the condition 0 < inf 8/(R) < sup #'(R) <
+00.

Exercise 8.73 (Weak-continuity approach). Realizing that the operator
—div(f'(u)Vu) is semilinear in the sense (8.161), one can use Proposition 8.47.
Assume, besides € C*(R), the growth restriction

0<e<fB(r)<C(l+][r|?"9/?) (8.200)

for some € > 0 and 2® = n+4/n, cf. (8.131). Verify (8.12) for ¢ = oo and
Z =Wt (Q), and also (8.161), (8.162) and (8.163).54

Assuming g € L2(I; L27(Q)) + LY(I; L3()), h € L*(I; L*7(")) and g €
L?(Q), prove the a-priori estimates of u in L2(I; W12(Q)) N L*(I; L*(R)), and of
%u in LY(I; WH*°(Q)*), and the convergence of approximate solutions to a very
weak solution.%®> Realize, in particular, that now the heat conductivity #(-) need
not be bounded, e.g. if n = 3, then x(r) = 1 + |r|? with ¢1 < 5/3 is admitted
if ¢(-) > & > 0. Also note that %u, living in L'(I; W1>°(£)*) in general, is not
in duality with u, hence the concept of the very weak solution is indeed essential

63Hint: Realize that here a(t, x,r,s) = B'(r)s, b(t,z,r) = (b1 (t,z)+ba(t, z)| R _1(7")\3> R(r),

and c(t,z,7,s) = 0. Then (8.141) needs B’ > 0, but (8.142)—(8.143) needs p = 2 and 8’ bounded
and away from zero.

64Hint: Obviously a(t, z,r,s) = 3'(r)s is of the form (8.161a) and then realize that the upper
bound in (8.200) is just (8.162a) while (8.163) needs just the lower bound in (8.200). As to (8.12),
use (8.200) and the interpolation between L2(Q) and L2" (Q) with X from (8.145) to estimate

sup 1/05/(“)VU -Vudz < [|8"(W)ll 2 o) IVull L2 oirn)

1ol 1,00 2y

2® /2

®
< [l /2]y [Vl 2y < © (s ()2 722

)IVull 2 oz
(1-x2)2P" /2

29 /2
/ L2%(Q) >Hvu”L2(Q;R")'

g

< C(measn(Q)l/2+ [l

65Hint: Considering e.g. Galerkin approximate solutions wuy, by Aubin-Lions Lemma 7.7, uj —
u holds in L2®*€(Q). By (8.200), we have ' (uy) — 8’(u) in L?(Q). Then make the limit passage
Jo VB(ug) - Vodz = [ B (up)Vuy, - Vodz — [ 8 (u)Vu - Vudz = [, VB(u) - Vo da.
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if 5’(-) is not bounded. Another occurrence of this effect is under an advection
driven by a velocity field which is not regular enough, see Lemma 12.14.

Exercise 8.74 (Semi-implicit time discretization). Consider the linearization of
the nonlinear “heat-transfer” operator related to (8.199), namely [B(w,u)](v) :=
Jo B/ (w)Vu - Vodz + [1, (biu + beJw[*u)v dS, and then the semi-implicit formula
(8. 55) Wthh leads to

<%,v> +/B/(ﬂ§)VﬂT.V1} — grode :/ (b1tiy + bol@*a,)vdS  (8.201)
Q T

ot
for a.a. t€ I and all v=W1H2(Q) with the ‘retarded’ Rothe function @* defined by
i . ur(t—7,) forter,T]
wrt) = { ur (0, ) for t € [0, 7). (8.202)

Assuming (8.200), make a basic a-priori estimate by a test by u* and prove the
convergence for 7 — 0.56

Example 8.75 (Heat equation with advection). The heat transfer in a medium
moving with a prescribed velocity field ¥ : Q@ — R"™ is governed by the equation

qm(? + ve) — div(k(0)V0) = g. (8.203)
t

In the enthalpy formulation from Example 8.71 it reads as %u—i—ﬁ-Vu—l—Aﬁ(u) =g.
Assuming divd < 0 and (¢]g) - v > 0 as in Exercise 2.91 and using (6. 33) the
mapping A(t,u) : WH23(Q) — W1e°(Q)* defined by (A(t, = [0

Vz+ (0(t,-) - Vu) zdx can be shown semi-coercive if 5’ satlsﬁes (8 200):

/B )IVul? + (3(t,-) - Vu) ude > el|Vul|F2gpn).  (8.204)

In case dive = 0 and (v]g)-v = 0, the scalar variant of (6.35) yields [, (7(t,-)

Vu)zde = — [o(0(t,-) - Vz)udx < |0t )| L2irm) |V 2] oo (rmy |6l L2 () and,
expanding Exercise 8 73, we can rely on the concept of a very weak solution
w e Wh2L(ILWh2(Q), Wheo(Q)*) if & € L(I; W&’jl’i/(””)(Q-R”)) If B/() is

bounded and 7€ L>®(I; L* %/(2"2=2"=2)(Q))), by the estimate [,(¥(t,-)-Vu) zdz <
[T(E, ) p2w2s@2-2s—2) () [ VUl L2 (rmy 121l 2+ (), We can rely on the conventional
concept of a weak solution u € W122(I; Wh2(Q), WH2(Q)*) as in Exercise 8.72.

8.8.4 Navier-Stokes equation 2u+(u-V)u—Au+Vr=g, divu=0

Another important example of a semilinear equation, or rather a system of equa-
tions, is the evolution version of the Navier-Stokes equation, cf. Remark 6.15,

88—7: + WwV)u—Au+Vr =g, divu=0, u(0,-)=uo, (8.205)

66Hint: Cf. Exercise 8.92 below.
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for the velocity field u : @ — R™ and the pressure 7 : Q — R which is, in fact, a
multiplicator to the constraint divu = 0. This system is a model for a flow of a
viscous incompressible fluid; the viscosity and the mass density is put equal to 1 in
(8.205). Considering zero Dirichlet boundary conditions, we pose the problem into
function spaces by putting V := Wol”dgiv(Q;R") = {ve W, *(Q;R"); divu = 0},
cf. (6.29), endowed with the norm [[v|y := [|Vv| r2(qrnxn) and, to ensure V- C H
densely, we define H as a closure of V in L?(€; R™) in the L?-norm. Then, in accord
with Definition 8.1 (and Table 2. on p.215), u € Wh22(I;V,V*) is considered as
a weak solution to (8.205) if u(0, ) = ug and if
ou ) d

<E,v>wxv+/Q(U~V)u~v+Vu.Vfufgv x=0 (8.206)
for any v € V and for a.a. t € I. Naturally, here the mapping A : V — V* is
defined by (A(u),v) == [,(uV)u- v+ Vu : Voda; this definition is correct for

n < 3.57 Coercivity of A can be obtained by using (6.36): indeed it holds simply
that (A(v),v) = [ Vo : Vu+((v-V)v) - vda = || V][] gpnxn-

Example 8.76 (Pseudomonotone approach). For n = 2, we can estimate

sup ’/Q((U~V)u)~vdx’: sup /Q((u~V)v)~udx

llollv <1 llvllv<1

< sup H“H2L4(Q;Rn)HV”HH(Q;R”M)3CgN““HLz(Q;Rn)HVUHL’A‘(Q;RM”)
llollv<1

(8.207)

where the Holder inequality and the Gagliardo-Nirenberg inequality like (1.40)
has been used. Hence A satisfies the growth condition (8.13) with p = ¢ = 2 and
¢(¢) = max(1, (). Hence we have guaranteed existence of a weak solution if ug € H
and g € L2(I; L*"'(Q; R™)).

Example 8.77 (Weak-continuity approach). We consider the physically relevant
case n = 3 (which covers n = 2 too), and will verify the condition (8.13) with
Z = V. We have the embedding W12(Q2) C L5(); let us denote by N its norm,
and estimate by the Holder inequality and an interpolation:

[A(w)]

v < sup / Vu-Vo+ (u-Vu)vde
Q

HVUHLQ(Q;Ran) Sl

< sup HquLZ(Q;R’nX’n)||vv||L2(Q;Ran)
”VU”LZ(Q;Ran)Sl

+ ||u||L3(Q;Rn) vu||L2(Q;R”><”) H’U”LG(Q;Rn)

57Since 4 > 2* for n < 3, this follows from the Holder inequality | [,(uw'V)u - vdz| <
lull L (rn) VUl L2 (o;rnxny [Vl L4 (orn) - In fact, using Gagliardo-Nirenberg inequality, the bor-
derline case n = 4 can be covered, too.
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1/2
LS(Q;R™)

1/2 3/2 1/2 3/2
< lully + N2 [full i [[ull3/* < max(1, N*/2|[ul|3?) (1+]|u]l?).

1/2

< [Vl 2(qpnsn + Nl all2 o IVl 2 ey

Hencefore, we get (8.13) with p = 2, q= 4 and €(r) = max(1, N3/2r/2). As now
¢ = 4/3, the estimate (8.19a) ylelds S5iUE L*/3(I; V*), which, however, is not in
duality with L2(I;V) > u and the concept of the very weak solution and weak
continuity is indeed urgent.%®

Remark 8.78 (Uniqueness). We consider n = 2. Taking two weak solutions u; and
ug, subtracting the respective identities (8.206), testing it by v = w12 = uy —
uz, and using subsequently (6.36), the Holder inequality, the Gagliardo-Nirenberg
inequality like (1.40), one obtains

1d
5 dt||u12\|L2(Q Ry T HVU12||L2 (QRnxn) = /Q((ul-v)m = (u2-V)uz)-uiodz
= /(U12'V)U2 “u1g + (u2-V)uis - upa dz
Q

= /Q(U12'V)u2'ul2 de < [|Vus|l 2 (imn <) w2 21 smny

< C? || Vus|| p2(ornxn)lluiz || z2(orn) ||VU12HL2(Q Rnxn)

1
< 2 GNHV“Z”L2 QRnxn) ||U12HL2(Q Ry T35 ||V”“12HL2 (QRnxm)

with Cg the constant from the Gagliardo-Nirenberg inequality ||v s <
Ciux ||UH}J/22(Q) HVUHL2 a.rn)- Then absorbing the last term in the left-hand side and
using the Gronwall mequahty when realizing that ¢t — ||Vua(t, )||L2(Q Roxny €

LY(I) and u12(0,-) = 0, one obtains uja(t,-) = 0 for a.a. t € I.
This technique does not work if n = 3 and surprisingly, in this physically
relevant case, the uniqueness is a mysteriously difficult problem.%?

Exercise 8.79. Derive the weak formulation (8.206).

Exercise 8.80 (Darcy-Brinkman system). Modify the analysis of (8.205) in this
section by adding another, lower-order dissipative term, namely

%+(uV)quu+u+V7r:g, divu =0, u(0,-)= uo; (8.208)

68Note that the idea of putting Z = V N W1 (Q;R") would lead to —u € L%(I; Z*) which
is again not in duality with L2(I; V).

69This question, intimately related to regularity for (8.205), was identified by the Clay Math-
ematical Institute as one out of 7 most challenging mathematical “Millennium problems”, and
at the time of publishing even the 2nd edition of this book was still waiting for its (affirmative
or not) answer, together with a $ 1 million award.

7OHint: Test (8.205) by v € V, integrate it over 2, and use Green’s formula and the orthogo-
nality [o(V7m)vde = — [ wdivedz = 0.
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this additional term bears an interpretation as a reaction force to the flow through
static porous media with a constant porosity.

8.8.5 Some more exercises
Exercise 8.81. Consider the parabolic problem:

% - d1v(|Vu|p72Vu) + C(VU) =9, ’LL(O) = Uo, U‘E =0, (8209)

with the continuous nonlinearity ¢ : R™ — R having the growth restricted by
le(s)| < C(1+ |s[P~179) (8.210)

with some § > 0, and show the basic a-priori estimates of an approximate solution
obtained by the Galerkin method if ug € L2(Q) and g € L?'(I; L?"'(€2)).7* Show the
existence of a weak solution to (8.209) by convergence of Galerkin’s solutions uy, by
using the d-monotonicity of the p-Laplacean to prove first the strong convergence

of Vuyg, similarly as in Exercise 2.85.72

"IHint: Test the identity f, (%ukJrc(Vuk)fg)'u + |Vug|P~2Vuy-Vodz = 0 by vi=uy(t, -):

1d
s il Eaey + 1905 @) = [ (0= c(Tuw))unde

< elfull? e g + 27 e ([leTu)]2] b))

from which the a-priori estimate of uy in L (I; L2(Q)) N LP(I; W1P(2)) follows by Gronwall’s
inequality and by using (8.210), so that

LP*(Q) + Hg”p

HC(Vuk)Hilp*/(m < / O (14 VurP %) dw < Ce g + | Ve yen)

The dual estimate of 6 cup in LP (I W1 P(Q)},) can then be obtained standardly.

"2Hint: Take a subsequence up — u in Whpp (I Wy LP(Q), W LP(Q)r ). Use the norm

les

Hv||W&,p<Q> = [|Vv||Lp (o;rny and, by (2.141), estimate
p—1 p—1 —
(el ety = 2wty ) (1 oty = o rwe o)

< /Q (\Vuk|p_2Vuk — |Vv\p_2Vv) (Vuy — Vv) dzdt

= /Q |Vuk|p72Vuk-(Vukavk) + |Vuk|p72Vuk-(Vvk7Vv) - |Vv\p’2Vv-(Vuk7Vv) dzdt

= /Q (ng(Vuk)f%)(ukwk) + |Vug|P~2Vug: (Vo —Vv) — |Vu[P 72V (Vu,—Vo) dzdt
with v (¢, -) € Vi. Assume vg, — v in LP(I; WHP(Q))). For v = u, up, — v — u—u = 0 in LP(Q)

because of the compact embedding Wol’p(Q) € LP(Q2) and Aubin-Lions’ Lemma 7.7, and then
Jo e(Vup)(up — vi)dz — 0 because {c(Vuy)}ren is bounded in LPI(Q) thanks to (8.210). Use

P 2 —u(T)? w(T)? o
limsup/—ﬂukdxdt:limsup/wdx §/ ) / < -
k—oo Jg Ot k—oo JQ 2 Q
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Exercise 8.82. Consider again the parabolic problem (8.209) with ¢ satisfying
le(s)] < C(1+ |s[P/?) (8.211)

and show existence of a weak solution to (8.209) if p > 2n/(n+2), up €
Wol’p(Q) and g € L*(Q) in a simpler way than in Exercise 8.81 by using the

L?(Q)-estimate on gtu and convergence of Galerkin’s approximations weakly in

Whoo2(I; Wy P (Q), L2(Q)) and strongly in LP(I; W, P(Q)).7

Exercise 8.83. Show how the coercivity works in the above concrete cases. Check
the coercivity (8.95) or (8.60d).™

Exercise 8.84. Prove a-priori estimates and convergence of Galerkin approximants
for the equation £-u—div(|Vu[P~2Vu+|u[*Vu) = g, with p > 2 and some p > 0.7

Exercise 8.85 (Singular perturbations by a biharmonic-term). Consider

ou _ ou
o = (Ve V) eAtu =g, w(0,) =, uls=SE| 0. (8.212)

Denoting u. the weak solution to (8.212), execute the test by u. and prove a-priori

because u,(T) — u(T) weakly in L2(Q), cf. (8.104). Push the other terms to zero, too. Conclude
that ug, — w in LP(I; Wol’p(Q)) Finally, pass to the limit directly in the Galerkin identity, which
gives the integral identity fO (« mu v) + [ [VulP~™ 2V Vv + ¢(Vu)v — gvdz) dt = 0. Choosing
v(t, x) = ¢(t)z(x) with ¢ € Co(I) and z ranging a dense subset of WP (Q), prove the pointwise
(for.a.a. t) equation of the type (8.126).
73Hint: A further test of the Galerkin identity by %uk gives

A 150

oo+ Tl = [ (=) e < fe(Tw) = ol g+

from which the a-priori estimate of uy in W12(I; L2(Q)) N L (I; W1P(Q))) follows by Gron-
wall’s inequality by using (8.211), so that ||c(Vuk)||2L2(Q) < 202 (meas, () + ||VukHIL’p(Q)).

L2(Q)’

The convergence of uy to some wu solving (8.209) can be made similarly as in Exercise 8.81
but we can make directly the limit passage limy_, o fQ uk)ukd:pdt fQ(%u)udmdt because

gt up — gtu weakly in L2(Q) and up — u weakly* in W1 0, Z(I,Wo’p(Q),LQ(Q)), hence by
Aubin-Lions’ Lemma 7.7 strongly in L?(Q) provided p > 2n/(n+2) so that Wol’p(Q) € L2(Q).
7AHint: Note that, e.g. for the case (8.180),

(A@ oy = [ 1907 + 1ol + folroda +b [ [o}12dS > eloll s 0= 0l )~ ©

where we used an equivalent norm on W1P(Q). In particular, the semi-coercivity (8.95) holds
forp<lorp>pu+1,q2 >p(but g2 <p*’),q1 > 1 (but g1 —1< p#/), and b > 0. Alternatively,
g2 > 1 is sufficient if g1 > p. The weaker coercivity (8.60d) holds even for g2 > 1 and ¢1 > 1 or
vice versa g3 > 1 and ¢q1 > 1.

">Hint: Use the test by wuy to get {ug}reny bounded in LP(I;WLP(Q)) N L>°(I; L3(Q)),
then estimate %uk, and show convergence, e.g., by Minty’s trick for A, combined with
limsupy,_, oo fQ Vuy - V(ug — v) dadt < fQ Vu - V(u — v) dedt.
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estimates:
HUEHLQ(I;WOQ’Z(Q)) = C/\/g’ HUEHLP LWEP(Q)NLoe(I;L2(Q)) = <C, (82133«)
0
H - H eA?u, <C, (8213b)
LYW =2:2(Q)+W—Lp (Q)) 8t Lo(I;W—1.7'(9))

assuming that g € LP(I; L?"'()) and uo € L%(Q). Selecting a subsequence u, — u

converging weakly* in LP(I; Wy P (Q)) N L (I; L(Q)) for € — 0, show the conver-
76

gence

88“: +eA%u, — aa—lt‘ weakly in LP(I; W~17()). (8.214)

Also show that””

ue(T) = u(T)  weakly in L?*(9). (8.215)

Then show the Convergence of u. to the weak solution of the initial-boundary-
value problem 2u — d1v(|Vu|p 2Vu) = g, u(0,-) = ug, and u|s, = 0.7® Assuming
g € L*(Q) and ug € WyP(Q), and regularizing the initial condition u.(0) = ug. €
W(Q) N WP(Q) so that uge — ug in Wy P(Q) while |[uge||w22(0) = O(1//7),
execute the test by % 8“5 to prove the a-priori estimates:

<C |u H"’“

< C. (8.216)

e L2Q) ~

HLoo(z W3 P(Q)) HLoo(z W“(Q)) =z

Modify this example by considering other boundary conditions or also some other
terms as div(a(u)) or a quasilinear regularizing term as in Example 2.46.

Remark 8.86 (Strong convergence of the singular perturbations). Strong conver-
gence in Example 8.85 based on (8.213) is expectable but rather technical, however.

We will use fOT(B&E — %, ue —u)dt > 0; here again it is important that a" ¢ belongs

76Hint: By (8.213b), choose Bgf +eA%u, > u € Lp/(I; W_l’p/(ﬂ)) and, for any z € 2(Q), use

(a,2) = z)

= lim ’UEZVQZ daxdt = — lim ug% — €V2’U,EZV22 dadt = — /u% dadt
=0 /g Bt ) ot Q ot

because, thanks to (8.213a), ||5V2u5||L2(Q;]RT,,XT,,) =¢e0(1/+/e) = O0(y/e) — 0. Thus u is shown
to be the distributional derivative of u.

"THint: Use (8.214) and the first estimate in (8.213a) to show the W 1P _weak convergence:

T
ug(T):u0+/ aa"t 0+/ o +8A2ugdt—a/ A2ugdt—>uo+/ —dtfu(T)
0

and then the second estimate in (8.213a) implies (8.215).
"8Hint: Use Minty’s trick based on the monotonicity of the operator % — Ap +eA? similarly
like in Exercise 2.100.
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to LP'(I; W, P()*) and is thus in duality to u. By the d-monotonicity (2.141) of
—A,, we get, for any @ € L2(I; WZ2(Q)) N LP(1; WP (Q)):
<HVUEHLP @y~ IIVullZo QR" )(HquHLP(Q;R")_ HVUHLP(Q;R"))

< / (|VueP~*Vue — [VulP~?Vu)-V(ue — u) dzdt
Q

T
ou ou
< € _ 22 = p—2 — p—2 . _
/0 (< 5 ol u>+/9(|Vu5\ Vue— [Vu|P~?Vu)-V(u. u)dx)dt

— / <5ug SUg + Vu5|p2Vu5~Vu5> — (8u5 cu+ |Vu5|p2Vu5~Vu> dadt
o \ Ot ot

T
7/ <<8u Ue—U /\Vu\p 2Vu- V(ugu)dx>dt
0 ot’

:/ <_€V2u82+gu8+ EVQ’U,EZVQ@—Q?}
Q
3u5
ot

T
7/ <<g§: Ue—U /\Vu\p Vu- V(ugu)dx>d
0

< /5V2u5:V2fL + g(uc—a) — Oue
0 ot

T
7/ <<8u Ue—U /\Vu\p 2Vu- V(ugu)dx>dt
0 ot’

T
— /g(u—ﬁ) - x-V(u—t)dzdt — / <@,u—ﬁ>dt for e—=0, (8.217)
0 ot

(u—a) — Vus”QVua~V(ua)>dxdt

(u—at) — |Vue|P > Vu.-V(u—1i) dedt

0

where y is a weak limit (of a subsequence) of |Vu[P~2Vu, in LP(Q;R™). For the
convergence (8.217), we have used (8.214) and (8.215), which allows for

lim [ eV?u.:V?%i —

e—0 Q

Oug ~
= (u—a) dadt

g due

:Eh_r)% ; <5A2ug ET u> + <gt 5>dt7/9u5(T)u(T) — |up|? dz
T T
:/O <%,a>+<%,u>dt_Hu<T>H;(Q)+Huou;(m :/0<%7a—u>dt.

Eventually, pushing @ — w in L?(I; W, *(£2)) makes the final expression in (8.217)
arbitrarily closed to 0, which yields ||[Vuc|zrQmrn)y = [[Vullzr(@rn) and then
ue — w in LP(I; Wy P(2)) by the uniform convexity of the space LP(Q; R™).
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Exercise 8.87 (Conservation law regularized by A). Consider

g—t +div(F(u)) —eAu =g, uli=0 =uo, ulx=0, (8.218)
where F : R — R™ has at most linear growth, i.e. |F(r)] < Cy + Cs|r|, and & > 0.
Make the basic estimates.”™ Assuming also that F is Lipschitz continuous, make
an estimate of u in W2(I; L2(Q)) N L™ (I; Wy *(€2)).8° Prove further a bound for
win Wheo(I; L2(Q)) N Wh2(1; W2 ()8 For estimation of the term div(F(u))
on the left-hand side, see Exercise 9.27 below. For a special case n = 1 = ¢ and

F(r) = 4r?, consider the so-called (regularized) Burgers equation

ou N ou  0%u

T i

ot ox  Ox?
Assuming 0 < ¢ < K and ug € W12(Q), ug > 0, prove u € L>®(I;W12(Q2)) N
Wh2(I; L2(Q)) N L2 (I; W22(Q)) and 0 < u(t,z) < tK + ||ug| £ (0,1).%* Using this
regularity, prove also that the solution is unique.®3

=g in QI: (O,T)X (O, ].), ulzzo’l = O, U|t:0 = UgQ. (8219)

79 Hint: Test by u gives

1d
53”“”%2(9) +5|lvu||2LZ(n;Rn> < (Cl V/measn (€2) 'l‘C?H“”LZ(n)) Hvu“m(n;wy

so that by Young’s and Gronwall’s inequalities one obtains u bounded in L*(I;L2%(Q)) N
L2(I; W01’2( ). Then the “dual” estimate of iU in L2(I; W—12(Q)) follows standardly.
80Hint: Test by atu gives

1d 2 , ou
= < — .
H l 2@ 2 ar IVellze@gn < = 1 POVl sy ot l L2(Q)
Then use the Young and the Gronwall inequalities.
81Hint: Differentiating (8.218) in time and testing by %u gives:
Ou||2 0

sl 3t o+ 175 Ly = 2O 5 5470 g
2 dt L2(Q) Ot IL2(R") — 1eRr ot Lzl ot L2 (Q;R™)

Then use again the Young and the Gronwall inequalities.

82Hint: First, test (8.219) by u to get u € L2(I;W12(Q)) N L>®(I; L3(f)); note that
fol u2iudw =1 fol % u3dz = 0. Then test (8.219) by u~ to get u > 0. Then put w = u — Kt
to get ;}tw + (w+ Kt)Z 3822“’ =g— K < 0and test it by (w — [luollre(0,1))" to get
w < luoll oo (0,1)- Eventually, test (8.219) by —u and use u € L°°(Q) to estimate

H l L2(0,1) 2 dt H i

to get u € L= (I; WH2(Q)) N WL2(I; L2(Q)). Then from (8.219) read u € L?(I; W2:2(Q)).
83 Hint: Denoting u12 := u1 — uz, test the difference of (8.219) for w1 and w2 by uia:

L du du
2o Jo %Ed‘”—'l"”m(@)” l

L2(0, 1)H iLi’(o,i)

oui2 |2 o 1 Ous ouq
garlzliaon + [ 52 e = /) (52 —u G Jma e
ou 1 0uy |2
_H IHLOO(O 1)” 12|l2Lz(0,1)+§||“2|l2Loo(o,1)H"l?”i?(o,i) 7HaixliL2(0,1)'
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Exercise 8.88 (Allen-Cahn equation [15]3%). Consider the initial-boundary-value
problem for the semilinear equation

g—qz — Au+ (u? = 1)u =0, u(0, +) = uo, % - 0. (8.220)
Prove existence of a solution by Rothe’s or Galerkin’s method, deriving a-priori
estimates of the type ||ul|z2(r,w1.2Q)nri@) or [|[ullLe(rwr2@)nLi@))-

Exercise 8.89 (Cahn-Hilliard equation [89]%). Consider the initial-boundary-value
problem for the semilinear 4th-order equation

ou ou

i AB(u) + A% u =g,  u(0,-) =up, uls= 3l =0 (8.221)
Prove existence of a solution by Rothe’s or Galerkin’s method, deriving a-priori es-
timates of u in W122(I; W (Q), W—22(Q))NL>(I; L*(2)), assuming 3 : R — R
smooth of the form g = 51+ 82 with $; nondecreasing and Py Lipschitz continuous
and g € L2(I; L2 (Q)).86

Exercise 8.90 (Viscous Cahn-Hilliard equation [189]%7). Consider the semilinear
4th-order pseudoparabolic equation

O(u—Au) Ju
ot ovls

with 8 qualified as in Exercise 8.89, and modify the a-priori estimates therein.

—AB(u) +A%u=g,  u(0,")=uy, ulg= =0 (8.222)

Exercise 8.91 (Non-Newtonean fluids®®). Analogously to (6.26a), consider

% —divo(e(w) + (u-V)u+Vr =g, divu=0, (8.223)

84Up to a suitable scaling, this equation is related to Ginzburg-Landau phase transition theory;
for more details see e.g. Alikakos, Bates [14], Caginalp [87], Cahn, Hilliard [88], Hoffmann, Tang
[205, Chap.2], Ohta, Mimura, and Kobayashi [317]. Let us remark that the full Ginzburg-Landau
system is related to superconductivity and received great attention in physics, being reflected
also by Nobel prizes to L.D. Landau in 1962 and (1/3) to V.L. Ginzburg in 2003.

85This equation has been proposed to model isothermal phase separation in binary alloys or
mixtures. There is an extensive spool of related references, e.g. Artstein and Slemrod [20] or
Elliott and Zheng [136], Novic-Cohen [315, 316], or von Wahl [422].

86Hint: Test (8.221) by u, use B > 0 and Gagliardo-Nirenberg’s inequality (Theorem 1.24
withg=p=r=k=2,8=1, A =1/2) to estimate

1d 2 2 2 2
5&”“”&1(9) + HAU‘”LQ(Q) +/Q,Bi(u)\Vu\ dz = qufﬂé(“)\vu\ dz

< HQHLZ’**’(n)H“HLZ**(Q) +sup 55(')||V“||2LZ(Q;RTL)
< HQHLZ’**’(Q)H“”L?**(Q) + Con sup [B5()] ||u||L2(Q)HVQUHLQ(Q;R"X")7

and then use still [, |Au|?dz = [, |[V2u|?dz under the considered boundary conditions, cf. Ex-
ample 2.46, and eventually Gronwall’s and Young’s inequalities.

87This equation has been proposed by Grinfeld and Novick-Cohen [189] to model phase sepa-
ration in glass and polymer systems.

88See Ladyzhenskaya [248] or Mélek et al. [268, Sect.5.4.1]. Cf. also [81, 123] for p > 2n/(n+2).
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with uls, = 0, u(0,-) = up € L2(;R"), e(u) as in (6.26a), and o(e) = |e[P~2e¢;
hence (6.28a,b) holds. Testing a Galerkin approximation of (8.223) by the approx-
imate solution itself, prove existence of a weak solution if p is large enough.8?

Exercise 8.92 (Semi-implicit time discretization). Consider p = 2 and the semilin-
ear parabolic problem (8.167) with the linearization [B(w,u)](v) := [, Vu- Vv +
|w|" ~2uv de + [ |w|? " 2uvdS and the semi-implicit formula (8.55), which leads
to

< QuT

Y /VuT Vo + a8 " 24,0 — grvda —/ hov — a2 20,0 dS (8.224)

for a.a. t€ I and all v € W12(Q) with 4% defined in (8.202). Make the basic a-priori
estimate? and prove the convergence for 7 — 0.9

8.9 Global monotonicity approach, periodic problems

Sometimes, other methods can be applied on the abstract level, too. Let us
mention a “global approach” which can solve the Cauchy problem directly on
Wi (I; V,V*) provided V' C H and which can straightforwardly be adapted for

89Hint: Using the identity fQ(u V)u-udz = 0, cf. (6.36), the suggested test gives bounds of u
in Lo (I; L2(Q;R™)) N LP(I; Wol’glv(Q;R”)), for W(} 1o (Q;R™) see (6.29). For the dual estimate

of %u in LP'(I I/VO ’(’;V (©2; R™)*), use Green’s Theorem 1.31 for the convective term:

/Q(u -V)u-vdedt = — /Q(u -V)v-udedt < C||“||ip®(Q;Rn)HVUHLP(Q;RHXH)’

which needs 2/p® + 1/p < 1. In view of (8.131), identify that p > 11/5 (resp. p > 2) is needed
for n = 3 (resp. n = 2). Make it more rigorous by using seminorms arisen in Galerkin’s method.
Alternatively, without using Green’s theorem, prove an estimate of -2 e in (LP(I; WO1 L (G R™)N
L>(I; L2(2)))* to be used as suggested in Remark 8.12.

90Hint: Testing by u’ﬁ gives

1 1 _ _
5““5”%2“2)*5“ uf” 1||L2(Q)+T||VU‘T||L2<QR") /gr wf — a2l de
b sl = 92205 o8]y I8y + 181 1 e

Then proceed as in (8.27) to get the bound in L°o (I; L2(Q)) N L2(I; WH2(Q)). Further the
strategy of Example 8.63(2) leads to the bound of 2 Sur in L2(I; WH2(Q)*) and also of 2 5¢Ur in
AM(LWH2(Q)").

91Hint;: By Corollary 7.9 with the interpolation (8.128), realize that, for a subsequence, ir — u
in L2®_5(Q)7 29 = 2+4/n, e > 0; cf. also (8.152). Since @? inherits all a-priori estimates as
tr, also @ — u in L2®_5(Q). Realize that these limits must indeed coincide with each other
because [|aF — Uzl 2(7,w1.2()x) = O(7) just by a modification of (8.40) with the boundedness
of {%u7}0<7§,.0 in L2(I; WH2(Q)*). The strategy for the traces @-|s and @¥|x is as in (8.153).
Then make the limit passage directly in (8.224) integrated over I.
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periodic problems of the form

% + A(t,u(t)) = f(t) foraa.tel, u(0)=u(T). (8.225)
Obviously, considering A : R x V' — V* and f: R — V* periodic with the period
T, a solution u to %u + @/(u) = f having the same given period can be just
constructed by a periodic prolongation of the solution u : I — V to (8.225); this
is why we refer to (8.225) as the periodic problem and u(0) = u(T') as a periodic
condition.

Considering a mapping L : dom(L) — LP(I;V*), dom(L) C LP(I;V), the
following property of L will play an important role: for any w € LPI(I ; V*) and
we LP(I;V):

uedom(L),

w— L() (8.226)

<Vv€dom(L) : (w=L(v),u—v) > 0) = {

A monotone mapping L satisfies (8.226) if%2 and only if% it is mazimal monotone.
The base of the direct method is the following observation:

Lemma 8.93 (MAXIMAL MONOTONICITY OF $). Let L : u + Su : dom(L) —

) di di
LP(I;V*) and either
dom(L):= {uer’p’p/ (L;V,V*); w(0) =uo} (8.227)
forug € H fized, or
dom(L):= {uec WP (I, V,V*); u(0) = u(T)}. (8.228)

Then L is monotone, radially continuous, and satisfies (8.226).

Proof. ** The monotonicity of L follows from the fact that, for any u,v € dom(L),
by using (7.22), we have

(L(w)~L(v),u—v) = /O T< d(t:i;v) ) di
>0 in case (8.227),

1 1
- §HU(T)JU(T)HZ B §Hu(0)7v(0)“2 { =0 in case (8.228),

because ||u(0) — v(0)| g = |Juo — wol|lzr = 0 in case (8.227) and ||u(0) — v(0)||g =
lu(T) — v(T)| & in case (8.228).

92Supposing the contrary (i.e. (8.226) does not hold for some (u,w)), we can derive that
Graph(L) U {(u, w)} would be a graph of a monotone mapping larger than Graph(L), i.e. L is
not maximal monotone.

93Realize that, supposing w # L(u), Graph(L) U {(u,w)} would be a graph of a monotone
operator, contradicting the fact that L is maximal.

94See, e.g., Barbu [37, p.167] (only the case (8.227)), Gajewski et al. [168, Sect. VI.1.2], Zeidler
[427, Sect. 32.3b] for up = 0.
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The radial continuity now means that (L(u+¢ev),v) = fOT<%(u+sv), v) dt —

fOT(%u,w dt =(L(u),v) for all v such that u + ev € dom(L) for some (and thus
all) € # 0, which is obvious.

For (8.227), let us first assume ug € V while, for (8.228), ug can be considered
arbitrary from V, e.g. ug = 0. Then let us take 2 € V and ¢ € C'(I) such that
»(0) = o(T) = 0, and put v(t) = @(t)z + ug. Thus v € dom(L). Obviously,
%v = ¢'z. Using the premise in (8.226), we have

0 < (w—L(v),u—v)=(w,u) 4+ (L{v),v) — {w,v) — (L(v),u)
= () + 3T = 51O — [ (wo+ o' 2)dt = (o)

= (w,u) - </OT (we + ¢'u) dt,z> — (w,uo), (8.229)

where v(T') = up = v(0) has been used and where (w,ug) means fOT(w(t)7uo>dt.
Note also that the first integral in (8.229) is the Lebesgue one while the second
is a Bochner one. Since z € V is arbitrary, it must hold that fOT O (tu(t) +
e(tyw(t)dt = 0. As ¢ is arbitrary, it must hold that $u = w in the sense of
distributions.

Moreover, since w € LP(I;V*), we have u € Wh»? (I, V,V*). To prove
u € dom(L) we have to show u(0) = ug or u(0) = u(T), respectively.

Using the premise in (8.226) with w = %u and the by-part formula (7.22),
we have

0< (S = ou— ) = ) — oD}~ 5w~ v O} (230

In case (8.227) if ug € V is considered, we can set v(t) = ((T'—t)uo + tus)/T with
us € V chosen in such a way that v — w(7T') in H; note that u(T") has a good
sense only in H due to Lemma 7.3 but not in V' in general. From (8.230), we then
have

0 < Ju(T) = uz ||, = [[u(0) = uol| %, = —[[u(0) — uo|%; (8.231)

hence u(0) = ug. In case (8.228), from (8.230) we get
0.< Sl = 5 )~ (), o(T)+((0),w(O)) 5 [T 3~ 5O
= Sl = SO, + (0(0). o) — u(r) (5.232)

because v(0) = v(T'). As v(0) is arbitrary, we get u(0) = u(T).

If ugp € H\V, we must replace the constant uy which then does not belong
to LP(I; V) by some nonconstant i € WP (I;V,V*) and then to choose v(t) =
o(t)z + tg(t). Assuming 4o(0) = ug, we have still v € dom(L). Assuming still
0(0) = uo(T), it causes only the additional term fg(%ﬂo,u) dt emerging in
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(8.229). By choosing again z and then also ¢ arbitrary, one can argue exactly in
the same way as before.” O

Remark 8.94 (Other conditions). Lemma 8.93 explains why the initial or the
periodic conditions are natural. E.g., if one would choose dom(L) := {u €
Wwlpp' (L;V,V*); w(T) = ur}, then L would not be monotone; i.e. prescribing
a terminal condition u(7T) = up does not yield a well-posed problem. In case
dom(L) := {ue WHP» (I, V,V*); u(0) = ug, u(T) = ur}, L would be monotone
but not maximal monotone; i.e. prescribing both the terminal and the initial con-
ditions does not yield a well-posed problem, either. On the other hand, it is an
easy exercise to prove a modification of Lemma 8.93 for the so-called anti-periodic
condition u(0) + u(T) = 0.

Let us now prove an abstract result, abbreviating ¥ = LP(I;V). Let us
also assume that ¥ can be approximated by finite-dimensional subspaces ¥} such
that, for ug = 0, ¥ C dom(L), ¥4 C Yk41, and U,y % is dense in dom(L) with
respect to the norm ||u/|aom(r) = ||ul|» + || Lul|»~; note that this space is separable
so that such a chain of subspaces does exist.”® Note also that we, in fact, assumed
L linear and that, as dom(L) # ¥, we cannot use directly the Browder-Minty
Theorem 2.18 for L + <.

Lemma 8.95 (SURJECTIVITY OF L+ 7). Let & : ¥ — ¥* be radially continuous
and monotone, and L : dom(L) — ¥* be affine and radially continuous®” and
satisfy (8.226). Moreover, let ¥ admit the approzimation by finite-dimensional
subspaces in the above sense, and let L+ o/ be coercive with respect to the norm of
V. Then L+ is surjective. Moreover, if o is strictly monotone, then (L+./)~1
¥* — dom(L) does exist.

95Such an approximation can be made as follows: after a possible re-normalization of the
reflexive space V' so that both V and V* are strictly convex (by Asplund’s theorem), we take g
on I/2 = [0,T/2] as the solution to the initial-value problem %'&0 + Jp(@p) = 0 and ao(0)=uo
with Jp:V—V* induced by the potential %H -||%; as for Jp cf. Example 8.103 below. By using
the test with o, one has the estimate ||@ol|zr(7/2;1v) < C. Then one can estimate

dao T/2 ~
—_— = J de
H a2 /2) ™ ooy <10 (Jp(0),v)
< s [Tl el d < ol <
lvllLe(r/2;v)<17/0 ’

On [T'/2,T], we define @g(t) := o (T—t) to have 4o (0) = uog = @o(T) and dg €W1’p*p'(1; V,V*).
96 As we consider ¥ = LP(I;V) and L = %,
duced from Wl’p’p/(]; V,V*). An example of ¥}, can be span{ypv; v€ V., ¢€C([0,T]) a polynom
of the degree < k, ¢(0) = 0} with V. from (2.7) in case of the initial-value problem. For the
periodic problem, ¢(0) = 0 is to be replaced by ¢(0) = ¢(T).
97In fact, the assertion holds even without the requirement of the affinity and the radial-
continuity assumptions about L.

we get the norm on dom(L) identical with that in-
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Proof. %8 Take wo € dom(L).%° Then, for L(u) := L(u +wo) — L(wp), L is linear
and dom(L) = dom(L) — wy is a linear subspace. We put still .7 (u) := o (u+wo);
note that again </ is monotone and radially continuous and L + 4 is coercive.
The equation L(u) + o7 (u) = f is equivalent with Li + /(@) = f — L(wyp), their
solutions being related to each other by % + wg = u. Thus we can assume that L
is a linear operator without any loss of generality.

Consider 7% a finite-dimensional subspace of ¥ as assumed, and endow ¥
by the norm of ¥". Denoting Ij, : ¥, — 7 the canonical inclusion, I} : 7* — ¥*
and the norm of I and I} is at most 1. We will show that

Jup e, Yve¥s : <Luk + d(uk),v> = (f,v). (8.233)

Let us consider the mapping By, : u — I}}(Lu+ </ (u)) : ¥, — ¥, which is radially
continuous, monotone, and also coercive due to the estimate

(Bi(u),uw) _ (Ip(Lu+ o/ (u)),w) _ (Lu+ o (u), Iyu)

fullv [l -+ B [l
Lu+ o (u),
_ Lt d(u),w) ujﬂun (), w) a(|lully) = 400 (8.234)
v

for |lully — oo, u € ¥. By the Browder-Minty Theorem 2.18, the equation
By, (u) = I} f has a solution wuy. Such wuy, satisfies also (8.233) and, from (8.234),

B b *
oluly) < P < By = 23],
< ’II: g(«//*;j/;)”f”"f/* = HIng(y/k’«//)HfH”f/* < ||f||"1/* (8'235>

hence {uy}ren is bounded in ¥, and then also, by the monotonicity of L and by
(8.233) and (8.235),

<d(uk),uk> < <Luk,uk> + <d(uk),uk> = <I,:f, uk> = <f, Ikuk>
(Ffru) <[]l llwelly < [l a™ (W lls-). - (8:236)

To conclude that {7 (ux)}ren is bounded in #*, as in (2.42), for any € > 0, we
estimate

| (i), <= sup (<%(uk),uk>+<d(v),v>7<d(v),uk>). (8.237)

Now we use that {(«7 (ur), uk) }ren is bounded due to (8.236), {( (v),v); ||v|+» <
¢} is bounded if € > 0 is small because <7 is locally bounded around the origin

98See Gajewski [168, Section IT1.2.2]. Alternatively, one can approximate the operator L -+ &/
by adding the duality mapping J.

99Tf ug € V, we can take simply wo(t) = ug. If up € H\'V, we can take wo € Wl’p’p/(]; V,V*),
e.g., a solution of the initial-value problem %wo + Jp(wo) 3 0 with wg(0) = ug like in the proof
of Lemma 8.93.
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due to Lemma 2.15, and eventually {(<(v), uk)}ren is bounded by (8.235) if € is
small.

In view of the above a-priori estimates, we can consider some (u, x) € ¥ x #™*
being the limit of a subsequence such that vy, — v and &7 (ux) — x. Furthermore,
take z € ¥, v € dom(L) and vy € ¥} such that vy — v with respect to the norm
| - [[aom(z)- Then, by (8.233), the monotonicity of L (written between vy and wuy),
and the monotonicity of &/ (written between z and uy), we have

0< <ka—Luk, vk—uk> + <,5af(z)—427(uk), z—uk>
= <kafLukfd(uk),vk7uk> + <42{(z), zfuk> - <427(uk), zka>
= (Lvg — f,op —ug) + (A (2), 2 — up) — (A (ug), 2z — vg ). (8.238)

Now we can pass to the limit with £ — co. Note that L is continuous with respect
to the norm || - [|qom(z) so that (Lvg,vx) — (Lv,v). Thus we come to

0< <Lv—f7v—u>+<d(z),z—u>—<X,z—v>
=(Lv—f+x,v—u)+(H(z) - x,z — u), (8.239)

which now holds for any v € dom(L) and any z € ¥. Choosing z:= u in (8.239),
we obtain
(Lv—f4+x,v—u)>0 (8.240)

for any v € dom(L). This implies u € dom(L) and Lu = f — x because L satisfies
(8.226). Knowing u € dom(L), we can also choose v:= w in (8.239), which gives

(o (z) —x,z—u) >0 (8.241)

for any z € #. Since 2 is monotone and radially continuous, by the Minty trick
(see Lemma 2.13) we obtain &7 (u) = x. Altogether, Lu+ o/ (u) = (f—x)+x = f.

If o is strictly monotone, so is L + & and thus the solution to the equation
Lu+ &/ (u) = f is unique, which means that (L + &)~! is single-valued. O

Theorem 8.96 (EXISTENCE). Let the Carathéodory mapping A : IXV — V* satisfy
the growth condition (8.80) with € constant and A(t,-) be radially continuous,
monotone and semi-coercive in the sense of (8.95) with Z :=V but with |- |y :=
| - llv and, in case (8.228), with co = 0. Then both the Cauchy problem (8.1)
and the periodic problem (8.225) have solutions. Moreover, if A(t,-) is strictly
monotone for a.a. t € I, these solutions are unique.

Proof. First, as in the proof of Lemma 8.95, we can consider L linear without
loss of generality. Since A is a Carathéodory mapping satisfying the growth con-
dition (8.80) with € constant, &/ maps LP(I; V) into LP(I; V*) and & is radially
continuous, cf. Example 8.52.

Directly from (8.95) with ¢; =0 and |- |y := || - ||y, we get the coercivity of
L+ .7 with respect to the norm of ¥ on dom(L) from (8.228) simply by integration
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over [:

T T
du 1d
- > p _
[ (G +atw.u)ars [ STl + alul - a@lu@ly a
T

> ST = 31O) i+ [ (- - Cc 6

(co —E)HUHLP vy~ - C. ||Cl||Lp - (8.242)

In case of (8.227), co > 0 can be admitted by modifying (8.242) by estimating

v

du fr1d
[+ awaaarz [ IRl + ol el — el o
t1

1 1 ,
> S lult)lF - 5HU0H%+/O (co—e)Jullfy = Cecl — ca|ullZ dt

for any t; € I, from which one obtains

1 du / T,
(co—e)lullfm(ry < <§||u0||§q +/0 <d_ + A(t,u), >+CECJ{' >efo 2dt

by using the Gronwall inequality (1.66), so that

T
du ol ,
(s = e 0l g~ Sl Ol

which shows the coercivity L 4+ & on dom(L) from (8.227).
Then we use Lemmas 8.93 and 8.95 for ¥ = LP(I;V) and L defined in
Lemma 8.93; note that then dom(L) = WL (I, V,V*). O

Remark 8.97. If p < 2, the coercivity of L+ </ on dom(L) from (8.228) obviously
fails for (8.95) with ¢ > 0. Also, the uniqueness for (8.225) fails if A(t, ) is merely
monotone, while for (8.1) the monotonicity of A(t, -) is sufficient for the uniqueness,
as we saw in Theorem 8.34. This is because L + 7 is then strictly monotone on
dom(L) from (8.227) but not on dom(L) from (8.228).

Exercise 8.98 (Limit passage for % — Apu). Modify Example 8.66 by exploiting

monotonicity of ‘3—’; — Apu instead of the monotonicity of —Apu only.
8.10 Problems with a convex potential: direct method
For ¢ : V — R convex, let us define the conjugate function ¢* : V* — R by
P (v*):= sue(v*,v) — ¢(v). (8.243)
ve

The transformation ¢ — ¢* is called the Legendre transformation in the smooth
case, or the Legendre-Fenchel transformation in the general case.
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ol

Figure 18. An illustration of a conver ¢ and the
value of its conjugate ¢* at a given v*.

Always, ¢* is convex, lower semicontinuous, and ¢*(v*) + ¢(v) > (v*,v),
which is called Fenchel’s inequality [148]. Also ¢** = ¢ if and only if ¢ is lower
semicontinuous; recall that V is here considered as reflexive. If ¢ is lower semicon-
tinuous and proper (i.e. ¢ > —oco and ¢ # +0o0), then'®®

v* € 0¢(v) & v € Jp*(v™) & P* (V") + p(v) = (v*,v). (8.244)
For f € V*, we have [¢p — f]*(v*) = ¢* (v* + f) because
[0 = f1"(v") = sup(v*,v) = (¢(v) — (f,v))

veV

= sup(v” + f,0) = 6(v) = 6"(v" + f). (8.245)
OIS
For any constant ¢, one has [¢ + ¢|* = ¢* — ¢. Also, [c¢]* = cd*(-/c) provided c is
positive because

0] (0%) = sup(o,0) = cofo) = sup (20}~ 600) ) = 0" (). (5200
veV veV V€ c

Furthermore, ¢7 < @5 if ¢1 > ¢2. Moreover, ¢ smooth implies ¢* strictly con-
vex. 101

Suppose now that A(t,u) = ¢!, (t,u) for some potential ¢ : I x V — R such
that ¢(t,-) : V' — R is Gateaux differentiable for a.a. t € I with ¢} (¢,-): V — V*
denoting its differential. Again, we consider the situation V- C H C V* for a
Hilbert space H. Let us define ® : WHPP (I;V, V*) — R by

1 T " du
b= gD+ [ o)+ (170 - ) - (00 ar, (5207
where p* (¢, -) is conjugate to ¢(t, -). Let us mention that ® is well-defined provided
¢ is a convex Carathéodory integrand'?? satisfying

cllully < lt.u) < C(1+ ull}). (8.248)

100The inclusion v* € O¢(v) is equivalent to (v*,u) — ¢(u) < {(v*,v) — ¢(v) holding for any
u € V, which is equivalent to ¢*(v*) = sup, ¢y (v*, u) —d(u) = (v*, v) —¢(v), from which already
the equivalence of the first and the third statements follows. If ¢ is lower semicontinuous, then
¢** = ¢, so that the equivalence with the second statement follows by symmetry.

1013yuppose a contrary, i.e. Graph(¢*) contains a segment, then d¢(u) is not a singleton for u,
which contradicts Gateaux differentiability of ¢, cf. Exercise 5.34.

102 This means that ¢(¢,-) : V — R is convex and continuous while ¢ (-, v) : I — R is measurable.
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which implies the analogous estimates for the conjugate ¢*, namely

(Cp)t—»

/

(cp) ¥

/

15 > @™ (tu*) > lu*|[%. - C; (8.249)
cf. Example 8.103. Note that (8.248) ensures that .4{, : LP(I;V) — L'(I) while
(8.249) ensures that ¢*(t,-) has at most p’-growth so that A« : LP(I;V*) —

LY(I); the needed fact that * is a Carathéodory integrand can be proved from
separability of V and from (8.249).193

Theorem 8.99 (BREZIS-EKELAND VARIATIONAL PRINCIPLE [68]). Let ¢ be a
Carathéodory function satisfying (8.248) and ¢(t,-) be convex and continuously
differentiable.'®* Then:

(i) Ifue WL (I, V,V*) solves the Cauchy problem (8.1), then u minimizes ®

over dom(L) from (8.227) and, moreover, ®(u) = 1 ||uo||% -

(i) Conversely, if ®(u) = $|luol|}; for some u € dom(L) from (8.227), then u
minimizes ® over dom(L) and solves the Cauchy problem (8.1).

Proof. By (8.245) we have ¢*(t, f +-) = [p(t,-) — f]*, and therefore, by using the

Fenchel inequality and (7.22), we have always

B(u) = ST+ [ e(tu) = (70.u0) + " (150 - )
T
> [ =(Gu) e+ 3 = 3ol (8.250)

for any u € dom(L). If u solves the Cauchy problem (8.1), i.e. Lu+ ¢/ (t,u(t)) =
f(t) or, in other words, —<u = (o(t,u) — (f(t),u)),,, then, by using (8.245) and
(8.244),

o~ 1) () + [p— 7]~ 50)
= o(tu(t)) — (£, u) + ¢ (1,70~ G) = ~(Sutt)). (8:251)

Hence this u attains the minimum of ® on dom(L), proving thus (i).

103For a countable dense set {vj}reny C V, we have p*(t,v*) = Supgen(v*, vi) — ©(t, vy) and
then ¢*(-,v*), being a supremum of a countable collection of measurable functions {(v*,vg) —
@+ vk) tken, is itself measurable. Moreover, (8.249) makes the convex functional ¢*(t, -) locally
bounded from above on the Banach space V*, hence it must be continuous.

104This guarantees, in particular, that A is a Carathéodory mapping: the continuity of A(t,-) =
@' (¢, -) is just assumed while the measurability of A(-,u) = ¢’(+,u) follows from the measurability
of both ¢(-, u+¢ev) and ¢(-,u) for any u,v € V, hence by Lebesgue’s Theorem 1.14 (A(-,u),v) =
Dep(-,u;v) = lime_s0 %(p(~, u+ev) — %Lp(', u) is Lebesgue measurable, too, and eventually A(-, u)
itself is Bochner measurable by Pettis’ Theorem 1.34 by exploiting again the (generally assumed)
separability of V.
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Conversely, suppose that ®(u) = 1|luo|%. Note that, in view of (8.250),
u € dom(L) then also minimizes ® on dom(L). Moreover, by (8.250),

0=~ luollh = [ pttu®) + ¢ (1 70-50) - (10t )t 0

the last inequality goes from the Fenchel inequality. Thus, for a.a. ¢, it holds that
ot ult)) — (F(0),u(t)) + " (t F(8) — Su) + (Su,u(t)) = 0. By (8.244), this is
equivalent with Su = f(t) — ¢}, (t,u(t)), so that u € dom(L) solves the Cauchy
problem (8.1). O

Corollary 8.100. Let the assumptions of Theorem 8.99 be fulfilled. Then the solu-
tion to (8.1) is unique.

*

Proof. As ¢ is smooth, ¢* is strictly convex, and thus also ® is strictly convex
because L is injective on dom(L) from (8.227). Thus ® can have only one minimizer
on the affine manifold dom(L). By Theorem 8.99(i), it gives uniqueness of the
solution to (8.1). O

Remark 8.101 ( Periodic problems). Modification for periodic problem (8.225) uses:
O(u):= fOT o(t,ut)) + ¢*(t, f(t) — Lu) — (f(t),u(t))dt and dom(L) from (8.228).
The minimum of ® on dom(L) is 0. Modification of Corollary 8.100 for periodic
problems requires ¢(t, -) strictly convex because L is not injective on dom(L) from
(8.228) so that strict convexity of ¢*(t,-) does not ensure strict convexity of ®.

Note that Theorem 8.99(i) stated the existence of a minimizer of ® on
dom(L) by means of an a-priori knowledge that the solution to the Cauchy
problem (8.1) does exist. We can however proceed in the opposite way, which
gives us another (so-called direct) method to prove existence of a solution to
(8.1). Note that Theorem 8.99(ii) does not imply this existence result because
min,edom(r) (1) = %|lug||% is not obvious unless we know that the solution to

(8.1) exists.

Theorem 8.102 (DIRECT METHOD). Let the assumptions of Theorem 8.99 be ful-
filled and let also ©*(t,-) be smooth. Then:

(i) @ attains its minimum on dom(L).

(ii) Moreover, this (unique) minimizer represents the solution to the Cauchy prob-
lem (8.1).

Proof. (i) ® is convex, continuous, lep’p/(l; V,V*) is reflexive, and by Lemma 7.3
the mapping u — u(0) : WhP? (I;V,V*) — H is continuous so that dom(L) is
closed in WL (I;V,V*). Moreover, by (8.248) and (8.249), ® is coercive on
dom(L): indeed, due to the lower bound

p/

(Cp)

2> [ ' el () + <92 duv

S dt

- C] dt, (8.252)
V*
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obviously ®(u) — +oo for ||ul|Ls(rv) + H%UHU,/(I;V*) — 00. Then the existence
of a minimizer follows by the direct method.

(ii) We must calculate ®' and then use simply (®'(u),v) = 0 for any v
belonging to the tangent cone to dom(L) at wu, i.e for any v € WYPP (I; V,V*)
with v(0) = 0.

Without loss of generality, we can consider uy = 0; cf. the proof of
Lemma 8.95. Then dom(L) is a linear subspace and, if endowed by the topol-
ogy of Wl’p’pl(I;V,V*), L is continuous and injective, and therefore L=! does
exist on Range(L).

Denote o7 (u) = fOT o(t,u(t)) dt and similarly @%.(¢) = fOT ©*(t,&(t)) dt. Note
that @% : LP(I;V*) — R is conjugate to o : LP(I; V) — R.1% Using L : u —
Lo Whpr' (I, V,V*) — LP(I;V*) and (8.247), we can write

2(u) = lpr — f1(u) +@3(f — L(w) + gDl (8253)

Using the first equivalence in (8.244) and realizing that dpr = {¢/-} and dp} =
{l¢%]'}, we obtain [ph]" = [¢/] 7. In particular, denoting w := [p%]'(f — L(u)),
we have w = [¢/]"}(f — L(u)), so that

er(w) = f — L(u). (8.254)

We can then calculate!©6

'(u) = ¢p(u) = f = L*([e7) (f = L(w))) +u(T) - or
= ¢p(u) = f+ L(w) + (u(T) = w(T)) - or (8.255)
where 6 : WL (I; V,V*) — H : u — u(T) and where we used also the identity

L*(w) = —L(w) + w(T) - é7 which follows from the by-part formula for w €
WLeP ([;V,V*) C LP(I; V*)* if v(0) = 0 is taken into account:

(L(w),v) = <‘Z—":,v> = —{w, %> 4 (w(T),o(T)) — (w(0), v(0))
= (w, L(v)) + (w(T),v(T)) = (L*(w),v) + (w(T),v(T)). (8.256)
From (®'(u),v) = 0 with v vanishing on [0,T — €] and such that v(T) = w(T') —
w(T'), passing also ¢ — 0, we obtain from (8.255) that 0 = (v(T"), w(T) —w(T)) =

[u(T) = w(T)|[% e
u(T) = w(T). (8.257)

105 This follows from the identity [p7]*(¢) = SUPye Lr(1;v) fOT<£(t),u(t)> — p(t,u(t)dt =

fOT sup, ey [(€(t), u) — @(t,u)]dt = }.(§) which can be proved by a measurable-selection tech-
nique.

106\We also use the formula 0®(A(u)) = A*d®(u) which holds provided 0 € int(Range(A) —
Dom(®)).
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Furthermore, taking v with a compact support in (0,7, we get from (®’(u),v) =0
with @ in (8.255) that
op(u) — f+ L(w) = 0. (8.258)

Subtracting (8.254) and (8.258), testing it by u — w, and using monotonicity of
o, we get

0= (L(u) — L(w),u — w) + (¢p(w) — ¢p(u),u —w) < %%Hu — wHiI (8.259)

Using (8.257) and the Gronwall inequality backward we get u = w. Putting this
into (8.258) (or alternatively into (8.254)), we get § u + ¢, (t,u(t)) = f(t); here
we use also that'%7 [/ (u)](t) = ¢l (t,u(t)). As u € dom(L) the initial condition
u(0) = ug is satisfied, too. O
Example 8.103. For ¢(v) = 1 5llvl[7,, the conjugate function is ¢* ( =41 v 1";*7
which follows by the Holder mequahty and which explains why p’ := / (p 1) has

been called a conjugate exponent. This also implies (c|| - ||},)* = = Py H—||p =

(cp) = p’
= -

Example 8.104 (Parabolic evolution by p-Laplacean!®®). Considering V =

Wy (), o(t,u) = [, %\Vu\pdx and (f(t),u) = [, 9(t z)u(zx)dz corresponds,
in the variant of the Cauchy problem, to the initial-boundary-value problem
0
8_1; —div(|Vu[P?Vu) = g inQ,
u = 0 on X, (8.260)

w(0,) = ug in £

cf. Example 4.23. Let us abbreviate A, : W, *(2) — W1 (Q) the p-Laplacean,

this means A,u = div(|]Vu[P~2Vu). One can notice that ¢(u) = 1||u||W1p(Q)
provided [|uly1rq) = [[VullLrrn). Then ©*(§) = L HfHW 1 (on- Moreover,
one can see'® that Apu = —Jp(u) where J, : V — V*is the duahty mappmg with
respect to the p-power defined by the formulae (J,(u), u) = ||J,(u)| v ul|y and
1Ty (@)llv+ = [lulf". Hence, [|€]v. = |7, (€I} implies here [|&]?;, ., . @ =
1A, 1§||W1p (o S0 that
1e||P 1
o ( HSHW () T HA 4 whr Q) — HVA 5HLP QR?) (8.261)

107See e.g. [209, Theorem 11.9.24].

108For the linear case (i.e. p = 2) see Brezis and Ekeland [68] or also Aubin [26].

109Cf. Proposition 3.14 which, however, must be modified. Note that, for p = 2, Jp = J with J
the standard duality mapping (3.1).
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It yields the following explicit form of the functional ®:

T 1 1 ou
O(u) = - Py |\ VAT (g— =
(u) /0 </Q p|Vu| + p’ ‘V p <g (’%)

We can observe that the integrand in (8.262) is nonlocal in space; some nonlocality
(in space or in time) is actually inevitable as shown by Adler [5] who proved
that there is no local variational principle yielding (8.260) as its Euler-Lagrange
equation.

ou

_gudz + <5, u>) dt. (8.262)

p

8.11 Bibliographical remarks
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and Foias [106], Feistauer [147], Lions [261, Chap.1.6], Sohr [391], Taylor [402,
Chap.17], and Temam [403]. Generalization for non-Newtonean fluids is in La-
dyzhenskaya [248] and Mélek et al. [268].

For time periodic problems we refer to Vejvoda et al. [415]. The method
used for the existence Theorem 8.96 applies also to the general case when .o
is pseudomonotone, see Brezis [65] or also Zeidler [427, Section 32.4]. See also
Lions [261, Section 7.2.2] for &7 being the mapping of type (M). The anti-periodic
problems have been addresed e.g. in [8, 198].



8.11. Bibliographical remarks 301

The Brezis-Ekeland principle in the weaker version as in Theorem 8.99, in-
vented in [68] and independently by Nayroles [301] and thus sometimes addressed
as a Brezis-Ekeland-Nayroles principle, can be found even for nonsmooth prob-
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Chapter 9

Evolution governed by accretive
mappings

Now we replace the weak compactness and monotonicity method by the norm
topology technique and a completeness argument. Although, in comparison with
the former technique, this method is not the basic one, it widens in a worthwhile
way the range of the monotone-mapping approach presented in Chapter 8.

Again we consider the Cauchy problem (8.4) but now with A : dom(A) — X
an m-accretive mapping (or, more generally, A+ AI m-accretive for some A > 0),
X a Banach space whose norm will be denoted by || - || as in Chap. 3, dom(A)
dense! in X, fe LY (I; X), up€X.

9.1 Strong solutions

Let us agree to call u € WH(I; X) = Whol([; X, X) a strong solution to the
initial-value problem (8.4) if {A(u(t))}i>0 is bounded in X, hence in particular
u(t) € dom(A) for all te I, and (8.4) is valid a.e. on I:= [0, T, as well as the initial
condition in (8.4) holds, and the distributional derivative Su € L*(I; X) is also
the weak derivative, i.e. w-lim._,ou(t + €) — Lu(t) for a.a. t € I.2 The following

assertion will be found useful:

Lemma 9.1 (CHAIN RULE). Let ® : X — R be convex and locally Lipschitz con-
tinuous, and uw € WH(I; X) have also the weak derivative. Then ® ou : I — R
is a.e. differentiable and L ®(u(t)) = (f, Lu(t)) with any f € 0P(u(t)) holds for
a.a. tel.

Hn fact, if cl(dom(A)) # X, we must require ug€cl(dom(A)) in Lemma 9.4 and Theorem 9.5.
2In general, u € Wl*l(l; X)) need not have the weak derivative, but if it has, then it coincides

with the distributional derivative %u

T. Roub(8ek, Nonlinear Partial Differential Equations with Applications, 303
International Series of Numerical Mathematics 153,
DOI 10.1007/978-3-0348-0513-1_9, © Springer Basel 2013
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Proof. As uw € WH(I; X) is bounded and absolutely continuous and @ locally
Lipschitz, ® o u is absolutely continuous, and hence a.e. differentiable. Consider
t eI at which ®ou as well as u have (weak) derivatives. As ® is convex, D (u(t+e)) >
O (u(t)) + (f,u(t+e)—u(t)) for any f € 0P(u(t)) and any ¢ € [—t, T — t], cf. (5.2)
for v := u(t+¢). In particular, for € > 0, we obtain

<I>(u(t+s))€* P (u(t)) > < 5, utte) —ult) u(t+e) > (9.1a)
O(u(t)) — D(u(t=¢)) _ —ult=e
: < g ) —ult=e) > (9.1b)

Passing to the limit in (9.1a,b), we obtain respectively < ®(u(t)) > (f, Lu(t)) and

$ (1) < (f, fu()). O

The following assertion justifies the definition of the strong solution:

Proposition 9.2 (UNIQUENESS, CONTINUOUS DEPENDENCE). Let Ay, defined by
Ay = A+ (9.2)

with I : X — X denoting the identity, be accretive, and X* be separable. Then the
strong solution, if it exists, is unique. Moreover,

Jur — walleerxy < €™ OOT (|1 — fallprrx) + lluor — uozl|) (9.3)
with u; being the unique strong solutions to %ui—i—A(ui) = fi, u;(0) = ug;, i = 1,2.

Proof. Our strategy is to test the dlfference & (uy—ug)+A(ur)—A(uz) = fi—fo by
J(u1—uz). Using Lemma 9.1 for ® = $||-||* and that & = J, cf. Example 5.2, we
obtain (j*, & (u1—us)) = 1L |lug—us||? for any j* € J(u1 —us) a.e. on I. As we have
the liberty in taking j* € J(u;—uz) arbitrarily, we select it so that (5%, Ay (u1) —
Ax(ug2)) > 0 a.e. on I, using the accretivity of Ax. Then, for a.a. t€ I, we have

s = wa | s — ] = 5l — P
Ul U9 Uy — U th (1 U2
1d .
< 2dt”u1 us||? + (5%, Ax(u1)—Ax(u2))

= (5%, Q) gy () An o)) = (5 o+ M)

< 5"l (1fr=Fall + Allua—uzll) = llua—ual[ (I fi=Foll + Alua—uzll),  (9.4)

then we divide? it by ||u1—us||, which gives < ||uy—us| < || fi— fo||+Allur—uz]|, and
use the Gronwall inequality (1.66). This gives ||uy(t)—uz2(t)|| < e (||luor—uoz2|| +
fg |.f1(9)— fo(9)|le=*?dyd). The uniqueness comes as a side product. O

3This step is legal. Indeed, assume that, at some ¢t > 0, it holds that ||uj—u2| = 0 and
simultaneously %Hul —uz|| > || fi—f2|l + AJur—uz2|| > 0, which would however imply existence
of £ > 0 such that ||ur—uz2||(t — €) = ||lur—u2]|(¥) + o(e) < 0, a contradition.
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The existence of a solution will be proved by the Rothe method, based again
on the recursive formula (8.5) combined with (8.58). The Rothe functions u, and
i, are again defined by (8.6) and (8.7), respectively.

Lemma 9.3 (EXISTENCE OF ROTHE’S SEQUENCE). Let Ay be m-accretive, f €
LY I; X), ugp € X. Then u, does exist provided 7 < 1/\ (or T arbitrary if A <0).

Proof. We have
1+ rA] () = uo +/ f(t)dt € X, 9.5)
0

which has at least one solution ul € dom(A) because I+ 74 =1+ 74, — 7ML =
(1=7A)[I4+ == Ax] and A is m-accretive and thus [I4A; A,] is surjective for any
Ai=71/(1— T)\) positive, in particular for any 7 > 0 sufficiently small, obviously
T < 1/A (if A > 0), cf. Definition 3.4 and (9.2).

Recursively, we obtain u2, u3, etc. O

7-7

Lemma 9.4 (A-PRIORI ESTIMATES). Let Ay be m-accretive, f € LY (I;X), and
uo € X. Then, for 7 < 1/, it holds that

||uT||C(I;X) <C, ||aTHL°°(I;X) <C. (96)
If, in addition, f € WHY(I; X) and ug € dom(A), then also

|5

<C (T A . 9.7
petiy < Ol + 1AGuo) ) (97)
Proof. First, by making a transformation as in the proof of Lemma 8.95, one can
assume dom(A) 5 0.

The identity (8.5) with (8.58) can be rewritten into the form

kT

1 “1/1 1
uk = [—I + A}\} <—u§71+ k4 )\uf), where fF.= —/ f)dt. (9.8)
T T T

(k—1)T

As A, is accretive, [I +7A,]"! is non-expansive (see Lemma 3.7) and therefore
[1T+ A,]7! is Lipschitz continuous with the constant 7. Denoting v, := [1I +
A\]71(0), we obtain from (9.8) that [[uf — v || < 7[(2uf~" + f5 4+ Muk) — 0|, from
which we obtain

Il < b= HE+ 7 (LEE A+ Al + o - (9.9)

Then we get the estimates (9.6) by using the discrete Gronwall inequality (1.70)*
because TA < 1 and because ||v;|| = &(7); indeed,

Jor | = llor=0]) < || (urtrAr(v0)) = (0+7A5©O)|| = Tl A @)l = 6(7)  (9.10)

4Note that the condition 7 < 1/a in (1.70) reads here just as 7 < 1/\.
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because [I 4+ 7A4,]~! is non-expansive and because v,+7A,(v,) = 0.
Furthermore, assuming f € W (I; X) and ug € dom(A), we apply J(u¥ —
uF~1) to (8.5). We get, by using accretivity of Ay,’
k_,k—1

1 _ . uEr—u
~ b=k < (I (b -k, )

+ (Tub—uk), Ax () - A@h))
E), FE A 4 A )
= (k=) A (7 1) Akt )

k—1 k—
T (fE = )+ At )

< || (uz—uz D, (H H+ka S A=) (911)
Dividing it by ||u® — u’ﬁ_1|| = ||J(uf —uk=1)||,, for k > 2 we get
_ —1_ _ k-1 k1
e e R R

which can be treated by Gronwall’s inequality (1.70) if A7 < 1, by using also
summability of the second right-hand-side term in (9.12) uniformly in 7 if f €
Wh(I; X) 6 For k = 1, similarly as in (9.11), we obtain ||u —u?||? < 7{J(ut—u?),
FE=AQ)+ A (ut—u?)) < 7llul—ul| || 1= AW2)+ A (ul—u2)||, from which further

1,0
[ < - AGD) + Ak )|
< (17O + || + 7 (Il +AH“ ). (013)
From this, exploiting also ug € dom(A), (9.7) follows. O

Theorem 9.5 (EXISTENCE OF STRONG SOLUTIONS, KATO [225, 226]). Let X*
be uniformly convex,” Ay be m-accretive for some X > 0, f € Wh(I; X), and
up €dom(A). Then there is u€ WH(I; X) such that u, — u in C(I; X) and this
u 18 a strong solution to (8.4).

Proof. We show that {ur},>0 is a Cauchy sequence in C(I; X). For 7,0 > 0,
we have uT + A(t,) = f- and ug + A(t,) = f,. Subtracting them, testing

5If J is set-valued, we must again select a suitable element from J to ensure non-
negativity of the second left-hand-side term, while the required identity |luk —ukT 2 =
(J(uk—uf=1) wk —uE~1Y holds always.

6 Assuming f € Wl*l(l; X), one must modify (8.75)—(8.76) to bound ZT/T IlFE — 27
independently of 7.

7A counterexample by Webb (cf. [118, Sect.14.3, Example 6]) shows that this assumption is
indeed essential.
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it by J(u, — i,), and using also accretivity of A, and monotonicity® of J (see
Lemma 3.2(ii)), we obtain

%%HuT—uoHQ < <J(u.r—ua), %(uT—uo>> + (J (g ), A (7 )= Ax(to))
o - o d
— <J(uT—ug)7 fT—fg> + <J(u7—ug) — J(r—1y), E(UT—ug)>

b M) ) < [ )| | FoFol| + X

2
)

1 1, - _
< sl =" + 51 e = Foll” + Al — o]
and the term ||@, — @y || can further be estimated by
2 —to || < [lur—ual| + a7 —ur]| + [|ao—uo | = fJur—usl| + €(7) + €(0) (9.14)

due to the estimate

_ d
HuT—uTHLW(I;X) STHEUTHLMU;X) s7C (9.15)

where (9.7) was used. We eventually obtain
et < Jue—ol [+ [ ol + 23 =] + O max(r,0)?). (9.16)

Using ||f; — fo|| — 0 in L?(I) for 7,0 — 0, by the Gronwall inequality, we get
|ur —uo |l c(r;x) — 0 if 7,0 — 0; more precisely, |[ur — uq||c(r,x) = O(max(r,0)).
Since C(I; X) is complete, the limit of the sequence {u;},>o exists.

Take t € I. Thanks to (9.7) and f € WHH(I[; X) € L>(I;X), A(u,(t)) is
bounded so that we can assume that A(@,(t)) converges weakly in X to some
w(t); here we used reflexivity of X* (and hence also of X) by Milman-Pettis’
theorem. Simultaneously, @, (t) — u(t) because u,(t) — u(t) and u, (t)—u,(t) = 0,
cf. (9.15). Now we have to show that the graph of the m-accretive mapping Ay
is (normxweak)-closed. Exploiting the assumed uniform convexity of X*, hence
continuity of J, cf. Lemma 3.2(iii), we have J(v—u,(t)) — J(v—u(t)), and thus

(J(v—u(t)), Ax(v) —wy) = Tli_r)r})<J(v—ﬂT(t)),A>\(v) — Ax(u-(t))y >0 (9.17)
for any v € dom(Ay) and for wy = w(t) + Au(t). As I + Ay is surjective, we
may choose v € V so that v + Ax(v) = wu(t) + wy, and then from (9.17) we
get 0 < (J(v —u(t), Ax(v) — wr) = (J(v — ut),u(t) —v) = —[lu(t) - v[*
Hence u(t) = v € dom(Ay) and, from v + Ay(v) = u(t) + wy, we further obtain
u(t) + Ax(u(t)) = u(t) + wy, i.e. wy = Ax(u(t)) and thus also w(t) = A(u(t)).

Moreover, f, — f in L'(I; X) and also %UT - %u weakly in L2(I; X).
Altogether, we can pass to the limit in the equation %UT + A(ti,) = f-, obtaining

8By monotonicity of J, it holds that(J(ur — ue) — J(tr — to), %(UT —ug)) <0.
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(8.4). Since u,(0) = up and u, — u in C(I; X), the initial condition u(0) = uy is
satisfied, too. By Milman-Pettis’ theorem, the uniformly convex X* is reflexive,
and hence so is X. Therefore the distributional derivative ddtu is also the weak
derivative; note that u, having the distributional derivative Aoy in LYI; X ),

di
also absolutely continuous due to the estimate ||u(t) — u(s)|| < f | Lull d,?
that, by Komura’s Theorem 1.39, dtu is even the strong derivative. Eventually,
{A(u(®)}eer = {f(t) — Lulies is bounded in X, as required. O

9.2 Integral solutions

We define u € C(I; X) the integral solution (of type \) if u(0) = ug and

lu(s) = v]|?

+/<f(19)fA(v),u > + MJu(9 )—v“zdﬁ; (9.18)

1
Yvedom(A4), 0<s<t<T: §||u( ) —v||? <

l\')l»—l

where ) refers to the accretivity of Ay := A+ I and where (u, v)s := sup (u, J(v))
is the semi-inner product, cf. (3.7). Note that integral solutions need not range
over dom(A) and their time derivative need not exist, in contrast with the strong
solutions.

Proposition 9.6 (CONSISTENCY OF DEFINITION (9.18)). Let Ay := A+l be ac-
cretive (for a sufficiently large X). Any strong solution is the integral solution.

Proof. Using accretivity of Ay and the properties (3.1) of the duality mapping J,
we get the following calculations:!°

1) ol = 1) = ol = [ (o) ~ oo
~ /:<J(u(19) v), §;> 9 = /:<J(u(19)v), jg f(9) + A@))
+ (J(u(®) —v), f() — A(v)) d
< /t<,](u(19)v), —A(u(9)) + A(v)) + (f(9) — A(v),u(9) — v) dv
< [ )0, ~Arw) + 4,0
9This can be seen from (7.2) used for () = [* 0= ( — 6)df with e from (7.11), and by

passing to the limit with e — 0, which gives u(t) —u(s) = fs dﬂudﬁ at all Lebesgue points s
and t of u, cf. Theorem 1.35,
101f J is set-valued, we must choose a suitable j* € J(u(d) —v) in order to guarantee the non-
* du

positiveness of the ﬁrst right-hand side term and use that the identity < i3 Hu@) —o||? = (*, )
holds a.e. for whatever choice j7* € J(u(¥) — v) we made, cf. Lemma 9.1.
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+A <J(u(19)—v), u() — v> + <f(19) — A(v),u(¥) — v>sd19

< / AJu(®) = vl]? + (£(9) — A(v), u(9) — v)_do . (9.19)
O

Hence, Theorem 9.5 yields an integral solution if the data f and ug are regular
enough and X is reflexive with X* uniformly convex. We put the regularity of
f and wug off, and later in Theorem 9.9 we get rid also of the reflexivity of X.
Even more important and here more difficult, is to prove uniqueness that shows
selectivity of the definition of integral-solutions, which is not self-evident at all.

Theorem 9.7 (EXISTENCE AND UNIQUENESS). Let X* be uniformly convex, Ay be
m-accretive, f € L'(I; X), and ug € cldom(A), in particular just ug € X if A is
densely defined. Then (8.4) has a unique integral solution.

Proof. Take f. € WH(I; X) and ug. € dom(A) such that f. — fin L'(I; X) and
uge — ug in X. Denote u. € C(I; X) the strong solution to the problem

du,
dt

+ Auc(t) = fo(t) , ue(0) = uoe (9.20)

obtained in Theorem 9.5, so that by (9.19) for any v € dom(A) and any 0 < s <
t < T it holds that

1 1
Slhue() = ol < Sllue(s) — ol

+ / (f-(9) = A(v),uc(9) — v)_+ Muc(d) —v[[*dd.  (9.21)

By (9.3), {uc}e>0 is a Cauchy sequence in C'(I; X') which is complete, so that there
is some u € C(I; X) such that u, — v in C(I; X).

Since u:(0) = uge — up and simultaneously u.(0) — u(0), we can see that
u(0) = up. Moreover, passing to the limit in (9.21) and using the continuity of
(-, )s,t we can see that u is an integral solution to (8.4).

For uniqueness of the integral solution, let us consider, besides the just ob-
tained integral solution u, some other integral solution, say u. Take u. the strong
solution corresponding to f. and ug. as above. As u.(o) € dom(A) for arbitrary

M For the limit passage in the integral, we use Lebesgue’s Theorem 1.14 and realize that, by
Lemma 3.2(iii), J is continuous and thus so is (u,v) — (u, J(v)) = (u,v)s, and that {f:}c>0 can
have an integrable majorant, and (-, )s has a linear growth in the left-hand argument, while for
the right-hand argument we have L°°-a-priori estimates (9.6) valid for f’s in L'(I; X) and ug’s
in X.
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o € I, we thus can put a test element v:= u.(o) into (9.21), obtaining
1, , 1, )
() = ue(o)lI° = Fllals) — ue(o)]|
t
< [400) = Aluclo)), 60) ~ ualo)), + AJa(9) — us(o) a0

< [(70) = 1:00).0)  uelo)) 20

n A/: a(9) u5(0)||2d19+/: <d;‘; (o), a(¥) 7u5(0)>sd19, (9.22)

where we used A(u.(0)) = f-(0) — Lu. (o). Let us apply fab do to (9.22). By using
Fubini’s theorem, we can re-write the last integral as

/ab [/: <d§: (o), u(v) — UE(U)>Sd,l9:| do
[ a0t ]

1 [t 2 - 2
5/5 [a(9) = ue(a)||” = [|a(9) — us(b)]|* dV. (9.23)

Abbreviating ¢.(t,0) := L(t) — uc()]]? and g (9, 0) == (£(9) — f.(0), @(9) —
us(0))s, we get

b bt
/gog(t,a)fcpg(s,a)dag//1/15(0,19)+2)\<p5(19,0)d19d0

+ /t e (W, a) — p: (¥, b) dd. (9.24)

Pass to the limit with € — 0, using u. — w in C(I; X)) (here the first part of this
theorem is exploited) and f. — f in L'(I; X) (with an integrable majorant), so
that in particular

b b
lim sup/ (9, 0)do = lim sup/ (f(9) = fe(0), a(¥) — uc(0)) do

e—0 e—0
b b
< / (F(9) - 1(0), 4(9) — u(0))_do = / b(0,0)do; (9.25)

again we used the upper semicontinuity of (-,-)s. Denoting naturally ¢(¢,0) :=
+[|a(9) — u(0)]|?, we have eventually (9.24) without the subscript e.

Now we need still to smooth ¢ and 1 for a moment. We can do it by convo-
lution with a kernel like (7.11), cf. Figure 16(middle). For simplicity, here we use
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%X[,é/z’é/g] with § > 0, prolong % and w for ¢ < 0 by continuity and f for t < 0

by zero, and define ¢s5(¢,0) := i 6232 féfsiz (0 — &0 — ¢)d¢d¢ and similarly

Vs5(9,0) = 35 i/iz f6232 (¥ — &, 0 —¢)d(dE. Using (9.24) (without e, of course)

we obtain

b t
/ ws(t, o) — @s(s, U)d0+/ ws(9,0) — @s(9,a) dv

5/2 r6/2
5/2/5/2</ (t=¢,0-C) = p(s=¢,0-() do
/ (19*5717*4) - @(ﬂ—g,afc) d19> dedc

AL b—C
a2 [ L (L stmg0 - ateg0rar

¢
t—§
(9,5-C) — p(d, a0) ow) dgd

/ 5/2 / 2//22 ( /a / P(0,0) 4+ 2 (0, 0)d19da> déedc

5/2  6/2
/ ( / / 1/1(195,0C)+2Ag0(19§,a§)d19da>d§d§

—5/2J-5/2

+

<

0’*|H

I
T

/ Ps(9,0) + 2Xps(9, o) dddo (9.26)

for any /2 <a <b<T—-¢§/2and §/2 < s <t <T —4/2. Thus we get (9.24)
with ¢ instead of €. As now g5 and 15 are absolutely continuous, we can deduce

0 0
%905(19,0) + a—g(pg(ﬂ,a) < 5(9,0) + 2Xps (¥, 0) ; (9.27)

to see it, just apply fst do fab do to (9.27) to get (9.26). Putting ¥ = o and denoting
s (1):= 05(0,9) and 5(D) := 1h5(9, ), we obtain

L 5(0) < D) + 2235(0). (9.25)

From Gronwall’s inequality, we get
t
Bs(t) < (250 + [ |is()|a0)e" (9.20)
0

for any ¢t € I. Now we can pass § — 0. Obviously, @5(t) = f(s(/iz fé(/iQ
Q)d¢dg — ot t) = $]|a(t) —u(t)||? for each t € I. In partlcular ?s(0) — 2||u( )
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uw(0)||? = %Huo — ug||? = 0. Moreover, using |[¢(9,0)] = [(f(¥) — f(o),a(d) —
u(0))s| < Cf(I) — flo)|l with C = ||illc(r,x) + [[ullo.x), we obtain

/t!%(ﬁ)!dﬁz/ég‘/m " g0 ¢) dgde| dv

5/2J-5/2

5/2  r6/2
B 52/ / 5/2/ WHf(ﬂ—ﬁ)—fw—oudgdgw

/2
/ 52 /5/2/5/2 wa*g) N f(19)H + Hf(ﬂ) - f(ﬁ—C)H d¢dédy
5/2
<cC /O ; / =6 = sy agas

tq 9/2
o [ 5[, =0~ s aca (9:30)

The last two terms then converge to zero, cf. Theorems 1.14 and 1.35. Hence from
(9.29) we get in the limit that ¢(¢,t) = 0, so (t) = u(t) for any t€ 1. O

Having the uniqueness of the integral solution, the stability (9.3) follows
just by the limit passage by strong solutions corresponding to regularized data
(fi87 UQ1‘5> — (fi7u0i), 1=1,2. This yields:

Corollary 9.8 (STABILITY). Let the conditions of Theorem 9.7 hold. Then the
estimate (9.3) holds for u; being the unique integral solution corresponding to the
data (fi,uo;) € LY(I; X) x cldom(A), i =1, 2.

The requirement of the uniform convexity of X* (hence, in particular, reflex-
ivity of X) we used in Theorem 9.7 can be restrictive in some applications but
it can be weakened. We do it in the next assertion, proving thus existence of the
integral solution by the Rothe method combined with a regularization of data.

Theorem 9.9 (EXISTENCE: THE NONREFLEXIVE CASE). Let f € LY(I;X), ug €
cldom(A), and Ay be m-accretive for some \. Then (8.4) has an integral solution.

Proof. We take the regularization f. € Wh(I; X) and uo. € dom(A) as in the
proof of Theorem 9.7, i.e. f- — f in L'(I; X) and up. — ug in X, but here we
additionally assume

1 1

HfEHVI/l’l(I;X) = ﬁ(g) and  [[A(uoe)|| = ﬁ(g)- (9.31)

Denote u., € C(I; X) the Rothe solution corresponding to f. and ug. with a time
step 7 > 0, i.e. it holds that uET + A(ter) = (f2),, and uc,(0) = uge; here we
used m-accretivity of Aj. Then combining (9.7) and (9.15),

ler — ter || = Tﬁ(é) = o(0). (9.32)
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Let us define J; : X — X* by (J1(v),v) = |[J1(v)||«]|v] and ||J1(v)|l« =1 forv #0
while ||J1(v)]]« = 0 for v = 0; cf. Example 8.104 for J,. Then we test the difference
of %um + A(tre) = (f:), and %ugg + A(tos) = (fs), by Ji(tire—tqs). Realizing
that J; has a potential || - || and applying Lemma 9.1, we get < |ur-—uqs]| <
|(fo), = (f5), || + Alltre—tos]| and by (9.32), like in (9.16), we get %Hum—um;H <
1(£), = (), || + Alltire—uos|| + €(max(Z, ¢)). By Gronwall’s inequality, we can
see that both {urc}r 50, 7=o(c) a0 {Ure }r o350, 7=0(c) are Cauchy in C(I; X') with
the same limit in this complete space, say u.

As J has a potential 1| - [|?, cf. Example 5.2, we have, as in (9.19), the
estimate

1 _
P = Skt ol < Gk, - k)

= (J"ul, — T - fE +TA( ) +7(fE = A(v))

(7%, —TA(ut,) + TA(v) + ( 5= Aw)

= <'* AA( > An(uéy) + fE = A(v) + Mul, —v))

< r(fk uk fv>s+7')\||u5771)\|2, (9.33)

ET

where the former inequality holds for any j* € J(uf_ — v) while for the last one
we must select j* € J(u¥_ — v) suitably so that (j*, Ax(uf) — Ax(v)) > 0.
Summing it between two arbitrary time levels, we get

el < PO [, 0)- A0 1 (0)-0) N (0) -0

with ¢,s € {k7; k=0,...,T/7}. Fixing t and s, let us now make the limit passage
with 7 = T27% k — 0o, € = 0, 7 = o(¢). The above inequality turns then into
(9.18) using again the upper semicontinuity of (-, -)s and, thanks to 7 = o(¢), also
using Lemma 8.7.12 Altogether, we can see that u satisfies (9.18) for ¢ and s from
a dense subset of I. Then, by continuity, (9.18) holds for any ¢, s € I.

Moreover, since u.r(0) = uge — ug and also u.(0) — u(0), we can see that
u(0) = ug. Hence u is an integral solution to (8.4). O

Remark 9.10 (Periodic problems'?). If, in addition, A, is accretive for some A < 0,
then ug — u(T) is a contraction on X, namely

Jur(T) — ua(T)|| < e |uor — uozl, (9.34)

I2For the limit passage in the integral, we note that {@7}5:0(7)>0 can have an integrable
majorant, (-, -)s has a linear growth in the left-hand argument, while for the right-hand argument
Ger(-)—v we have L%-a-priori estimates (9.6) valid for f’s in L'(I; X) and ug’s in X. Then one
is to use the upper semicontinuity of (-, -)s, cf. Exercise 3.34 on p.112, and Fatou’s Theorem 1.15.

13See Barbu [37, Sect.II1.2.2], Brezis [66, Sect.IIL.6], Crandall and Pazy [110], Showalter [383,
Sect.IV,Prop.7.3], or Straskraba and Vejvoda [399], or Vainberg [414, Sect.VIII.26.4].
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cf. Corollary 9.8.14 Having proved this contraction, one can use the Banach fixed
point Theorem 1.12 to prove existence of a unique periodic integral solution,
ie.u € C(I; X) satisfying (9.18) and the periodic condition u(T) = u(0). Trivially,
also the mapping ug — —u(T) is a contraction on X and thus one can prove exis-
tence of a unique anti-periodic integral solution, i.e. u € C(I; X) satisfying (9.18)
and the anti-periodic condition w(T) = —u(0).

Example 9.11 (Connection with the monotone-mapping approach). Consider A; :
V' — V* monotone, radially continuous, and bounded, Ay : H — H Lipschitz
continuous with a Lipschitz constant ¢, and Ay + A : V. — V* coercive, V C H =
H* C V* V being embedded into H densely and compactly. We define X and
A:dom(A) — X by

X:=H, dom(A):={veV; Aj(v)eH}, A:=(A1+4) (9.35)

|d0rn(A) !

Then A) is accretive for A > £ because J : X = H &2 H* = X* is the identity and

(T u—v), A@w)— AW) + A=)} 7.y = (10, Ar ()= A1 () + Mu—o]%
+(U—U,A2(u>—A2(U)) > <A1(u)—A1(v),u—v>V*XV—|— (A—E)Hu—v”%, >0
(9.36)

for any w,v € dom(A) and for A > ¢. Moreover, as Ay : V. — V* is totally
continuous, it is pseudomonotone as well as Ay, so that I+ A; + As is also pseu-
domonotone. As A; + As is coercive, I + A1 + A, is coercive, too. Thus, for any
f € H, the equation u + A;(u) + A2(u) = f has a solution u € V. Moreover,
Ai(u) = f —u— As(u) € H so that u € dom(A). Hence I+ A : dom(A4) — H is
surjective, so that A, is m-accretive. This approach gives additional information
about solutions to %u + A(u) = f, u(0) = up, in comparison with Theorems 8.16
and 8.18. E.g. if f € WH(I; H) and ug € V such that A(ug) € H, then $u exists
everywhere even as a weak derivative.

Remark 9.12 (Lipschitz perturbation of accretive mappings). The calculation
(9.36) applies for a general case if A = Ay + Ay with Ay : dom(A) — X m-accretive
and A, : X — X Lipschitz continuous. Then Ay := A+ Al is m-accretive for A > £,
and then Theorems 9.5, 9.7, and 9.9 obviously extend to this case.

9.3 Excursion to nonlinear semigroups

The concept of evolution governed by autonomous (=time independent) accretive
mappings is intimately related to the theory of semigroups, which is an extensively

14This can be seen from the estimate (9.3) for fi = fo. If X* is not uniformly convex, we can
use (9.3) obtained in the limit for those integral solutions which arose by the regularization/time-
discretization procedure in the proof of Theorem 9.9, even without having formally proved their
uniqueness in this case.
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developed area with lots of nice results, although its application is often rather
limited. Here we only present a very minimal excursion into it.

A one-parametric collection {S;}¢>0 of mappings S; : X — X is called a
CY-semigroup if Sy o Ss = Siys, So =1, and (t,u) — Si(u) : [0, +00) x X — X is
separately continuous!®. If, moreover, ||.S;(u) — S;(v)|| < e |ju— ]|, then {S;}+>0
is called a C°-semigroup of the type . In particular, if A = 0, we speak about a
non-expansive C°-semigroup.'®

A natural temptation is to describe behaviour of S; for all ¢ > 0 by some
object (called a generator) known at the origin ¢ = 0. This idea reflects an ever-
lasting ambition of mankind to forecast the future from the present. For this, we
define the so-called (weak) generator Ay, as

Ay (u) = w-lim Si(u) —u

N0 t (9:37)

with dom(Ay) = {u € X, the limitin (9.37) exists}. The relation of non-
expansive semigroups with accretive mappings is very intimate:

Proposition 9.13. If {S;}i>0 is a non-expansive semigroup, then Ay, is dissipative.

Proof. Take u,v € X and an (even arbitrary) element j* € .J(u—v). Then

(7 S0 S0y (5050 o)

t t t
1
< 2 (18w = Si@)| = flu =] ) e -] <0 (938)

provided S; is non-expansive. Considering u,v € dom(A,,), we can pass to the
limit to obtain (j*, Ay (u) — Ay (v)) < 0. O

The relation between the semigroup and its generators substantially depends
on qualification of X. In general, there even exist non-expansive C°-semigroups
possessing no generator, i.e. dom(Ay) = 0; such an example is due to Crandall
and Liggett [107].

Using (and expanding) our previous results, we obtain a way to generate a
C%-semigroup by means of an m-dissipative generator.

Proposition 9.14. Let X and X* be uniformly conver and A : dom(A) — X be
m-accretive with dom(A) dense in X, and let Si(ug) := u(t) with u € C([0,t]; X)
being a unique integral solution to the problem %u + A(u) = 0 with the initial
condition u(0) = ug. Then:

15This means that both t — S¢(u) and Si(-) are continuous. Equivalently, continuity of ¢ ~
St(u) is guaranteed by limg\ o St = I pointwise.

161n literature, from historical reasons, such semigroups are also called, not completely cor-
rectly, semigroups of contractions (as if A were negative).



316 Chapter 9. Evolution governed by accretive mappings

(i) {St}i>0 is a non-expansive C°-semigroup whose generator is —A.
(ii) The mapping t — A(u(t)) is weakly continuous provided uy € dom(A).
(ili) Then also the weak derivative -u(t) exists for allt>0 and Lu(t)+A(u(t))=0.

Proof. Tt is obvious that {S;}:>0 is a C°-semigroup. The non-expansiveness of
Sy follows from (9.3), cf. Corollary 9.8, i.e. here [|S;(uo1) — St(uo2)|| := [Jui(t) —
u ()| < [luor — uozl|-

As {A(u(t))}i>o0 is bounded in X and, by Milman-Pettis’ theorem, X is re-
flexive, we can assume that A(u(t;)) — € in X for (a suitable sequence) t;, — t with
t > 0. Simultaneously, u(tx) — u(t). As A is m-accretive (hence also maximally
accretive) and X* is uniformly convex, A has a (normxweak)-closed graph (see
the proof of Theorem 9.5), and thus A(u(t)) = € and w-lim,_,+ A(u(s)) = A(u(t)),
proving thus (ii).

Then, passing to the limit in fu(t+e)—lu(t) = —1 tt+5 A(u(s))ds gives
Lu(t) = w-lim. o -1 tHE A(u(s))ds = —A(u(t)), proving thus (iii).
For up€dom(A), we thus have lims o %St(uo)—%uo = —A(up). But simulta-

neously, by definition (9.37), it is equal to Ay (ug). Thus dom(A4) C dom(—Ay,). By
Proposition 9.13 and Exercise 3.37, — Ay, is accretive and A is maximally accretive,
hence dom(A) = dom(—Ay,). O

The above assertion can be generalized for Ay := A 4+ A\I m-accretive and
then {S;};>0 a C%semigroup of type A. Also, it conversely holds that a non-
expansive C-semigroup on X, uniformly convex together with its dual, yields
u() : t — Si(ug) weakly differentiable everywhere, Ay (u(-)) weakly continuous,
and Su(t) = Ay (u(t)) for all t > 0;'7 let us remark that its generator Ay, which
is dissipative by Proposition 9.13, need not be m-dissipative.

For X* uniformly convex and A m-accretive, we have, in fact, proved!'® that
the so-called Crandall-Liggett formula [107]

—k

t

Si(u) = lim {I—i— —A] (u) (9.39)
k—o0 k

generates a non-expansive C?-semigroup. In fact, by sophisticated combinatorial

arguments, it can be proved for a general Banach space X that the limit in (9.39)

is even uniform with respect to ¢t ranging over bounded intervals I.

I7If X is a Hilbert space, any maximally accretive mapping is m-accretive, and thus we can
prove it simply by taking a maximally accretive extension A of —Ay (which does exists by a
standard Zorn-lemma argument) and by applying Proposition 9.14 when realizing that u(t) =
St(ug) for any up € dom(Aw) C dom(—A). In a general uniformly convex Banach space we refer,
e.g., to Barbu [37, Theorem III.1.2].

8Realize that [I + %A]_k(uo) = uF with u® from (8.5) with f* = 0 and 7 = t/k, and then
the convergence limy_, o0 750, kr=t uk = lim; 0ur(t) = u(t) = Si¢(up) has been obtained in
the proof of Theorem 9.7 provided ug € dom(A) and k’s forming an ever-refining sequence of
partitions of [0, ¢], while for a general ug € X this proof must be modified so that the convergence
upr — ug is employed first. The (even Lipschitz) continuity of S¢(-) follows from the estimate
(9.3).
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In the Hilbert case, we can use, in particular, Example 9.11. In this situation,
the equation %quAl(u) + As(u) = 0 induces a C°-semigroup on H of type A with
A referring to the Lipschitz constant of Ay. Again f € L'(I; H) is allowed similarly
as in Theorem 8.13, which completes the previous results.'® In a general Hilbert
case, the relation between non-expansive C%-semigroups and their generators is
very intimate: the generator is always densely defined, and there is a one-to-one
correspondence between m-accretive mappings and generators of non-expansive
C-semigroups.

For the linear operator A (and again a Banach space X ), the consequence of
Proposition 9.14 is the following:

Corollary 9.15. Let X and X* be uniformly convex, Ag : dom(Ay) — X, with
dom(Ay) dense in X, be linear, let (Ag(v),v)s < 0 and let Ag — I be surjective.
Then Ao generates a non-expansive C°-semigroup.

Proof. We take A = —Aj. Then A is m-accretive and Sy(v) := u(t) with u being
the unique integral solution to £u + A(u(t)) = 0, u(0) = v. O

In fact, the above assertion holds for a general Banach space (even also as a
converse implication), which is known as the Lumer-Phillips theorem [266].

We will still consider a special “semilinear” (but partly non-autonomous)
situation, namely that A(t,v) := Ajv+ Aa(t, v) with —A; being a linear generator
of a non-expansive C%-semigroup {S;}i>0 C Z(X,X) and Ay : I x X — X a
Carathéodory mapping qualified later. We call u € C(I; X) a mild solution to the
Cauchy problem (8.1) if the following Volterra-type integral equation

u(t) = Syuo + /O So_s(F(s) — Aa(s,u(s))) ds (9.40)

holds for any t € I. Existence and uniqueness of a mild solution can be shown
quite easily:

Proposition 9.16 (EXISTENCE AND UNIQUENESS). Let A(t,v) := Ajv + Ax(t,v)
with — Ay a linear generator of a non-expansive C°-semigroup {Si}i>0, and the
Carathéodory mapping As : I x X — X satisfy As(-,0) € LY0,T;X) and
| Aa(t, v1) — Aa(t, v2)|| < £(t)||v1—v2| for some £€ L' (0,T) and vi,v2 € X, and let
feLY(I; X) and ug€ X. Then there is just one mild solution ue C(I; X) to (8.1).

Proof. Uniqueness follows simply by subtracting (9.40) written for two solu-
tions w; and wug, which gives uia(t) := ui(t) — ua(t) = fot St—s(Aa(s,ua(s)) —

9Tn fact, one can still prove that, if Aj(ug) € H, then there is u € W1°(I; H) a strong

solution to %u + A1(u) + A2(u) = f, u(0) = wuo, and even %u + A1(u) + A2(u) = f holds

everywhere on I where % denotes the right derivative, cf. e.g. [37, Theoem II1.2.5.].
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As(s,u1(s))) ds, hence

IN

t
/OHSt—SHz(X,x)HA2(37u2(3>>_A2(37U1(3))Hd8

/0 E(s)“ulg(s)H ds (9.41)

lurz(®)]

IN

because S;_g is non-expansive, from which w2 = 0 follows by Gronwall’s inequal-
ity.

For the existence we use Banach’s fixed point Theorem 1.12. Considering
ty,u2 € C(I; X), we calculate uy,ug € C(I; X) as u;(t) :== Spug + fot Si—s(f(s) —
Aa(s,ui(s ))) ds, i = 1,2. Like (9.41), we can estimate [lui(t) — u2(t)]] <
Jo £(8) 171 (5) — Tz (s)]|ds so that [luy —ualc(o,e:x) < (fy" €(5)ds) |1 —T2]lc(o,6:x)-
Hence the mapping @+~ u is a contraction on C(0,t1; X) if £; > 0 is so small that
fgl £(s)ds < 1, and has thus a fixed point u € C(0, t1; X ), being obviously a mild
solution on [0, ¢1]. Then, starting from u(tl) instead of ug, we get a mild solution
on [t1,t2] with t5 > 0 so small that ft s)ds < 1. Altogether, for t € [t1,12], i
holds that

u(t) = Sp— ulty) + /t Si_s (f(s) — Ag(s,u(s))) ds

=S¢ (St1u0 + ; Sty—s(f(s)—Az(s,u(s))) ds) + [ Si—s(f(s)—Az(s,u(s))) ds

t1

= Syug —l—/o St (f(s) — Ag(s7u(s))) ds,

so we have obtained a mild solution on [0,t2]. As £ € L'(0,T), we can continue
such prolongation until some t; > T. Il

Proposition 9.17. Let A, f and ug be qualified as in Proposition 9.16. Then:

(i) (CONSISTENCY.) Any strong solution to Su+ Ayu+ As(t,u) = f, u(0) = uo,
with — Ay a generator of a linear C°-semigroup {St}1>0 is a mild solution.

(ii) (SELECTIVITY 1.) If the mild solution is weakly differentiable, then it is the
strong solution, too.

(iii) (SELECTIVITY I1.) If X* is uniformly convex, f € Wt1(I; X), ug€dom(A;),
and As time independent, then the mild solution is also the strong solution.

Proof. Obviously, SH_EU — —Stv = ( I)Stv = St( I)v hence in the
limit Stv =A Stv = SiAyv = —AlStv where 3 denotes the weak derivative
and A = —A; is the generator of {St}t>0

Then, as to (i), it holds that dsSt su(s) = A1Si_su(s) + St_s%u(s) =
A1 St su(s)+Si—s(—Aru(s)+ f(s)— Aa(s,u(s))) = Si—s(f(s)— A2(s,u(s))), which
gives (9.40) after the integration over [0, ¢].
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As to (ii), differentiating (9.40), one obtains
du  dS, /t dsS; s
0

T - at i (f(s) = Az(s,u(s))) ds + f(t) — Az(t, u(?))

A, Syuo + /0 AuSoea(f(5)—As(s, u(s))) ds + F(£) — A(t, u(t))
= Agu(t) + f(t) — Aa(t, u(t)).

As to (iii), by Theorem 9.5, our problem possesses a strong solution u. By
this Proposition 9.17(i), w is also a mild solution. By Proposition 9.16, there is no
other mild solution. O

Remark 9.18 (Non-autonomous systems?Y). For the general time-dependent A as
used in (8.1), instead of a one-parametric C%-semigroup of type A, it is natural
to consider a two-parametric collection of mappings {U; s : X — X }o<s<¢ such
that Upy =1, Upgo Uys = Up s for any 0 < s < 9 < ¢, and ||Ups(u) — Ups(v)| <
=9y — v|| and (t,s) + Uy 4(v) is continuous for any u,v € X. If T+ MA(t, ")
are accretive for all t > 0, {U; s}o<s<: can be generated by the Crandall-Liggett
formula (9.39) naturally generalized as
k t—s t—s -1

U o(u) = lerr;Or[l [I+ —A(s + i .)} (). (9.42)
For the autonomous case when A(t,-) = A, we can put simply S := Uy to obtain
the previous situation; note that then also Uy s = S;—s and (9.42) just coincides
with (9.39).

9.4 Applications to initial-boundary-value problems
Example 9.19 (Nonlinear heat transfer). We consider heat transfer in a homoge-

neous isotropic but te